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In this work we study the structure of “approximate” solutions for an infinite dimensional discrete-time
optimal control problem determined by a convex function v : K x K — R!, where K is a convex closed
bounded subset of a Banach space. We show that for a generic function v there exists y, € K such that
each “approximate” optimal solution {z;}?, C K is a contained in a small neighborhood of y, for all
i € {N,...,n — N}, where N is a constant which depends on the neighborhood and does not depend
on n.
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1. Introduction

Let X be a Banach space, || - || be the norm on X, and let K C X be a closed convex
bounded set. Denote by 2 the set of all bounded convex functions v : K x K — R! which
satisfy the following assumption:

Assumption 1.1 (uniform continuity). For each ¢ > 0 there exists 6 > 0 such that for
each x1, s, y1,y2 € K satistying ||z; —y;|| <, 1 = 1,2 the relation |v(z1,z2) —v(y1,y2)| <
€ holds.

We consider the metric space 2l with the metric
p(u,v) =sup{|v(z,y) — u(z,y)| : z,y € K}, u,v e

Evidently the metric space 2 is complete.

In this paper we investigate the structure of “approximate” solutions of optimization
problems

n—1
Zv(xi, Tiy1) — min, (P)
=0

{z:}io CK, mo=y, zp=2
where v € 2, y,z € K and an integer n > 1.
The interest in these discrete-time optimal problems stems from the study of various opti-

mization problems which can be reduced to this framework, e.g., continuous-time control
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systems which are represented by ordinary differential equations whose cost integrand
contains a discounting factor (see Leizarowitz [5 ), the in nite-horizon control problem of

minimizing , (z,2) as —  (see Leizarowitz [ ) and the analysis of a long slender

bar of a polymeric material under tension in Leizarowitz and izel [ and aslavski [l -

1 . imilar optimization problems are also considered in mathematical economics (see
akarov and ubinov [ , wubinov [11 and survey [12).

In this paper we establish the existence of a set C 2 which is a countable intersection
of open everywhere dense sets in 2 and such that for each v € the following property
holds:

There is y € K such that for all large enough n and each y,z € K an “approximate”
solution {z;}!, of problem (P) is contained in a small neighborhood of y for all i €
{ ,...,mn— } where is a constant which depends on the neighborhood and does not
depend on n.

This phenomenon which is called the turnpike property is well known in mathematical
economics. The term was rst coined by amuelson in 1 5 (see [1 ) where he showed
that an e cient expanding economy would spend most of the time in the vicinity of a
balanced equilibrium path (also called a von eumann path). This property was fur-
ther investigated by adner [10, ¢ enzie [ , akarov and wubinov [ and others
for optimal tra ectories of a von eumann- ale model and for optimal tra ectories of
continuous-time convex autonomous systems (see arlson, aurie and Leizarowitz | ,

hap. , ). symptotic turnpike property for optimal control problems with in nite
time horizon were studied by arlson [1, arlson, aurie and abrane [2 and aslavski
[1 . related weak version of the turnpike property was studied in aslavski [15 with a

nonconvex function v : K x K — R! and a compact metric space K.

In almost all studies of discrete time control systems the turnpike property was considered
for a single cost function v and a space of states K which was a compact convex set in a

nite dimensional space. In these studies the compactness of K playes an important role.
Perhaps the methods use there can be extended but only to obtain the turnpike property
for a weakly compact set K in an in nite dimensional Banach space. peci cally for the
optimization problems considered in this paper if a function v has the turnpike property
then as we will see later, its “turnpike” y is a unique solution of the following optimization
problem

v(z,z) - min, z € K.

The existence of solution of this problem is guaranteed only if K satis es some compact-
ness assumptions. To obtain the uniqueness of the solution we need additional assump-
tions on v such as its strict convexity.

In the present paper, instead of considering the turnpike property for a single cost func-
tion v, we investigate it for the space of all such functions equipped with some natural
metric, and show that this property holds for most of these functions. This allows us to
establish the turnpike property without compactness assumption on the space of states
and assumptions on functions themselves.
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For each v € 2, each integers 1, > 1 and each y;,y, € K we de ne

-1
(0, 1, 2) = f{ Y v(zz1): {zlie C K},
—1
(U: 1, 2:y15y2) = lnf{ Z U(ziaZH—l) . {Zi}i: C K: z =Y, < - y2}a

and the minimal growth rate

-1

(v) = inf{liminf ' Z v(2iy ziv1) t {zi}imo € K}
i=0

In this paper we will establish the existence of aset C 2 which is a countable intersection
of open everywhere dense subsets of 2 and such that the following theorems are valid.

eorem 1. . v E y € K vy ,y )= (v)
e>0 v A 0>0 u €
yeK u(y,y) < (u) 6 ly—yll<e

eorem 1. . € €e>0 5 € (0,¢)

2 >1 u € n>2
{zi}io C K
n—1
U(.Z'Z',.’Ei+1) < (U,O,’I’L, .T(),.Tn) 0
=0
16{0,... } 26{7’1,— ,n}
e —y ||<e = 1,... 2
lwo—y [| <0 1=0 ly —anl[ <6 2 =1

reliminary results

et
o = sup{||z|| : z € K}. (2.1)
For each bounded function u : K x K — R! we set
||lul] = sup{|u(z,y)| : 2,y € K}. (2.2)

roposition .1. ved

(v) = inf{v(z,2) : z € K}.
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roof. learly
inf{v(z,z):x € K} > (v) (2.)
and for each integer >1

(v,0, )< (v). (2.)

Let € > 0. Then there exists § € (0,¢) such that for each z1,z2,91,y2 € K satisfying
llz; — yil| < 6, i = 1,2 the following relation holds

[v(z1, 22) — v(y1,52)| < €. (2.5)

Fix an integer > 1 for which
(o 1)<6 (2.)
There exists {y;};—, C K such that

-1

Zv(yiayi—i—l)f (v,0, ) .

1=0

De ne
-1
-1 -1
zZ0 = E Yi, 21 = E Yi.-
i=0 i=1

It is easy to see that

2o — 2] <2 7' o 6, (2.)
1

v(2p, 21) < 7lzv(yi,yi+1) < ' (w0, ) §. (2.)
=0

By (2. ) and the de nition of § (see (2.5))
|v(20, 20) — v(20,21)| < €.

Together with (2. ) and (2. ) this implies that

v(20,20) < 2€ 1 (v,0, )< (v) 2e
ince € is an arbitrary positive number we conclude that inf{v(z,2) : z € K} < (v).
This completes the proof of the proposition. O
roposition . . veAd e (0,1) d€ (0,e) ue zp € K
0 < ’U,(.T,y) - v(x,y) < € T,y€ K7 (U) 0 > U(Z()?ZO) (2 )

ye K u(y,y) < (u) 6 |y — z0]| <€
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roof. hoose numbers 4, > 0 such that
(o )<e & e (2.10)

By Proposition 2.1 there exists zy € K such that v(z, 2p) (v) 6.De neu: KxK —
R! as

uz,y) =v(z,y)  (lz =2l lly-2l), zyek (2.11)

It is easy to see that u € 2 and (2. ) is valid.
ssume that y € K and

uly,y) < (u) o (2.12)
It follows from Proposition 2.1, (2.11), (2.12), (2.10) and the de nition of 2z, that
(v) < (u) < ulzp,20) =v(20,20) < (v) 0,

2 ly— 2l vy =uly,y) < (u) o
< (v) 20<o(yy) 26, lly—=all<d 7 e

This completes the proof of the proposition. O
roposition
A vVE o
(i) y €K vy .y )= (v)
(ii) e>0 v A 0>0
u € yeK u(y,y) < (u) 4 ly—y |l <e

roof. Let € 2 and ¢ > 1 be an integer. By Proposition 2.2 there exist §( ,i) €
0, 9,u * eAand z( ,i) € K such that

0<u *(z,y)— (z,y)< % =zy€eK, (2.1)

et

( ,)={ueA:plu,u *) 715 ,0)}. (2.1)
It is easy to verify that the following property holds:
(a) for each u € ( ,7) and for each z € K satisfying

u(z,2) < () ~'( L4)

the relation ||z — z( ,7)|| < " is valid.
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De ne
o= - { (,i): €A i=, 1,... }
Evidently  is a countable intersection of open everywhere dense subsets of .

ssume that v € . We will show that assertions (i) and (ii) are valid. There exists a
sequence {z } _;, C K such that

limv(z ,z )= (v). (2.15)

It follows from the de nition of ( and property (a) that {x } _; is a auchy sequence.
Therefore there exists lim x and

v(limz ,limz )= (v).

ince any sequence {z } _; C K satisfying (2.15), converges in K, we conclude that there
exists a unique y € K such that v(y ,y ) = (v).

Let € > 0. hoose an integer > 1 such that
- e (2.1 )

By the de nition of  there exists € % and an integer ¢ > such that v € ( ,1%).
Property (a) implies that

ly —2( )ll< (2.1)

It follows from (2.1 ), property (a) and (2.1 ) that for each u € ( ,4) and each y € K
satisfying

u(y,y) < (u)  ~'6( ,9)

the relation ||y — y || < e holds. This completes the proof of the proposition. O

emark . . The statement (i) of Proposition 2. is similar to a result in |

roof of eorems 1. and 1.

Let the set o be as guaranteed in Proposition 2. . For each €  there exists a unique
y € K such that

(v oy )= () (1)
Letve o, €(0,1). De ne

v (z,y)=v(,y)  (lz-yll lly=vyl), =zyekK (.2

learly v € 2.
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emma .1. e € (0,1) n>1
{ri}io C K
n—1
ZU (‘Z‘iaxi-i-l) S (U ,O,Tl,l'o,xn) ( : )
i=0
€{0,...n—1}
e =y, llz-yll<e ()

roof. hoose an integer

n> )76 (Il D). (-5)
It is easy to verify that

n (v) < (v,0,n) 2[v]l. ()

ssume that {z;}? , C K satis es ( . ). De ne {y;}? , C K as
vi=x;, t=0n, y=y, i=1,...n—1. (.)

It follows from ( .2), ( . ), ( . ), ( -1), ( . ) and ( .5) that

n—1 n—1
(v,0,n) (ze =y [I Nz —y ) < v (25 7iga)
i=0 i=0
n—1
< ZU (yi,yi+1) < ||U H nv(y 'Y )
i=0
= o [l n (v) < v Il (v,0,n) 2[]v]],
inf{||z; —y || ||zix1—y|:i=0,...n—1}
< )70 el 2kl) e
This completes the proof of the lemma. O
Lemma .1 implies
emma . . €€ (0,1) v A
n>1 u € {zi}to C K
n—1
u(xiaxi—Fl) S (U)Oan, .’L'(),.’L'n)
1=0

€{0,...n—1} lz =y lllle -yl <e
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emma . . e€(0,1) d € (0,¢) n>1
{zitio C K
n—1
H-’Ei_y || S(Sa 7;:0’”’ ZU (miaxi—kl) < (U ,O,H,.’L'o,xn) 5; ( : )
i=0
llzi—y || <e ©=0,...n. (.)

roof. It is easy to see that for each integer >1
(v,0, ,y,y)= (v). (.10
Fix
S € (0, 7' o). (.11)

There exists § € (0,271dp) such that for each 1, z9,y1,y2 € K satisfying ||z; — y;|| < 6,
1 = 1,2 the following relation holds

v(21,22) — v(y1,92)| < 'do. (.12)

ssume that an integer n > 1 and a sequence {z;}* , C K satis es ( . ). We will show
that (. ) is valid.

Let us assume the converse. Then n > 2 and there exists € {1,...,n — 1} such that
lz =yl >e (1)
De ne
zi=x;, 1t=0n, z=y, i1=1,...n—1, (.1)
i=y,t=0n, ;,=x; 1=1....,n—1

=0 v (ze,y) v (y,z,) (n—2) (v).
By (. ), ( .1) and the de nition of ¢ (see ( .12))

@iy )= @) Py, z)— @WI< 6, i=0mn, (1)

w(y ,z1) —v(ze, 1) < "o,  [v(Tpo1,T0) —0(Tn-1,y )| < .
(1), (. ), (.15), (.10), (.1 ) and ( .2) imply that

—
—

n—

€ ’U( 7 i—|—1) S € 'U(xi,l'ﬂ_l) 2_16()

n—

<
Il
)
S
Il
<)
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< 278 8§ (n—2) (v) v (ze,y) v (y,T,)
< 2% & (Wn 27 26< (v)n 1 14
§= (v,0,my,y) 1716 6.
Together with ( .1 ) this implies that € < &;. This is contradictory to ( .11). The

obtained contradiction proves the lemma. O
emma . . e €(0,1) d € (0,¢) v 2A
>1 U € n>2
{zitieo C K

n—1
u('xiaxﬂ—l) S (U,O,’I’L, Il?(),il?n) Y ( 1 )

i=0

1€40,..., } 2€{- n,n}
-y ll<e = 13 (1)
lzo—y [ <0 1=0 lzn —y [| <6 2 =1

roof. By Lemma . there exists € (0, ~!¢) such that for each integer n > 1 and
each sequence {z;}", C K which satis es

n—1
sz_yHS 5a i=0,n, ZU (xiaxi-Fl)S (’U,O,’I’L,l‘o,ﬂin) d ( 1 )
1=0

the following relation holds
llz:—y || <e i=0,...n. ( .20)

By Lemma .2 there exist an integer =~ > 1 and a neighborhood  of v in 2 such that
for each u € ; and each sequence {z;},_, C K satisfying

-1

Zu(xi,$i+1) < (u,0, ,zg,7 ) (.21)

i=0
thereis € {0,... — 1} for which
lz =y ll, [lzs—-yll <6 (.22)
De ne
—{ue 1ipluv)<( )7 (2)

ssume that u € , an integer n > 2 and a sequence {z;}I, C K satis es ( .1 ). By
( .1 ) and the de nition of ;, (see ( .21), ( .22)) there exist integers 1, 5 such that:

1€{0,... }, 2¢€{n— ,...n}, |z —y||<0,i=1,2 (.2)
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if ||zg —y || < d then | =0 if ||z, —y || < I then 5 =n.

We will show that ( .1 ) is valid. Let us assume the converse. Then there is an integer
€ (1, 2) for which

|z —y || >e (.25)
By ( .1 ), ( .2 ) and the de nition of |, (see ( .21), ( .22)) there exist integers 1, o
such that
SUP{ 1, — }S 1 ) 2S1nf{ 29 }a ||.’L‘ —?JHS(S;Z:LQ (2)
(.2),(.2)and(.1)imply that
1
Zv (i ziv1) < (v, 1, 2,2 ,x ) 20 (.2)

It follows from ( .2 ), ( .2 ) and the de nition of § (see ( .1 ), ( .20)) that
lz —yll<e = 1,... 2

This is contradictory to ( .25). The obtained contradiction proves that ( .1 ) is valid.
This completes the proof of the lemma. O

learly the set {v :v € o, € (0,1)} is everywhere dense in 2.

Letve o, €(0,1)andlet > 1 be an integer. There exist an integer (v, , ) > 1,
an open neighborhood (v, , ) of v in 2 and a number §(v, , ) € (0,27 ) such that

Lemma . holds with v, ,e=2",d=460(v, , ), = olv, , ), = (v, , ).
There are an open neighborhood (v, , ) of v in 2 and an integer (v, , ) > 1 such
that (v, , ) C o(v, , )and Lemma .2holdswithv, , = (v, , ),n= 1(v, , ),
e= ~ (v, , ).
De ne

= 4 { (v, , ):ve o €(0,1), =, 1,...} 0-

learly is a countable intersection of open everywhere dense subsets of 2.

It is easy to see that Theorem 1.2 follows from Proposition 2. and the de nition of

roof of eorem 1. . Let € e > 0. We may assume that ¢ 1. hoose an
integer > 1 such that

‘27 e (.2)
There exist v € o, € (0,1) and an integer > such that
€ (v, ,) (-2)

By ( .2 ), Lemma .2 which holds with = (v, , ),n= +(v, , ),e= ~—4d(v, , ),
v, ,and relation ( ,0, (v, , ),y ,y )= 1(v, , ) ()

||y _yHS _(5(Uaa)' (0)
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et

ssume that v € , an integer n > 2 and a sequence {z;} , C K satis es

[y

n—

u(xiaxi—Fl) S (U’,Oan: anxn) 6 ( - 2)

S
Il
)

It follows from ( . 2), ( . 1), the de nition of (v, , ), (v, , ), d(v, , ) and Lem-
ma . that there exist ; € {0,... }, o€ {n— ,...n} such that

||3}'1—y||é2_, = 1y--- 2.

oreover if ||zg —y || < d(v, , ) then ; =0, and if ||z, —y || < (v, , ) then 5 =n.
Together with ( . 0), ( .2 ), ( . 1) this implies that:

\|x,——y|\§21* € 1= 1... 9

if ||zg—y || <0 then ||[zg—y || <d(v, , )and ;=0 if||z,—y || <0 then ||z, —y || <

d(v, , )and o =n. This completes the proof of the theorem. O
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