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1. Introduction

Let F be a real Banach space and let C' be a nonempty closed convex subset of K. Then a
mapping T' of C into itself is called nonexpansive if | Tz — Ty|| < ||z — y|| for all z,y € C.
A mapping T of C into itself is called quasi-nonexpansive if the set F/(T') of fixed points
of T is nonempty and |7z — y|| < ||z — y|| for all z € C and y € F(T'). For two mappings
S, T of C into itself, Das and Debata [2] considered the following iteration scheme: z; € '
and

Tnt1 = anS[BnTan + (1 = Gz, + (1 — o)z, (1.1)

for all n > 1, where {a,} and {3,} are sequences in [0,1]. In this case of S = T,
such an iteration scheme was considered by Ishikawa [5]; see also Mann [7]. Das and
Debata [2] studied the strong convergence of the iterates {z,} defined by (1.1) in the case
when F is strictly convex and 5, T are quasi-nonexpansive mappings; see also Rhoades
[10]. On the other hand, Tan and Xu [15] discussed the weak convergence of the iterates
{z,} defined by (1.1) in the case when F is uniformly convex and S, T are nonexpansive
mappings with S = T'. Recently Takahashi and Kim [13] proved the following: Let C' be
a nonempty closed convex subset of a uniformly convex Banach space I/ which satisfies
Opial’s condition or whose norm is Fréchet differentiable and let /' be a nonexpansive
mapping of C into itself. Then for any initial data x; in C, the iterates {z,} defined
by (1.1) in the case of U = S = T, where o, € [a,1] and 3, € [a,b] or a,, € [a,b] and
B, € [0,0] for some a,b € Rwith 0 < a < b < 1, converge weakly to a fixed point of
U. Further, they obtained the following: Let C' be a nonempty closed convex subset of
a strictly convex Banach space F and let U be a nonexpansive mapping of C' into itself
such that U(C) is contained in a compact subset of C'. Then for any initial data z; in C,
the iterates {z,} defined by (1.1) in the case of U = S = T, converge strongly to a fixed
point of U. {a,} and {8,} in [13] are different from those in [2], [10] and [15].

In this paper, we study the iteration schemes defined by (1.1). We first consider the weak
convergence of iterates {z,} defined by (1.1) in a uniformly convex Banach space which
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satisfies Opial’s condition or whose norm is Fréchet differentiable. Further we discuss the
strong convergence of iterates {z,} defined by (1.1) in a strictly convex Banach space.
The convergence theorems are generalizations of [13].

2. Preliminaries

Throughout this paper, we denote by IN the set of positive integers and by R the set of
real numbers. Let £ be a Banach space and let I be the identity operator on E. Let C'
be a nonempty subset of £. Then, a mapping T of € into itself is said to be nonexpansive
on Cif [Tz — Ty|| < ||z —y|| for every z,y € C. Let T be a mapping of C into itself.
Then we denote by F'(T') the set of fixed points of T'. For every ¢ with 0 < & < 2, we
define the modulus §(¢) of convexity of E by

) = int {1 = B2 oy < vl < -l 2 6}

A Banach space F is said to be uniformly convex if
d(e) >0

for every ¢ > 0. If F is uniformly convex, then for each r,e with r > ¢ > 0, we have

§(2) >0and
e (1-5(9)

for every z,y € E with ||z]| < r, |ly|| < r and ||z —y|]| > €. A Banach space F is also

said to be strictly convex if

T+ Yy
<1
5
for z,y € E with ||z|| = ||y|| = 1 and = # y. A uniformly convex Banach space is reflexive

and strictly convex. In a strictly convex Banach space, we have that if
[zl = llyll = I[(1 = A) & + Ay| for z,y € E and X € (0,1),

then * = y. Let E be a Banach space and let E* be its dual, that is, the space of
all continuous linear functionals f on F. Then the norm of F is said to be Gateaux
differentiable if

e+t lel
t—0 A
exists for each z,y € F with ||z|| = ||ly|| = 1. It is said to be Fréchet differentiable if for

each z with ||z|| = 1, this limit is attained uniformly for y with ||y|| = 1. When {z,}
is a sequence in K, z, — = and z, x will symbolize strong and weak convergence,
respectively. We also denote by co  the closure of the convex hull of . A Banach space
E is said to satisfy Opial’s condition [ | if z,  z and z # y imply

liminf ||z, — z|| < liminf ||z, — y|| .
n— n—y
With each # € F, we associate the set

(z)={felb: zf == =/}
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Then the multivalued operator : E — FE* is called the duality mapping of E. If the
norm of F is Gateaux differentiable, the duality mapping is single-valued. The following
lemma which was proved by Reich [ | is essential to prove the theorems in ection 3; see

also [13].

emma 2.1. ¢ C € a none p 0se  onver s Se 0 a4 nio onver ana
spaell i a e e ieenia eno an e {T\,T , T, '} ease eneo non
expansive appin s o C ino ise s a . F(T,) is none p e v € C an
S,=T,T, 1 Ty, o a n>1 en ese  ,co{S z: >n} F onsisso a
0s one poin ee = | F(T,)

We also know the following lemma proved by chu [11].

emma2.2. ¢ F ea nio onver ana spa e e {l,} ease eneo ea
n €55 a 0<b<t,< <1l oa n>1an e {x,} an {y.} ese eneso
FE s a limsup,, |lz,| <a limsup,, |yl < a an lim, ||tpz, + (1 — 0)ya|
=a o so ea>0. en lim||z, — y.|| = 0.

Weak con er ence theorems

In this section, we prove weak convergence theorems for a pair of nonexpansive mappings.
Let C' be a nonempty closed convex subset of a strictly convex Banach space F and let
S, T be nonexpansive mappings of C into itself. For n > 1, a,,3, € [0,1] and = € C, we
define a mapping T,, of C into itself by

Tox = o, S[BTa+ (1 — Go)x]+ (1 —an)x

for every x € C. Then, T,, is also nonexpansive; see [15]. Further we have the following:

f0<a,<1,0<8,<1land F(S) F(T)is nonempty, then

Further, in the case of S =T,1f 0 < o, <1 and 0 < 3, < 1, then
F(T,) = F(T).

In fact, if € F(S) F(T), then it is obvious that € F(T,). onversely, if € F(T,),

we have

and hence = S[B,T +(1—-p0,) |. Let € F(S) F(T). Then we obtain

1S18.T +(1=Ba) I= |

< BT +(1=8:) — |
< BullT = I+ =8l — |
< I =1
owehave || — ||=|68.T +(1=05,) — ||=|IT — |. ince E is strictly convex,

we have T = and hence S = . This implies F(7,,) = F(S) F(T). In the case of
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S =T, the result has already been proved in [13]. We also know that the iterates {z,}
defined by (1.1) can be written as

Tpt1 = TnTn 1 Tyxy

for all n > 1. The following theorem is used to discuss the weak convergence of the iterates

defined by (1.1).

Theorem .1. ¢ C € anone p ose onver s Se 0 a nio onver ana
spa e B an e S,T e nonexpansive appin s o C inoise s a F(S) F(T)is
none p ppose a {x,} is wen 1 € C an

o a n>1, eeayfB,€[0,1]. En € 0 0 tn 0

(1) a, € [a,b] an B, €[0,0] 0o so ea,be R i 0<a<b<1l enauz, y
i piesy € F(9)

(i) @ a, €la,1] an B, €lab] 0o so ea,be R i 0<a<b<1 ena, y
i piesy € F(T)

(iii) @ an, B € [a,0] 0 so ea,be R i 0<a<b< 1l ena, y i pies
y e F(S) F(T)

Proo . Let z; € Cand € F(S) F(T). uttingr=|z; — |, thentheset ={yé€
E:|ly— || <r} Cisanonempty bounded closed convex subset of C' which is invariant
under S and T. o we may assume, without loss of generality, that C' is bounded. By the
definition of {z,}, we have

o = 1 = oS8T+ (1= Bl + (1 = aw)en— |
< o |[[S1BTan + (1 = Ba)an] = [+ (1 = an) [z — |
< o |[BaTan + (1= Ba)rn — ||+ (1 —an) [z — |
< onlBul|Tan— [+ (1=B8n)lon— 1+ (1 = on)|lzn— |
< len =l
and hence the limit of {||z, — ||} exists. ut =lim,, |z, — | and y, = 8,Tz, +

(1 —0,)x, forall n > 1. ince

1Sy — I < lyn— |
= [|BaTzn + (1 = Bu)an — ||
< BullTzn— [+ (1 =Ba)llzn— |
< lon— ],
we have
limsup [[Syn, — || < limsup [lyn — ||
n— n—y

< lim ||z, — ||
n—



W. Takahashi, T. Tamura / Convergence theorems for a pair of nonexpansive mappings 49

Further, we have

Tim on(Syn — )+ (L= an)(ea— )| = lim flea — |

Ifo<a<a,<b<1, by Lemma 2.2, we have
nh_)m (Syn — x,) = 0.

We have also

1S = wall < [[Szn = Synll + [15yn — .||
2 = Ynll + 115y — 2nll
= BulTan —@nll +11Syn — zaf - (3.1)

On the other hand, if 0 < a < a,, <1, we have, for n > 1,

[ni— | < anllSpa— I+ —an)lan— |
< anllyn = 4+ —an)llzn—
and hence
[Zng1 = | =l — ||
- <y = NI = llzn— I

0, we have
<liminf |y, — |-
n—

ince limsup,,, ||y, — || < , we have
= lim |ly, — |
n—
=l [5a(Tan = )+ (1 = Ba)(zn — I (3.2)

ow we show (i). Assume z,, y. Then since 0 < 3, < b < 1, we haveliminf , (3, =0
or liminf , 3, > 0. Ifliminf , 3, >0, from (3.2) and Lemma 2.2, we have

lim [Tz, —x,]|=0.
—

o, from (3.1), we have

lim[Sz, —x,]=0.
—_

ince [ — S is demiclosed [1], we have y € F(S). If liminf _, 3, =0, then since {z,} is
bounded, by (3.1) we have a subsequence {z, } of {z, } such that

lim[Sz, —z, |=0.
—

ince I — S is demiclosed, we have y € F'(S). This completes the proof of (i). ext we
show (ii). ince 0 < a < a, <1, we have (3.2). By 0 < a < 3, <b < 1 and Lemma 2.2,
we have

lim [Tz, — z,] = 0.

n—

ince x, y and [ — T is demiclosed, we have y € F/(T'). This completes the proof of
(ii). (iii) is obvious from (i) and (ii). O
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sing Theorem 3.1, we can prove the following theorem which was obtained by Takahashi

and Kim [13].

Theorem .2 1 . e (' e amnone p 0se  onver s Se 0 a nio ONvET
ana spaell 1 sais es pia s on iion o oseno 1S e € t eenta €
e T e a nonexpansive appin o C inoise 1 a ze poin ppose a {x,}

is  iven 1 € Can zpy = o, T[BTe, + (1 — Bz, + (1 —ay)z, 0 a n > 1,
eea,€ a1l an B, € [a,b] 0 o, € [a,b] an B, € [0,b] o so ea,bc R i
0<a<b<l. en{x,} onve es ea oa ze poin o T

Proo . Let bea fixed point of 7. Then, as in the proof of Theorem 3.1, lim,,., ||z, — ||
exists. Let ; and  be two weak subsequential limits of the sequence {z,}, that is,
T, 1 and x, . Then we know ;, € F(T) by Theorem 3.1. We claim ; =

If not, by Opial’s condition,

lim ||z, — 1|| = lim ||z, — 1
n— —
< lim ||@, — |
—).
=l e |
n—
-
—)-
< lim Han — 1H
—
= lim ||z, — 1].
n—
This i1s a contradiction. o, we have | = . We now assume that F has a Fréchet
differentiable norm. As in the proof of Theorem 3.1, we may assume that C' is bounded.
o, there exists a subsequence {z,, } of {x,} such that z,, € C. Then by Theorem 3.1,

we obtain € F(T). From Lemma 2.1, we have

{ 1= nofe + 20} F(T)

ence {z,} converges weakly to a fixed point T O

The following is a weak convergence theorem for a pair of nonexpansive mappings in a
Banach space.

Theorem . . e C e anone p 0se  onver s Se 0 a4 Nt o onver ana
spa e N 1 sais es pia s on iion o oseno is e e i eenia e e ST
e nonexpansive appin s o C in o i se s a F(S) F(T) is none p PPose

a {z,} is iven 1 € C an zpp = @SB Tr, + (1 = Bn)zn] + (1 —an)z, o a
n>1, eea,, B,Ea,bl o so ea,bc R i 0<a<b<l. en{z,} onve es
ea oa o on xe poin o San T

Proo . ote that if 7,2 = o, S[3, Tz + (1 — 3,)z] + (1 — o)z for every z € C, then
F(T,) = F(S) F(T). Then as in the proof of Theorem 3.2, we can prove Theorem 3.3. [
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tron con er ence theorems

In this section, we first prove the following theorem which is used to discuss the strong
convergence of iterates defined by (1.1).

Theorem .1. ¢ C € a none p 0se  onver s Se 0 a s 1 onvexr ana
spa e K an e T,S e nonexpansive appin s o C inoise s a S(C) T(C)is
onaine ina o pa s se o Can F(T) F(S) is none p ppose a {x,} is
iwen 11 € C an xpy = @SB Te, + (1 = B)en]+ (1 —ay)z, 0o a n>1 e e
{a,} an {B,} a ese en esin[0,1]. En € 0 0 in 0

(1) a, € [a,b] an B, €[0,0] 0o so ea,be R i 0<a<b<l, enz, —

i pies € F(5)
(i) @ a, €la,1] an B, €la,b] 0o s0o ea,beR i 0<a<b<l1, enaz, —
i pies € F(T)
(iii) @ an, Bn € [a,b] 0 so ea,be R i 0<a<b<l1l enz, — i pies
€ F(S) F(T)

Proo . By Mazur’s theorem [3], = co{S(C) T(C) {x1}} is a compact subset of
C which contains the sequence{z,}. To prove (i), let a,, € [a,b] and B, € [0, b] for some
a,be Rwith0<a<b<landz, — .AssumeS # andlet € F(S) F(T).Then,

as in the proof of Theorem 3.1, we have that lim ||z, — || exists. Let =lim|z, — |.

ince z, — , we have | — || = .From S # , we have > 0. Further we have
SBT +(1=p) # forall g8 €l0,b]. In fact, if = S[BT + (1 —=70) |for 8 =0, we
have S = . This is a contradiction. If = S[BT + (1 —3) | for some g € (0,b], we
have

IS8T + (1 =5) ]- |

< BT +(1-8) - |
< BIT = 1+0=81 - |
< I =1

ince I is strictly convex , we have T'" = . o, we have

= S[BT +(1-5)]=5 .

This is also a contradiction. Therefore, we have S[BT + (1 —3) | # for all g € [0,b].
We also know that || — ||= and ||S[BT +(1-06) |— |I<|| — ||= . ince Eis

strictly convex, we have, for any o € [a, b],
[S[BT +(1=8) ]+ (1 —a) — | <. (-1)
ow, consider a real valued function on [0,1] [0, 1] given by
(a,8) = [[aSBT +(1=0) |+ (1—a) — |

for a, 3 €10,1] [0,1]. Then is continuous. From ( .1) and compactness of [a,b] [0, 5],
we have

max{ (a,3): (a,) € [a,b] [0,b]} <
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hoose a positive number r such that

max{ (o, ) : (a,3) € [a,b] [0,b]} < —.

Then from z, — , we obtain an integer > 1 such that |[x — || <r. ence we have
< e |
<l m—a ST +0-F)]1-(—a)|
Hlo SIBT +0-8)]+(1-a) — |
< allf (e —T)e(1—8)e —)+(—0 e — |
o SIBT +0-8)]+(1—a) — |
< allf (Te =T )+(1=p ) - +(-a e - [+ —r
< a (@l - I+0-8)r — I
Hi—a e = I+ —r
<
This is a contradiction. o, we obtain =5 . This completes the proof of (i). To prove
(i), let oy, € [a,1] and B3, € [a,b] for some a,b € Rwith 0 < a <b< 1 and z, —
Assume T" # andlet € F(S) F(T). Then, putting =lim,, |z, — |, asin the
proof of (i), we have || — ||= > 0and S[BT +(1—0) |# forall 8 € [a,b]. Further

we have that for any a € [a, 1],
[eSIBT +(1=3) ]+(1—a) = | <. (2)

In fact, if @ € [a,1), from strict convexity of £, we have the inequality. If @ = 1 and

|aS[BT +(1—=0) |+ (1 —a) — | = , we have

IS[BT + (1 =58) 1= |l

< 18T +(1=8) — |
< BIT = NI+0 =51 — |
< I =1
o, using strict convexity of £ again, we have = T . This is a contradiction. o, we

have ( .2). Defining a real valued function on [0,1] [0, 1] as in the proof of (i), we also
have

max{ (o, ) : (a,8) € la,1] [a,b]} < .
hoose a positive number r such that

max{ (o,3): (a,0) € [a,1] [a,b]} < —r.

Then as in the proof of (i), we obtain < ||z 41 — || < . This is a contradiction.
Therefore we have T = . (iii) is obvious from (i) and (ii). O

sing Theorem .1, we can prove the following theorem which was obtained by Takahashi

and Kim [13].
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Theorem .2. ¢ C ¢ a none p ose onver s se 0 a S 1 onver ana
spa ¢ o an e T e anonexpansive appin o C in o ise s a T(C) is on aine
ina o pa s se o C ppose a {x,}is iwven x; € C an wpy = o, T[B,Ta, +
(1-08n)zn] + (1 —ap)zy, 0 a n>1 e eay€lablan B, €0, 0 a, € [a,1] an
Bn € la,b] 0 so ea b i 0<a<b<l en {r,} onve ess on 0o a ze
poin o T

Proo . We first show that F'(T') is nonempty. Fix zo € C. For each n € N consider a
contraction mapping 7, given by

1 1
Thx =—a94+ (1 ——)Tx
n n

for every © € C. Then T, has a unique fixed point , in C. ince the closure of T'(C)
is compact, there exists a subsequence {T" , } of the sequence {T ,} such that {T , }

converges strongly to . ince T'(C) is bounded and
1 1
I =T ol = e+ 1) l
1
— Ly L
we have , —T , —0asn— . o, from
=71 < | =T oll+IT » =TT o | +|ITT » =T |
<2l =Tl e =T ol

we have =T . By Mazur’s theorem [3], note that co({z1} T(C)) is a compact subset
of C' which contains the sequence {z,}. Then there exist a subsequence {z, } of the
sequence {z,} and a point € C such that z, — . By Theorem .1, we have T =

and hence lim,, ||z, — || =0. O

The following is a strong convergence theorem for a pair of nonexpansive mappings in a
Banach space.

Theorem .. ¢ C € a none p ose  onver s se 0 a s i onver ana
spa e . an e S,T e nonexpansive appin s o C inoise s a S(C) T(C)is
onaine ina o pa s se o Can F(T) F(S) is none p ppose a {x,} is

wen x1 € C an xpp = @, 5B, Tx, + (1 =Bz, + (1l —an)z, 0 @ n>1, ee
Qpny Bn €la,b] 0 s0o ea,be R i 0<a<b<l1. en{x,} onve ess on oa
o on ze poin o San T

Proo . For any € F(S) F(T), we have that lim,, |z, — | exists. Further the
sequence {z,} is contained in a compact subset of C. o, there exists a subsequence {z, }

of {x,,} such that {z, } converges strongly to an element € C. By Theorem .1, we have
€ F(S) F(T). This implies lim,, ||z, — | =0. O

Finally, we prove a strong convergence theorem which is connected with results of [ | and

[ 1.
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Theorem . . ¢ C e anone p 0se  onver s S€ 0 a4 nio onver ana
spa e B an e S,T e nonexpansive appin s o C inoise s a F(S) F(T)is
none p e e € e i poe dono ConoF(S) F(T) ppose a {x,} is

wen 11 € C an xpp = @, S[BnTe, + (1 = Bo)zn]+ (1 —ap)z, 0 a n>1, ee
an, B, €10,1].  en{ z,} onve ess on oanee en o F(S) F(T)

Proo . Let y, = 8,7, + (1 — 3,)z, for each n. Then

|zt —2apal] < || 20— 2|

| 2 — @nSyn — (1 — an)z,|

on |l T — Yol + (1 —an) || Tn — 24

n(Bnll o =Tl + (1= Ba) | @n —@all) + (1 = an) | @0 — @4
| 20 — 2| (3)

o, we have that the limit of {|| =z, — z,||} exists. We denote the limit of {|| z, — z,||}
by . ext, we show that for each n, €N

IA A IA

R ()
by mathematical induction. For =1, we have

| n—zmsall S| n— 0l
by ( .3). We assume that for = |

I @ =2t | SN @ — zall-
Then, we get

I % = @ng Syt — (1 = ong )2ny ||

ang || 0 = yng [[+ (1 —ng ) || @0 — zny ||

Ot (o | 20— Tty |+ (1= B )| 20— s )
+( —ang ) || 20— 2ny ||

H Tn — Tnt +1||

IA A

I @ = 2ny ||

| =l

IA A

This is complete the proof of ( . ). ow we show that { ,} isa auchy sequence. If

r = lim,, | z,—z,| =0, for an arbitrary positive number ¢, there exists a positive

integer ny such that | z, — z,|| < ¢ for all n > ng. By (. ), we have for ,n € Nwith
>n > no,

I e
S anmzalltllen— w4l mo—2 4~ 2|
< anmzalltllen = a4l v —anl+le — o |
< &

ince ¢ > 0 is arbitrary, we have that { z,}isa auchy sequence. ext, we assume that
r>0and { z,}isnota auchy sequence. Then there exist a positive number ¢ and two
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subsequences { w, },{ = }of{ z,}such tha t | :vn z || >eforall €N Also,
) < 7. By the definition of

there exists a positive number such that ( (1
r, there exists a positive integer ng such that

rSH xn—an<r-|—
forall n > ng. Let n,  >mngand >n, .By( . ), wehave
| on =l <0 m | <r

and
| o —el<l e - <+

By uniform convexity of F, we get

Ty +
r<|]] z —z||<||————-—2a|| <(r ) <
i = St ) i)
This is a contradiction. This complete the proof. O
sing Theorem . , we can prove the following result.
Theorem . . ¢ C ¢ anone p ose  onver s se o a 1 € Spae an €
S, T e nonexpansive appin so C inoise s a F(S) F(T)isnone p €

e e e i poe dono ConoF(S) F(T). ppose a {z,}is iven zy€C an
Tpy1 = @, S[B T, + (1= Bo)z,] +(1—an)z, 0 ¢ n>1, eeay,, B €la,bl o so e
a 1 0<a<b<l1l. en{x,} onve es ea oanee en o F(S) F(T)

ee =lim,_ Tp.

Proo . By Theorem 3.3, {z,} converges weakly to an element of F(S) F(T). By
Theorem . , { ,} converges strongly to an element of F'(S) F(T). ince is the
metric pro ection of  onto FI(S) F(T), we also know that (z,— z,, z,—y) > 0forall

y € F(S) F(T),where (, ) denotes the inner product of . o, wehave ( — , —y)>0
forall y € F(S) F(T). uttingy= , weobtain —|| — | >0 and hence = . This
completes the proof. O
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