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We give an existence result for the dynamics of a system of particles moving on a line in a horizontal
plane and subjected to friction, to percussional effects, to stiffness and to damping. The novelty in our
study is that the normal reaction is expressed by a measure, incorporating a series of Dirac measures.
The velocity is a function of bounded variation and the acceleration is its Stieltjes measure. Together
with the tangential reaction — which is also a measure — they must satisfy a measure-differential inclusion
formulation of friction. Convex analysis, variational inequalities and measure theory are used in the
existence proof.
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1. Introduction

This paper is concerned with an existence result for the dynamics of a system of N
particles moving on a line in a horizontal plane and which are subjected to friction and to
percussional effects. The particles’ masses my,..., my > 0 form a diagonal mass matrix
M = diag(mi,...,my). The particles are linked to — or by — a system of springs and
dashpots, the effects of which are translated mathematically by positive definite symmetric
N x N matrices: the stiffness matrix K and the damping or viscosity matrix V. The
necessarily tangential displacement of all particles is described by a function g with values

in RY and defined on an interval I (T) := [to, to + T, where ty € IR is given and T > 0

is to be determined. The velocity is denoted u : I(T) — R”Y. The initial position gq
at t = ¢y and the initial velocity ug are given. The external tangential forces are known

in a fixed interval of time I(7y) and are expressed by a given function p : I(Tp) — RY.
The particles also experience friction, of Coulomb type: the friction coefficient v > 0 is
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assumed constant and the associated set is denoted C' = [—7,7].

The main novelty in our study is that the normal reaction, although known, is not a
function. Instead, it is expressed by a measure, which includes irac measures at a
denumerable set of instants = ¢ : 0 . This means that normal percussions occur.
To be precise, two measures are introduced, namely

= t+ , = , ( )

0
where ¢ is the ebesgue measure, is the irac measure at t, > 0, for all , and
+ . Then the normal reaction is given by , where : I(Ty) > RV isa orel

measurable function, defined everywhere, with nonnegative components and bounded.
Clearly, we should expect that the tangential reaction is also expressed in terms of |

that is, as where is a RV —valued function, integrable with respect to  or bounded
on I(Tp) or on a smaller interval I(T"), in the case of a local existence result.

otice that in the e uation of the balance of forces, we must account for this singular
tangential reaction term . It turns out that it can only be compensated by allowing
the acceleration ¢ = u to be a measure. In other words, we have to consider the velocity
u as a function of bounded variation, having expected discontinuities at the percussional
instants ¢t . The acceleration is then the differential or tieltjes measure of u, denoted w.

et us just recall here that if the right limit of u is denoted by v and the left limit by
u ,then u(] ,t))=u (()—w ()and u(t)=u (t)—u ().

The problem is formulated as follows:

Pro le P . indT > 0, afunction of bounded variation u : I(T) = [to, to+T[— RY

— the velocity — and a function € Y(I(T), IR¥) - the density of tangential reaction —
such that, defining the displacement by

qt) =g+ u() (t€I(T)), ()

we have:
u(to) = o, ()
M u+Vu t+Kq t= +p t, (.)

—u ()eN (1), -ae. (.)

uation ( . ) is just the balance e uation written in the form of an e uality of measures.
In the classical setting, where  is replaced by ebesgue measure ¢ and u is absolutely
continuous (so that w=w t), ( . ) would mean M u(t) + V u(t) + K q(t) = (t) + p(t),
for ebesgue almost every ¢, as usual.
The differential inclusion ( . ) is a well known form of Coulomb’s friction law. The

notation N ( ) stands for the outward normal cone to a convex set R at a point
:if € ,then N ( )= andif € ,then

eN () e, (=)0 ()
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where the dot denotes the scalar product in RY. The convex set considered here is defined
by

O)C:= (1(t) 1,--, NO) N): 1,--, NEC=[=77] . ()

The main result is the following:
heore 1.1. p € (I, t RM) € (1, RYM) ug, go € RY
T>0 (u, ) ()

I(T) = [to, to + T

The proof uses convex analysis, variational ine ualities and some elementary measure
theory.  uations such as ( . ), ( . ) are sometimes called measure differential e uations
or inclusions.

ifferent versions of the problem may be considered. or instance, we might have added
a transport velocity (t) of the line where the particles move then, the velocity u(¢) must
be replaced by u(t) — (t) where (¢) :=( (t),..., (t)).- The proof would proceed much
in the same manner.

revious works in this direction include | |, [ ] and | | by the authors and some references
therein. The present work differs from | | and [ ], where the unknown functions are scalar
(in both) or the elastic and viscous effects are absent (in [ ]).  oreover, although the
general appproach is similar, other technical tools are used here, say, in ections , and

. This work also differs from [ |, ection . , where the normal reactions are not known
a priori, but the applied forces are usual functions, while here these forces can also be
responsible by the given normal percussions, hence they may be expressed more generally
by measures.

e can also refer to [ | and | |, which treat (with a simpler apparatus and from the
application point of view) the cases of particles and bodies with known or unknown
normal reaction forces. e believe that the mathematical tools developed here will prove
useful in the general theoretical setting.

This paper is organized as follows: in ection , the corresponding problem without
percussion is studied. In ection , the existence of a solution to the problem with a
finite number of percussions is obtained almost explicitly. In ection , roblem ( ) is
solved by a technically challenging limit procedure on the previously obtained approximate
solutions. inally, in ection , a few auxiliary results are presented for the convenience
of the reader.

he ro le ithout ercussions

et us solve first the classical problem — that is, in the absence of percussions — in a
subinterval = [, ] I(Ty). iven ,q € RY, we have to find an absolutely

continuous function : — RY and a ebesgue integrable function : — RY which
solve the following problem:

Prole Py. -~ efiningg: — RN by

q®)=q + () (e ) ()
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then , g and satisfy:

()=, ()

M—t(t)-l—V (t)+ Kq(t) = (t)+p(t), t-ae. in |, (.)
— () eN ( (t)), t-ae.in . (.)
heore 1. pe (,t RN e (,tRY ( o)

(,)e C¢( RM)x (,tRY

The proof is performed in several steps. irst, we notice that, if € (, t RY ) is
already known, then ( . )-( . ) may be expressed as a Cauchy problem for a second
order o.d.e. :

Mq(t) +Vq(t) + Kq(t) = (t), t-ae. in |, (.)

o )=aqa,a()= , ()

where = 4pe (, t RY). Classically, ( . )~( . )hasauni uesolution. oreover,
themap — (g, ¢) is continuous from = (, ¢t R")into( ) to obtain this, just

write the explicit integral formula for the solution (g, ¢). Thus, the map defined by

e (,tRY) = ()= =q¢ ()
where is the solution of ( . )—( . ), is continuous from  into see also emma
below.

e now turn our attention to ( . ). y emma . ,t — (¢)C is a measurable closed
convex valued multifunction, and by emma . , ( . ) is e uivalent to the following in
clusion, in the ilbert space  ( , ¢t RY):

- €N (), ()

the outward normal cone to the set of  selections of ¢ — (¢)C. In variational form,
this is written:

, o~ = ® (@®- @)t 0 ()

forevery € (, t RY) suchthat (t)e (t)C, ta.e. in
Coupling this with ( . )—( . ) and by definition of , we obtain the following variational

ine uality, where , denotes the inner product of
( )7 - 07 € e]( ()C) ( : O)
y emma . , we know that ( . 0) has a uni ue solution provided that el( ()C) is a

nonempty bounded closed convex subset of the ilbert space ( , ¢ RY ) — and this is
easy to verify — and that the continuous operator is strictly monotone:

Le a .. C)-(.) ()
(,tRY)
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Proo. et € and = ( ),for = , ,sothat =M +V 4+Kq-p= ().
eput = 17— and (f) = () and we write
= (- () 1= = (1= ) (1= )t

= t) M )+V O)+K (1) t.
ut since (f)= (t)and ()= () =0, we obtain that
=-M () O+ V@O @t+-K () ().

ince M and K are (definite) positive matrices and V' is definite positive (there is >0

such that V ., eRY ), it follows that
(- () 1- @ t= (- () 0 (. )
ence is monotone. oreover, (1)— ( ), 1-— =0 implies (1)= ( )or
1= sothat 1= (1)= ( )= proving that is strictly monotone. inally, by
Cauchy chwarz ine uality, ( . ) impliesthat ( 1)— ( ) - . O

he case 0 a nitenu er o ercussions

e solve approximate problems to roblem ( ), which we call roblem (), for €1 ;.
These are obtained by replacing the percussional measure with a measure which
contains only a finite number of percussions, i.e. a finite number of irac measures. To
be precise,

0
The approximate problem ( ) is defined as follows:
Pro le P . — efine the positive measure = + ton I(Ty) = [to,to + Tol-
etpe  (I(Ty), t RN)and €  (I(Ty), t RY). The initial values ug, gy € RY
are given. or any T €]0,Ty], find u : I(T) = [to, to + T[— RY, a function of bounded

variation with tieltjes measure u , and a function €  (I(T), t RY) such that, if
q is the ipschitz continuous function defined by

Q(t)ZQO+ u() ’tEI(T)’ ()

then the following hold:
u (tg) = up, (.)
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M u +Vu t+Kq t= +p t (.)
—u (t)eN ( (t)), -ae.. (.)
et T be fixed. Then the elements of t,...,t I(T) may be ordered and we denote

them
0="tp 1 .- to+ 7T (with ). (.)

In the interior of every subinterval I :=[ , [, the measure e uals the ebesgue
measure, and so the problem is solved as in the previous section, as long as we know how
to prescribe the values ¢ ( )and u ( ) to be precise, we need to know the right velocity

Recall that if =1 for some m( ) , then
C )= )= ) =, ()
w( )=u()-uw () ()

ere a convention is needed for the left endpoint ¢ = tp:

u (o) =u ( o) =up, ()

by ( . ). Thus the integration of the balance e uation ( . ) on the singleton leads
to Mlu ()—u ()= ( )or
u( )=u( )+ M () (-0

In addition, ( . ) has to hold at ~ (which has a positive measure for | by ( . )). Thus,
( )e ( )C and

—u ()eN () ()

y elementary convex analysis, ( . )ise uivalentto: >0, ( ) is the projection or
proximal point of ( )— wu ( )intheset ( )C. Combining with ( . 0) we obtain:

()= proj (e M ()= u (), ()

where I is the N x N identity matrix, M 1is a symmetric positive definite matrix

and = —u ( )isassumed known. y emma . ,thereisauni uesuch ( )& RY.

Therefore, ( . 0) and (. ) give us the right velocity at the start of the new subinterval
I = [ , 1], while the initial position is obtained by continuity from the solution
already known up to  : that is, as the displacement is continuous, we take ¢ ( ) =

g (). In the interior of I we do not expect percussions: there, as pointed out above,
coincides with ¢ and the problem reduces to the classical situation considered in

ection . Thus there is a uni ue pair (u , )€ CU,RY)x (I, t RY) such that
u( )=wu ( ),asgiven by ( . 0), and

Mit(t)JrVu O +Kq ()= (t)+pt), tae inl, (. )
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—u ()eN ( (1), taeinl, (. )
where ¢ is the anti derivative of u which satisfies ¢ ( )=¢q ( ).

e have obtained a solution u on I (notice that ( . ) may be considered as a definition
of ). ince the study undertaken in the previous section allows us to work on the closure

I, it is clear that the limits ¢ ( 1) and u (1) exist. Therefore, we may continue
with the procedure, so that after a finite number of steps, we shall have defined on the
whole of I(T") the uni ue solution (u , ) to the problem ( ).

The solution v is made of a finite number of absolutely continuous pieces, separated by
a finite number of discontinuities (at the ) hence, it has bounded variation. oreover,

by construction it is right continuous, except at tg = . In fact, for the sake of ( . ), we
take u (tg) = ug, while by ( . 0) and ( . ) with =0,

u (tg) =up + ()Ml, (. )
where is the uni ue solution of

= proj (I — oM 1 — ). (- )

sfor ,by(. )(or(. )and(. ),wehave ( )e ( )Cand (t)e (t)C, t-

a.e. in the interior of I , hence (¢t) € (¢)C, —a.e. in I(T). ince and C are
bounded, we conclude that € (I(T), RY). urthermore we notice that by
defining =0 at the atoms of  which are not included in the definition of (hence
of and so this only changes in a null set) we may assume that

) e @)C, -ae, (. )

whence, for all

on ergence to a solution

e show that by considering an interval I = I(T') with sufficiently small 7 > 0, it is
possible to extract convergent subse uences of (v , ), in a sense to be specified below,
and that any such limit (u, ) is a solution to roblem ( ) on I.

y (. ),( )isabounded se uence in (I, IRY), hence it admits a subse uence,
still denoted (), which converges to some € (I, RY) in the weak topology
( , ' ). sfor(u ), we have the following result:
Pro osition .1. T1 € 10, Tp] I =1(T) T €
10, 7] (u) (u)
(a) (u) w: I = [ty to+T[— RN
Jto, to + T

(b) u —u (r, RY)
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Proo . et us point out that the special status of the left endpoint is only due to the
fact that there u(tg) = (lim)u (f9) = up must stand in for the left behaviour u (¢9). or
t €lto,to + T[, we have wu ([to,t]) = u (t) —u (tp). Thus, by integrating the balance
e uation ( . ) we obtain

u ) —uo+M V( uw () )+MK( (@+ u() ) )=

M MY () . (.)

et us denote by the uniform norm (of v and ) and the (I, ¢ RY) norm (of
p). Then the above e uation and ( . ) lead to the estimate:

U uw + T u + T(q +Tu )+ v + T p
where M 'V (the norm of linear operators), M 'K and M ! , with
, , >0and = ()=
or T €]0, 71| with T4 = min Ty, ( + - ) we have — T — T >0 and
ug + 1T qo + 7y + Tp
T) = . .
wo ) L ()

oreover, from ( . ), that is, from:
u =—-M Wu t—-M 'Kq t+M ! +M 1p
we see that the (positive) measures of total variation u are bounded by a fixed measure
u =[ 1D+ (@ +T M)+ Tp Jt+~r . (.)

Thus, by [ , emma0. . |appliedtou =wu inint(I), we may extract a subse uence, still

denoted u , that converges pointwisely to a function of bounded variation u : I — RY ,
which is right continuous in |tg, o + T[.  oreover, u (tg) = u(tp) and u (ty) = u (tp),
asin (. ),( . ). Thusalsou — u pointwisely in I.

ince (v ) and (u ) are bounded, the rest of the proposition is a conse uence of ebesgue’s
theorem on dominated convergence. O

rom this, it follows that

qgt)=qp+ u() —=qt)=q0p+ ul) , ()

uniformly on I. To finish the proof that (u, ) solves roblem ( ), we still need to check
that both the balance e uation ( . ) and the friction law, in the form of the inclusion

(. ), hold.
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alance equation. y ( . ), we have

Mu () —u)+ V(g @) —@)+K ¢ () = + () - ()

e write (with  denoting a characteristic function, as usual):

The first integral terms in the right hand side converge to zero, because they are bounded
in the norm of RY by

0% — 0% —0, a8 —
1

(To be precise, the sum concerns only those  corresponding to ¢ belonging to I = I(T)).
The components of the other integral terms in the right hand side can be written as a

duality product -, in (1, RY yx M1, RY ), where € RY is a
vector of the canonical basis. ince = — weakly , it follows that those integral terms
also converge to zero, as  grows. ence,

ince (u ) and (g ) converge pointwisely and uniformly (respectively), we obtain from

(.)and(.)
M (u(t) —uo) +V(g(t) —qo) + K q() = + p() , ()

for all ¢ € I. This means that the balance e uation ( . ) holds if we apply the measures
in both hand sides to any interval [tg,?] conse uently, it holds as an e uality of measures.

riction la . e have to prove ( . ) or e uivalently, as in ection and by emma
., that
(tye (®)C, -ae., (.)
w () ((@)— @) @& O ()
for all  measurable selections , with (¢) € (¢)C, -—a.e. .

y ( . ) and the weak convergence of ( ) to , it classically follows ( . ). The
ine uality ( . ) is obtained by taking the limit in the analogous formulation of ( . ):
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y (. ), (. ) and the definition of we have

v (=) = uw (=) 1(T)y -

and the right hand side converges to zero. Thus ( . ) is a conse uence of ( . 0) and of
the following limit

im v (- ) = u (=) . (. )

y the dominated convergence theorem, thanks to roposition . and ( . ), we have:

u — [ ; ( )
u - 0 U —u — 0. (. )
Therefore ( . ) follows from
U - u )
by the weak convergence of to . O

u iliar results

The first result concerns the measurability of a particular multifunction.

Le a .l. i R —» RY
C R tel

®me RN (L) t— ()= ()C
Proo. et be a countable dense subset of C. or every ( 1,..., n) € ¥, the
function

t—>( 1(t) Tyeees N(t) N)

is a ( orel or ebesgue) measurable selection of . oreover, the set of such functions
is countable and each (¢) is the closure of (¢): € . Thus, by [ , Chapter III], is
a measurable multifunction. O

The second result concerns e uivalent formulations of an inclusion. et  be a complete
positive measure on an interval = [ , | (and which is defined at least on the orel
subsets of ). et bea orel (hence ) measurable multifunction defined on  with

closed convex values (contained in a compact subset of RY).
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Le a .. , = RN
- eN (@), : (-)
(t) e (), : (-)
@ (- @) @ 0 (-)
e (, RY) (t)e (1),
efore proving this lemma, let us notice that if , €  then ( . ) means that belongs
to the set el( ) of  selections of . Thus ( . ) means that , — 0 for all

€ el( ) andso

— eN (). ()

Proo . If ( . ) holds then the outward normal cone is nonempty for  almost every ¢,
and this is only possible if ( . ) is true. Then, there is a  null set N such that, for all
teN, (t)e (t),— (1) e N ( (t)) and (t) € (t). y definition of normal cone, this
implies (t) ( (¢)— (¢)) 0,fort € N and so ( . ) holds.
To prove the converse, i.e. that ( . ) and ( . ) imply ( . ), we show that if ( . ) holds but
( . ) does not, then ( . ) cannot hold. nder such assumptions, there is a set of positive
measure such that, for all t € ¢, (¢, ):= (t) ( — (¢)) is negative for some
€ (t). Then m(t) :=inf (¢, ): € (t) isanegative  measurable function in g,
by [, emmalll |. It followsthatt — € (¢): (¢, ) m(t) isa  measurable
multifunction in ¢ with nonempty closed values, hence it has a  measurable selection
o — RN. utting ()= (t)ift € ¢and (t) = (t) otherwise, we obtain an
selection of  for which

contradicting ( . ). O

ext, and for the sake of completeness, we recall an existence result for a classical varia
tional problem.
Le a ..
— K

€K . - 0, €K. (.)
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= -, = >0, (.)
Proo . istence isare exive anach space, is monotone and obviously weakly
continuous over all subspaces of finite dimension of  and, since K is a nonempty closed
convex set, its indicator function = is a proper lower semicontinuous convex function.
oreover, for any ¢ € dom = K :
1
S+ et O] o

this is obvious since ( )=+ -ie. € K- for sufficiently large

ence, we may apply Theorem II. . in [ |: it follows that for every €  thereis €

which solves
-, - + (-0 0 €. ()
y choosing € K, we see that () + , whence € K and ( ) = 0. Therefore,

(. )istrivial for € K and for =0 it is certainly e uivalent to ( . ).
niqueness et 1, € K satisfy ( . ). Then 1, — 1 0(take = ; and
= ) and similarly ,1— 0. ence
1— sy 1 — 07
which implies ;1 = , by ( . ). O

inally, let us prove the following

Le a .. =RN € S
€
=proj (L — ) + ) ()
—~ €N () (-0
(.0 (.) >0 ()
>0 (.0)
(.) (.0 € €K

Proo . To prove ( . ) , hence ( . 0), we show that, for a convenient choice of > 0, the
operator — T ( ):=proj (I — ) + ) hasauni ue fixed point in K.

The projection on K is nonexpansive, whence
T()-7() € - ) —-)-. (- )

e know that for some > 0, , , € . Thus, by developing the
s uare of the r.h.s. of (. ), we obtain

T()-T() () — 5 , €,
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where () :=( — + LI €)o, [, then () €]0, [. ence, T is
a strict contraction in K and it has a uni ue fixed point. O
e erences
2
3
2
8
8
2 22 23
2 2



