Journal of Convex Analysis
Volume 6 (1999), No. 1, 59-70

A Hybrid Projection-Proximal Point Algorithm*

M. V. Solodov, B. F. Svaiter

Instituto de Matemdtica Pura e Aplicada,
Estrada Dona Castorina 110, Jardim Botanico, Rio de Janeiro, RJ 22460-320, Brazil.
e-mail: {solodov,benar} @impa.br

Received February 6, 1997

We propose a modification of the classical proximal point algorithm for finding zeroes of a maximal
monotone operator in a Hilbert space. In particular, an approximate proximal point iteration is used to
construct a hyperplane which strictly separates the current iterate from the solution set of the problem.
This step is then followed by a projection of the current iterate onto the separating hyperplane. All infor-
mation required for this projection operation is readily available at the end of the approximate proximal
step, and therefore this projection entails no additional computational cost. The new algorithm allows
significant relaxation of tolerance requirements imposed on the solution of proximal point subproblems,
which yields a more practical framework. Weak global convergence and local linear rate of convergence
are established under suitable assumptions. Additionally, presented analysis yields an alternative proof
of convergence for the exact proximal point method, which allows a nice geometric interpretation, and is
somewhat more intuitive than the classical proof.
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1. Introduction

We consider the problem
find z € H such that 0 € T'(x), (1.1)

where # is a real Hilbert space, and 7'(-) is a maximal monotone operator (or a multifunc-
tion) on H. A wide variety of problems, such as optimization and mini-max problems,
complementarity problems and variational inequalities, fall within this general framework.

Having 2' € H, a current approximation to the solution of (1.1), the proximal point
algorithm generates the next iterate by solving the subproblem

0 € T(x) + pi(z — zY), (1.2)

where p; > 0 is a regularization parameter. Because solving (1.2) exactly can be as
difficult (or almost as difficult) as solving the original problem (1.1) itself, of practical
relevance is the case when the subproblems are solved approximately, that is

find 2! € H such that 0 = v™*! + (2" — 2%) + &%, vt e T(a'), (1.3)
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where & € H is an error associated with inexact solution of subproblem (1.2). In [19],
the following approximation criteria for the solution of proximal point subproblems (1.2)
were used:

o0
€'l < o, Zai < 00, (1.4)
i=0
and
€l < oanlle™™ — ', 3o < oo )
i=0

he first criterion was needed to establish global convergence of the proximal point al-
gorithm, while the second was required for local linear rate of convergence result [19,

heorems 1 and 2| (it was also assumed that the sequence p; is uniformly bounded
from above). imilar criteria were used, for example, in [2]. roximal point methods have
been studied extensively (e.g. [14, 1,19, 1,12, 11, , , ], see [ ] for a survey). It
has long been realized however that in many applications, proximal point methods in the
classical form are not very efficient. evelopments aimed at speeding up convergence of
proximal and related methods can be found in [1, 4, 9, 10, 13,1 , 2, 3].  ost of the work
ust cited is focused on the variable metric approach and other ways of incorporating sec-
ond order information to achieve faster convergence. As it has been remarked in [19] and
[2], for a proximal point method to be practical, it is also important that it should work
with approximate solutions of subproblems. It is therefore worthwhile to develop new
algorithms which admit less stringent requirements on solving the subproblems. here
have been some advances in this direction in the context of optimization problems (for
example, [1, 2 ]). In the general case of solving operator equations, the situation seems to
be more complicated, and we are not aware of any previous work in this direction. In this
paper, we propose one such algorithm. In particular, we show that the tolerance require-
ments for solving the proximal point subproblems can be significantly relaxed if solving
each subproblem is followed by a pro ection onto a certain hyperplane which separates the
current iterate from the solution set of the problem. We emphasize that the new method
retains all the attractive convergence properties of the classical proximal point algorithm.

ur approach is based on the interpretation of the exact proximal point algorithm, given
by (1.3) with & = 0, as a certain pro ection-type method. In particular, an exact proximal
point step can be shown to be equivalent to pro ecting the current iterate ' onto a certain
hyperplane which separates z* from the solution set of (1.1). Indeed, by monotonicity of
T(-), it follows that

0 ot g — it

for any x such that 0 € T(z). n the other hand, setting ¢’ = 0 in (1.3), we have
vz’—l—l — _,ui(xi—l—l _ xz) c T(.TH—I),

and hence

UH—I’xi _ $i+1 — N’z”xz _ $i+1|| >0
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(the right-hand-side is zero only when x* = z'*'| in which case z° is a solution of the
problem). Tt follows that if ' is not a solution, then the hyperplane

= zeH vhr—gzt =0

strictly separates z* from the solution set of (1.1).  oreover, it is not difficult to check
that
Pyt g it

[7Y] = 2° — . v
[[o* ]

i+1 — xz—|—1,

that is zt! is the pro ection of z* onto the separating hyperplane

ur principal idea is the following. We will use proximal iteration (1.3) to con-
struct an appropriate hyperplane which strictly separates the current iterate from the
solutions of the problem. hen the next iterate is obtained as a (computationally triv-
ial) pro ection of the current iterate onto this hyperplane. By separation arguments, it
can be shown that the new iterate is closer to the solution set than the previous one,
which essentially entails global convergence of the algorithm. A similar idea has also been
used in [20] to devise new pro ection methods for solving variational inequality problems
with a continuous (pseudo)monotone operator. It turns out that conditions needed to
be imposed on tolerances £° in (1.3) in order to construct an appropriate separating hy-
perplane, are significantly weaker than conditions needed for the inexact proximal point
iterations to converge (see also an example below). ortunately, whenever such a sepa-
rating hyperplane is available, convergence can be forced by adding a simple pro ection
step.

pecifically, we propose the following method.

1 orit  1.1. e o€l0,1) ' wi >0
e 0=vi il F—af) e, v eT(), (L)
le']] < omax [[v'|], | *— 2| (1.)
vi =0 i _ l‘i
mz’—H Il‘i— Uzax:_ ' ’Ui. (1 )
[[ v

ote that (1. ) is equivalent to

= [z, (1.9)

where
;= x€H V- ' =0. (1.10)
bserve that if o = 0, Algorithm 1.1 reduces to the classical proximal point method.

his is because o = 0 implies that & = 0 (i.e., the subproblems are solved exactly), and
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consequently 7! = * (see the interpretation of the exact proximal point algorithm as a
pro ection method discussed above). or o = 0 however, Algorithm 1.1 is di erent from
other inexact proximal-based methods in the literature.

We point out that our tolerance condition (1. ) is less restrictive than the corresponding
tolerance requirements in [19, 2] given by (1.4) or (1. ), which are standard in the liter-
ature. or one thing, the right-hand-side of (1. ) involves the of two quantities,
|v*|| and p]] * — 2%||. And, more importantly, the relaxation parameter o can be fixed,
while in the classical setting it has to be summable, and, hence, tend to zero. ondition
(1. ) is sufficient for both, global convergence and local linear rate of convergence results
(see heorems 2.2 and 2.4).

We next show, by exhibiting an example, that the pro ection step (1. ) is essential to
the convergence of Algorithm 1.1. In particular, we show that the iterates generated
by inexact proximal point algorithm, which can be viewed as Algorithm 1.1 with (1. )
replaced by z'*! = * need not converge.

et H=  and T(z) = =z, where

hen (1.1) becomes a system of linear equations which has the unique solution z = (0,0) .
uppose ' = (1,0) and p; = 1. It is easy to check that the point * = (0,1) is
admissible according to (1. ) (1. ). Indeed,

0=T( Y+ m( "—2")+e'=(1,0) +(=1,1) +¢&

with ¢ = (0,—1) . o we have that ||¢| = 1 while || - 2| = 2. o (1.) is
satisfied with, say, 0 = 1 2. But || ?|| = ||z°|| = 1 so no progress is being made
towards z, the solution of the problem, if we accept ¢ as the next iterate z*t!'. In fact,
taking o € (1  2,1), it is even possible to construct a sequence satisfying (1. ) (1. ) and
= ¢ such that ||z°|| oo as 0o. n the other hand, if the pro ection step (1. )
is added after *is computed, we obtain the solution in the example under consideration
in ust one step, because 0 = [z7].

onver ence nal i

We start with a simple lemma.
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roo . It follows from the hypothesis that  separates x from z. oreover, = [z]
is also the pro ection of x onto the halfspace € H v, — <0 . ince z belongs
to this halfspace, it follows from the basic properties of the pro ection operator (see, for
example, [1 | p.121]) that x — , —x 0. herefore

le—zll = llz— I +[| -2 +22—-, —=
le— 1 +1I =<l .

ow the result follows from the relation

v, —

= =TT

.
0

We are now ready to prove our main global convergence result. hroughout we assume
that the solution set of the problem is nonempty.

eore .. x’ Algorithm 1.1
i) o pi_ i
(ii) i M =00 U,i
| x (1.1)
(i) i <p<oo v
Tt (1.1)

roo . uppose that the algorithm terminates at some iteration . If v* = 0 then 0 €
T( %), so that ¢ is a solution. If = z° then, by (1. ), v = —¢.  n the other hand,
from (1. ) we have that ||¢!|| < o||v!||. Because o < 1, it again follows that v' = 0, i.e., *
is a solution of the problem. rom now on, we assume that an infinite sequence of iterates
is generated.

We first show that the hyperplane ;, given by (1.10), strictly separates x’ from any
solution x of the problem.

By monotonicity of 7'(-),
vir— ' <.
onsider the two possible cases that may occur in (1. ). uppose first that
€'l < opsll® — . 1)

hen, using (1. ) and the auchy- chwarz inequality, we obtain

Uiaxi_ : = /’LZsz_ Z|| - 6iaxi_ ’
lls' = = e’ — |
pi(l —o)llz" = || . (2.2)

he right-hand-side of the above inequality is positive unless ' = ¢, in which case the

algorithm terminates at a solution of the problem. uppose now that

]l < oljv']l- (2.3)
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In that case, by (1. ) and the auchy- chwarz inequality, we have
iood i Lo
V,T — = —v,v +¢

i

1

Hi

1—-0

i

[ e 11

Il (2.4)

which again is positive unless *is a solution of the problem.

In either case, we are in position to apply emma 2.1, which gives
Vit — i
?

||$i+1 _ :
o]

(2.)

ol <o’ —afl -

It follows that the sequence ||z' — x|| is nonincreasing. Hence it converges and, in
particular, the sequence z° is bounded.

If (2.1) holds then, using (2.2), we have

vhat— Tl —o)lle’ = 7
[[o°] [[o°]

urthermore, by (1. ),

pilla" =l ="+
[0l = opall® =l

Hence
palle’ = o], 2.)
140
ombining the latter inequality with (2. ), we obtain that

vh ot — ¢ -

”vz“ 1+U”xi_ z|| (2' )
If (2.3) holds then, by (2.4), we have
vhot— f l—0o,;
& 29)

ince, by (1. ),

l(vi +ey=a"- "'
i ’
we also have that

1+o, o
[l fl=* = - (2.10)

2
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sing (2.9) and (2.10), we have that (2. ) holds in the second case also.

ombining (2. ) with (2. ), we obtain

1—0
1+o

o -

[Ea

ol <lla’ —2f -

It immediately follows that the sequence ' — ? converges strongly to zero.  his
completes the proof of the first assertion of the theorem.

uppose now that oy, = oo. When (2.1) holds, (2. ) and (2. ) imply that

vh gt — l1—-0
vl pi(l+ o)

Jlv°]]-

By (2.9), the same relation also holds in the case of (2.3). Hence, from (2. ) it follows
that

. . 1—0 .
|zt —z|| <2 =2z] = —ru |V . 2.11
<l I 010) [[o°] (2.11)
uppose that liminf; o [[v¢] =2 > 0. It follows that there exists some index ¢ such
that ||v¢| for all 0. By (2.11), we have that
i1
lo* =zl = |lz" - 2| P CRIN?
=i
i1
dou,
=i
where = (1—-0) (14+0) . ow letting oo gives a contradiction with the fact that
2o lt; = oo. Hence the assumption is invalid and liminf;  ||v*]| = 0, i.e. there exists
a subsequence v of v' which strongly converges to zero.
ince the sequence z' is bounded, so is z¢ . et z be a weak accumulation point
of z* . ince ||zt — | 0, z is also a weak accumulation point of ¢ . assing

onto a subsequence, if necessary, we can assume that * converges weakly to x. By
monotonicity of 7'(-), for any € H and any € T( ), we have

0< 1 ot = _z’ _ _z,vz

bl

assing onto the limit as 00, and taking into account weak convergence of ¢ to

z, and strong convergence of v' to zero, we obtain that
0 —u,

ow maximality of 7'(-) implies that 0 € T'(z). his proves the second assertion of the
theorem.

inally, let p; < u < oo for all . Tt follows from (2.11) that the whole sequence v’
converges strongly to zero. herefore we can repeat the preceding argument for any weak
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accumulation point of z° to show that each of them is a solution of the problem. he
proof of uniqueness of a weak accumulation point is standard.

et z, = be two weak accumulation points of z° ,and z' , z' be two subsequences
of x' weakly convergent to x and z, respectively. et = lim; o|z' —z|, =
lim; o ||2* — x| . hose limits exist by (2. ), since z and z are solutions of the problem.

We have that

" —z| =|2° —z| +|z—z| +22° —z,2—2,
and
|z —z|| =|z° —z| +|z—z|| +22° —z,2—2.
ake limits in the above two relations as oo and oo0.  he inner plfoducts.in
the right-hand-sides converge to zero because x, = are the weak limits of z* | 2°

respectively. herefore, using the definitions of and we obtain

= -z,
and
= +lz—z| .
It follows that — = |z —z|| = — , which implies that z = z, i.e. all weak accumu-

lation ponts of 2 coincide. o z' weakly converges to a solution of the problem.

he proof is complete. O

e ar . . In the finite-dimensional case, condition ° u;, = oo is sufficient to
ensure that the sequence of iterates converges to a solution of the problem.

Indeed, by the second assertion of heorem 2.2, the sequence ' has some accumulation

point z such that 0 € T'(z). We can then choose z = z in (2. ) (or (2.11)). It follows that
2! — 1z converges, and since z is an accumulation point of ' , it must be the case that
x' converges to .

ince in the special case of o = 0 the iterates generated by Algorithm 1.1 coincide with
iterates of the exact proximal point method, heorem 2.2 provides an alternative conver-
gence proof for this classical method. In some ways, the given proof is more intuitive, as
it allows for a nice and simple geometric interpretation using separation arguments.

We next show that the iterates converge at a linear rate to the solution of the problem,
provided T ' is ipschitz continuous at zero (note that, in that case, the solution is
unique) [19].

eore
=zl < ol €T '(v), vl <

7 Algorithm 1.1 Wi < p < oo
x (1.1)
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roo . et z be any solution of (1.1). By (2.11), we have
la"*h =zl <l|la" =2l =(1-0) 1+0) p [V (2.12)

By heorem 2.2, it follows that [|v’|| < holds for all sufficiently large, say 0-
Again consider the two cases that may occur in (1. ). In the case of (2.1), applying the
auchy- chwarz inequality to the left-hand-side of (2.2), we obtain

i 1 i
2" — || < m“v IB (2.13)

In the case of (2.3), we have that (2.10) holds, which in turn implies (2.13) because
(1—0) ! 1+oforo<1. oinboth cases (2.13) holds. sing (2.13), the hypothesis

of the theorem, and the triangle inequality, we obtain, for 0, that
T I
lz" — 2| — [l =

2" — 2l = (ua(1 = ) "

earranging terms, we obtain

i A= g,
pi(l —o) +1

ombining the latter relation with (2.12), we have that

i+l _ o (1-o0) ot
o =l € - el
< 1- (1-0) Iz — 2| | (2.14)

(14+0) ( p(1—0)+1)
which establishes the claim. O

bserve that the relation (2.14) also implies parametric superlinear convergence, which
is obtained if the tolerance parameter o and the regularization parameter u tend to zero.

e ar . . In the finite-dimensional case, it is possible to relax the hypothesis of
heorem 2.4. In particular, if py; < g < oo, then the following condition [24] is sufficient
for linear convergence of the algorithm :

= [ ol forall €T '(v), [lv] <,

where  [-] denotes the pro ection map onto the solution set  (which need not be a
singleton).
By emark 2.3, we have that g° x, where x € . In the same way as before, we

obtain the relation

i pi(l — o) i i
Il =l =
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In (2.12),let x = [2°]. ombining the latter inequality above with (2.12), we have
Iz = < [l g
< et =zl (1 =0) (1+0) w0l
(1-o0) : :
< 1= - [z .
- (1+0) ( p(1—0)+1) ” Sl
It follows that the sequence ||z* — [z']|] converges -linearly to zero. etting x =
[z'] in (2.12), for any 1, we have
lo™ = <™ = <<l = 21
etting o0, we obtain that
lz = BII<l2* = [
herefore
2" ==l < Ja' = [+ [ -l
< 2t = [atl.
ince ||z'— [z']|] converges -linearly to zero, it follows that z° converges -linearly
tox €

oncludin e ar

We presented a hybrid algorithm which combines some pro ection and proximal point
ideas. In particular, an approximate proximal point iteration is used to construct a
hyperplane which strictly separates the current iterate from the solutions of the problem.

his step is then followed by a pro ection of the current iterate onto the separating
hyperplane. he new method relaxes tolerance requirements for solving the subproblems
of the proximal point algorithm, while preserving all of its convergence properties. hus
a more practical framework is obtained.

he general algorithm presented here has already proved to be useful for devising
globally convergent (i.e. the sequence of iterates is globally convergent to a solution
without any regularity assumptions) and locally superlinearly convergent inexact ewton
methods for solving systems of monotone equations [21] and monotone nonlinear com-
plementarity problems [23]. An extention to inexact Bregman-function-based proximal
algorithms is given in [22].

sing the presented approach in con unction with variable metric proximal point methods
and decomposition (operator splitting) algorithms can be an interesting sub ect for future
research.

€ erence

1 J. . onnans, J. C. il er,C. emare al, C. a asia al A family of varia le me ri
roximal oin me o s, a emaial rorammin 6 (1995) 15- 7.

J.V. ur e, aiian ian e varia le me ri roximal oin al ori m, asi onver
ene eory, e armen of a emais, niversiyof as in on, ea le, A (1996).



10

11

15

16

17

19

M. V. Solodov, B. F. Svaiter / A hybrid projection-prozimal point algorithm 69
J.V. ure, aiian ian evaria leme ri roximal oin al ori m, uasi Ne on
u ain, e armen of a emais, niversiyof as in on, ea le, A (1996).

.Cen, . uwusima roximal uasi Ne on me o s for non i eren ia le onvex
0 imi aion, a emaial rorammin, oa ear.

—

sein, . . erseas n e oulas a for sli in me o an e roximal
oin al ori m for maximal mono one o era ors, a emaial ro rammin 55 (199 )
9-1.

.C. erris ini e ermina ion of e roximal oin al ori m, a emaial ro ram
min 50 (1991) 59— 66.

uler Ne roximal oin al ori ms for onvex minimi a ion, A Journal on
imi a ion (199 ) 6 9-66 .

emaire e roximalal ori m, n J. . eno (e .), n erna ional eries of Numeri al
a emais, ir auser, asel,19 9,7 — 7.

C. emare al, C. aasiaal Ana roa owvaria lemeri un leme os, n J.
enry,J. . von(e s.), e ureNo esinCon rolan nforma ion ien esNo.197, ys em
o ellin an imi a ion, rin er Verla , erline al., 199 ;1 -16 .

C. emare al, C. aasiaal Varia le meri unleme os rom one ual o
im lemen a le forms, a emaial ro rammin 76 (1997) 9 - 10.

.J. uue Asym o1i onver en e analysisof e roximal oin al ori m, A Jour
nal on Con rol an imi aion (19 ) 77- 9.

ar ine e ularisa ion ine ua ions varia ionelles ar a roxima ions su essives,
evue ran aise nformaiuee e e er e eraionelle (1970) 15 —159.

i in A uasise on or er roximal un leal ori m, a emaial ro rammin

7 (1996) 51-7 .

J. J. oreau roximie e wualie ans un es ae il erien, wullein e la o iee
a emaiue e rane9 (1965) 7 — 99.

ass y ea onver en e eorems for nonex ansive ma in sin ana s a es,
Journal of a ema i al Analysisan A li a ions 67 (1979) 7 — 76.

olya nro u ion o imi a ion, imi a ion of are, n. u li aions
ivision, Ne  or , 19 7.

i, .Cen A reon iionin roximal Ne on me o for non i erenia le onvex
o imiaion, e mnial e or A 95 0, e armen of A lie a emais, niver
siy of Ne ou ales, y ney, , Aus ralia, 1995.

o afellar Au mene a ran iansan a li aionsof e roximal oin al ori m
in onvex ro rammin , a emaisof eraions esear 1 (1976) 97-116.

o afellar  ono one o era ors an e roximal oin al ori m, A Journal
on Con rol an imi a ion1 (1976) 77— 9 .

.V. oloov, . . vaier Ane roe ionme o forvaria ionaline ualiy ro lems,
A Journal on Con rol an imi a ion, oa ear.

.V. olo ov, . . vaier A lo ally onver en inexa Ne onme o forsys ems of
mono onee ua ions, n . u us ima, . i(e s.), eformula ion Nonsmoo , ie e ise
moo , emismoo an moo in e o8, luerAaemi ulisers, 199, 55—

69.



70

M. V. Solodov, B. F. Svaiter / A hybrid projection-prozimal point algorithm

.V. olo ov, . . vaier Aninexa y ri eneralie roximal oin al ori m an
some ne resul son e eoryof re manfun ions, a emaisof eraions esear
su mi e

bl

.V. oloov, . . vaier A ruly lo ally onver en Ne on y eme o for e
mono one nonlinear om lemen ariy ro lem, A Journal on imi a ion,su mi e
sen nlinear onver en e ofi era ive me o sfor e varia ionaline ualiy ro lem,

Journal of Com u aionalan A lie a emais60(1995) 7-5.

C. u Asym o1i onver en e analysis of some inexa  roximal oin al ori ms for
minimi a ion, A  Journal on imi a ion 6 (1996) 6 6-6 7.



