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We show that Dykstra’s algorithm with Bregman projections, which finds the Bregman projection of
a point onto the nonempty intersection of finitely many closed convex sets, is actually the nonlinear
extension of Bregman’s primal-dual, dual coordinate ascent, row-action minimization algorithm. Based
on this observation we give an alternative convergence analysis and a new geometric interpretation of
Dykstra’s algorithm with Bregman projections which complements recent work of Censor and Reich,
Bauschke and Lewis, and Tseng.
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1. Introduction

The Dykstra algorithm is an iterative procedure which (asymptotically) finds the nearest
point projection (also called the orthogonal projection) of any given point onto the inter-
section of a given finite family of closed convex sets. It iterates by passing sequentially
over the individual sets and projecting onto each one a deflected version of the previous
iterate. The algorithm was first proposed and analy ed by Dykstra and rediscov-

ered by an . ublished work on Dykstra s algorithm includes oyle and Dykstra
a ke and athar Iusem and De ierro rombe ombettes

auschke and orwein Deutsch and undal undal and Deutsch an and
ou and scalante and aydan . eealso obertson right and Dykstra

and Dykstra

ecently ensor and eich proposed a synthesis of Dykstra s algorithm with reg-
man distances and obtained a new algorithm that solves the best approximation problem
with regman projections. owever they established convergence of the resulting
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only when the constraints sets are half-spaces.

hortly thereafter auschke and ewis  provided the first proof for general closed con-

vex constraints sets. Their analysis relies on some strong properties of regman distances

corresponding to egendre functions which were treated earlier by auschke and orwein

auschke and ewis also discovered the close relationship between the Dykstra

algorithm with regman projections and the very general and powerful algorithmic frame-
work of Tseng namely the methods.

There is however a completely di erent point of departure which leads exactly to the
same Dykstra algorithm with regman projections. This is regman s optimi ation al-
gorithm for the solution of the problem

min ()
()
where  is a given real matrix the -dimensional uclidean space
is a given vector and is the closure of the set  which is the of the so-called

regman function ( ). regmans optimi ation algorithm was originally proposed in
. It is a row-action (see ensor ) algorithm of the primal-dual type which achieves
dual coordinate ascent by performing sequentially regman projections with respect to
onto the half-spaces in ( . ) or onto certain well-defined hyperplanes parallel to them.

ee regman ensor and ent or ensor and enios lgorithm . . . or
the special choice () - the algorithm coincides with ildreth s algorithm
and D sopo s see also ent and ensor . regman s optimi ation algorithm was
further studied and generali ed in several directions see e.g. ensor and ent (a
storage-e cient adaptation to linear inequalities interval constraints modeled after the
work of erman and ent ) De ierro and Iusem and Iusem and enios
(introduction of underrelaxation parameters) and Iusem (dual convergence and rate

of primal convergence). ee also ensor and enios

owever all these studies handled only linear (equalities inequalities or intervals) con-
straints in ( . ) and an extension of regman s optimi ation algorithm to general closed
convex sets remained elusive.

e claim here that Dykstra s algorithm with regman projections is precisely the nonlin-
ear extension of the above-mentioned regman s optimi ation algorithm. This recognition
goes beyond the fact that the two algorithms coincide in the linear constraints case as
was shown by ensor and eich . It enables us to present here a new proof and
convergence analysis of Dykstra s algorithm with regman projections for almost cyclic
control sequences which rests on regman s original work . ur new analysis di ers
from the approaches of auschke and ewis and of Tseng in two fundamental
ways. irstly it o ers an intuitive geometric interpretation of the iterative steps of the
algorithm helping to better understand its action. econdly it results in a convergence
theorem in which the conditions on  and on the constraints sets are di erent
from those in  and extending the applicability of the algorithm.

The present paper is laid out as follows. In ection we present the algorithm and
present several preliminary lemmas. The convergence theorem is proven in ection
e conclude by showing in ection  the precise relation of the algorithm with the
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problem of finding the projection onto the intersection of closed convex sets giving our
new geometric interpretation and describing the di erences between the conditions in
our convergence theorem and those in auschke and ewis  and Tseng

rojection methods have been studied intensively. They are applicable and useful in
best approximation theory optimi ation statistics partial di erential equations image
reconstruction from projections signal processing and other fields. ee e.g. the review
and tutorial of auschke and orwein or ombettes and the references therein.

The use of regman projections which seek to minimi e some generali ed distance other
than the wuclidean has in the past two decades propagated into a variety of problem
areas generating theoretical as well as practical consequences. These include proximal

point algorithms e.g.  ckstein ensor and enios iwiel and Teboulle

variational inequalities see e.g. ensor Iusem and enios or urachik and
cheimberg multiprojections see ensor and lIfving paracontractions and other
operators see ensor and eich . sis ar presented in an axiomatic theory

which leads to regman distances in that connection see also regman and aumova

auschke and orwein introduced the egendre regman functions. ome of these
developments are included also in ensor and enios but the above list is by no
means exhaustive.

otions and notations from convex analysis are as in  ockafellar . oranyset in
int( ) ri( )andbd( ) denote the closure interior relative interior and boundary of
respectively. or any closed proper convex function on dom ()
and () denotes the gradient of at . proper closed convex function on
with int(dom ) is said to be if it is strictly convex and di erentiable on
int(dom ) and
im ()
for every bd(dom ) and int(dom ). proper closed convex function on s
called if
lim ()
for every

he a gorithm and re iminar resu ts

et  be a proper closed strictly convex function on dom where dom is a closed
set and int(dom ) . The function is further assumed to be continuous on dom
and di erentiable on int(dom ). et () () () () defined for
all dom int(dom ) where denotes the inner product in . The function
has a metric property ( ) and () i . ee e.g. emma
ssume also that satisfies the following conditions
1 or every and for every dom the partial level set of

() int(dom ) ()

is bounded.
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If dom int(dom ) lim ( )

lim and is bounded then lim

If int(dom ) and then lim ( )

unctions  that fulfill all the above conditions were termed in regman functions

with one int(dom ) and their class was denoted by (). (In and several
subsequent publications this definition included an additional condition concerning the
boundedness of the second partial level set of first observed by iwiel to be
superfluous). ee also hapter  or auschke and orwein for comprehensive

analyses of the properties of

et be closed convex subsets of and let be
nonempty. e assume that dom is not empty and that int(dom ) for all
(but int(dom ) may be empty).

onsider the following problem which generali es ( . )

min () ()

dom

The best approximation problem in the sense of regman s generali ed distance from
a point  to the set intersection is

min ) ()

dom

owever we choose to make the additional assumption that has a global minimum at
int(dom ). Thus we assume that

There exists an int(dom ) for which ()

u cient conditions for this usually involve certain coercivity assumptions on  see e.g.

eressini  ullivan and hl ection . .  hen is imposed the problem ( . )
reduces to ( . ) which looks somewhat more generic and the subsequent presentation
and treatment become simpler. owever there is no loss of generality involved because it
is possible to treat ( . ) directly without assumption along the same lines of reasoning
but at the expense of complicating the presentation.

To guarantee that lgorithm . below is well-defined we need also the following condition

The function is egendre.

ssumption implies the so called see e.g. Definition
and ection
onsider some examples of functions satisfying 1 . In each one of these examples
we suppose the function on  is of the form () () where is a function
on . Itisnot di cult to verify that the functions satisfy 1 for the following
am e .1. () - for dom

am e .. () - for dom ).
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am e . negative Shannon entro . () In (with the definition
log ) dom )-
ome more examples of functions satisfying 1 and can be found in ection

which appeared recently in this journal.

The nonlinear extension of regman s optimi ation algorithm is as follows.

gorithm
ata at the eginning o the th iterative ste
urrent approximation int(dom )
vectors and real numbers such that each pair
( ) defines a supporting hyperplane for ie.
such that for all and for some

Initia i ation
is the (global) minimum point of ( ) on ie.

() ()

.. et and for all
Iterative ste
hoose an operating control index

onstruct the function () () () and solve the sub-
problem
min ()
dom ()
e show below ( emma . ) that this problem has a solution int(dom ).
or put and for let

() C ) ()

Contro se uence
uppose the indices  are chosen in an almost cyclic order i.e. there exists an

integer such that for all
Remar . . In the cyclic case i.e. if mod this algorithm produces the
same sequence as the Dykstra algorithm with regman projections of ensor and
eich and auschke and ewis
Remar . . If the function is co-finite then the mapping ( ) is a one-to-one
mapping of int(dom ) onto see e.g.  ockafellar Theorem . . Thus there
exists a point int(dom ) such that () () and defined in

tep . of lgorithm . solves the problem min ().
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The lemma below shows that lgorithm . is well-defined.
Lemma . . 1
(i) (.) int(dom )
(i) C )
lgorithm

roo. y int(dom ) hence the statement (ii) is true for . uppose
(ii) is true for some . e show that the problem ( . ) has a unique solution
which satisfies the condition of tep . and and defined in tep . satisfy
the conditions of tep . of Ilgorithm

hoose int(dom ) (this intersection is assumed to be not empty) and let

( )- Denote () . It is clear that  is nonempty and

closed. urther

C ) ) ) () ()

where () ().
or every we have () and because by the induc-
tion hypothesis the pair ( ) defines a supporting hyperplane for . Therefore
( ) and is contained in the level set ( )
dom ( ) . ince () is bounded for every (see e.g.
Theorem . ) theset isalso bounded. ence the function ( ) attains its minimum
on at some point which is also its minimal point on . The minimal point
is unique because the function () is strictly convex int(dom ) because
int(dom ) and the function ( )is egendre.
ext we verify that the pair ( ) defines a supporting hyperplane for at
the point
Indeed since is the minimum point of () on we have

() () for all (.)

or

for all (.)

This completes the proof. O
Lemma

() (-)

roo . This is true for by initiali ation and remains true by induction in accor-

dance with ( . ). O
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Convergence
heorem .1. ection
(dom ) ( i)
lgorithm . (.)

roo . ur proof consists of the following six steps.

Ste 1. Introduce the numbers defined by

e show that the sequence is increasing. et . e have

ince and for we can write

rom the definition ( . ) of we have

Taking into account ( . ) we get

() ) ()

or

ince and the pair ( ) defines a supporting hyperplane for we have

and so the sequence is increasing.
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Ste . et dom . Then

ince we have for all . ence by tep
()0 () (.)
and the sequence is bounded by assumption 1. Iso
() for all dom (.)
ie. is bounded and lim exists. This together with ( . ) implies that

( ) as

ne more inequality which we can deduce from ( . ) is

( ) () for all dom (.)
or because the numbers are nonnegative for all
() for all dom and for all (.)
Ste . ince the sequence is bounded it has cluster points. e show that all such
cluster points belong to
et be a convergent subsequence of and lim . ince  ( )
we have by assumption that the subsequence converges to the same point
epeating this we get that the subsequences all converge to
. Therefore the union of these sequences also converges to and according to the
almost cyclic choice of the operating control index for each there exists
an infinite sequence of integers () such that () and
for all . ence lim and . 0
Ste . Take . et  be the subspace which is parallel to the a ne hull
Then there exists a unique representation where and isorthogonal
to . e show first that are bounded sequences for
Denote by the vector where is the maximal index for which . It is

clear that and that
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et dom . Then
()
The latter equality is valid because both  and belong to and
Take a vector (dom ) ( ri ). Then there exists a positive such that
for every with we have . et . Then

and since

ince we get by (. )
()
implying that the sequences are bounded i.e. there exists a real number such that
for all and . ence by (.)

(- )
Ste . Take . Then is polyhedral i.e. an intersection of a finite number of

half-spaces

onsider the linear programming problem

max

(- )
This problem has as a solution and max .y the duality theorem (see
e.g. Dant ig hapter ) there exist nonnegative numbers such

that
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Divide the set of indices into two subsets
for some dom
and
for all dom
et dom . sing (. )and (. ) we obtain

There exist and dom such that for all . Defining
min  and — we conclude that and dom are such that

for all and all
sing ( . ) and ( . ) and taking into account that and are nonnegative

we have for all

() ( ) ( )

ence are bounded by ( () )

urther ( . ) implies that if so we obtain from ( . )

ince are bounded for there exists a real number such that

for all dom

omparing this with ( . ) we see that the inequality ( . ) is valid for all

ote that we may take a common value for both (. )and (. ).
Ste . et be a cluster point of and let be a subsequence converging to
ccording to tep of the proof and dom because dom is closed.
s we have seen in tep  the subsequences where converge to
as well. ince the set contains the set of all indices
the subsequence is such that the subsequences converge to
for every

pplying ( . ) for we get
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ince the subsequences converge to we have
lim ()
for every .
pplying ( . ) for we have

ccording to tep of the proof lim lim exists. ence by assumption
and (. )
lim ) lim ( ) () lim
ie.
lim ()
ince by (. ) lim min () we have

()  mn ()

and because is strictly convex and has a unique minimum on it follows that
the whole sequence converges to . This completes the proof. U

Connections com arisons and inter retation

In this section we compare our Theorem . with the convergence theorems previously
obtained by ensor and eich Theorem . and by auschke and ewis  Theorem
as well as with the result that can be obtained by applying Tseng s general framework
e first note that although at first glance the problem considered in and in

namely the minimi ation of () over di ers from our problem ( . ) they
are in fact equivalent. This is because on the one hand () is a strictly convex

function on dom  and on the other hand it coincides with itself when ()
e also remark that although Igorithm . in employs a double iteration it actually
generates in the cyclic order case the same sequence which is generated by lgorithm

in the present paper.

The assumptions and the proofs of these four convergence results are all di erent. s
mentioned in the Introduction ensor and eich used regman s original method to
establish convergence only when the constraints sets are half-spaces. auschke and ewis
used a non-trivial extension of oyle and Dykstra s proof  as well as the tools developed
by auschke and orwein in . Their control sequence is cyclic and their constraint
qualification condition is

int(dom ) ()
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convergence result for our Igorithm . can be derived from Tsengs very general
framework by extending his derivation of ans theorem in ection . The
resulting constraint qualification condition is

int(dom ) ( ) (.)

inally our condition (see Theorem . ) is

dom ( ) (.)

ondition ( . ) is clearly more restrictive than ( . ) but this does not mean that our
result contains Tseng s result. This is because Tseng s framework is more general in other
respects not addressed in our study. e also has some results on dual convergence.

11 the above-mentioned results also impose di erent requirements on the objective func-

tion . oth auschke and ewis  and Tseng require co-finiteness of the function
but we do not need this condition. or example the function in =xample . satisfies
the condition 1 but it is not co-finite.
The proof of our Theorem . is in the spirit of regman s original approach . It
o ers the following useful geometric interpretation (cf. emma . ) t each step of our
algorithm having chosen an index we replace the set with one
particular half-space drawn from the (in general infinite) family of all the half-spaces
the intersection of which equals . ote in particular that if at the -th stage the

problem ( . ) is replaced by the problem

min ()

( ) is the agrange multipliers vector and

C ) O )

is  the  corresponding agrangian  function then (. ) shows that
(1 where 1 ( ). oreover ( )by (.).

It is clear that Theorem . is a special case of Theorem . in the present paper.

owever the two other results mentioned above neither contain nor are they contained
in Theorem . . orexample for non-polyhedral sets ( . )is in some sense the weakest
constraint qualification but the conditions imposed on in  are rather strong. urther-
more our condition ( . ) covers for instance the case when is the negative hannon
entropy function ( xample . ) and does not contain any positive vector (in this con-
nection see the discussion in ection ) while ( . ) and ( . ) do not. n the other
hand ( . ) covers the case when - and ri but (. )and (. ) do
not.

e an o anonymous referees for many ons ru ive ommen s
i el e oim rove e rs versionof ismanusri . ealso an rys of i iel
forrea in e a eran sen in us useful ommen s.
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