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In this paper, we establish the existence of solutions of a nonconvex second order differential inclusion of
the following type:

Z (t) € F(x(t),z (t)) a.e, z(0) =20 € K, 2 (0) =g € Q,

such that z(t) € K, where K is a closed subset and  is an open subset of R*. When K is in addition
convex, we introduce the contingent cone Tk to prove the existence of solutions of the differential inclusion:

i () € G(a(t), @ (1) ae, z(t) € K and @ (£) € Ti((t))
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1. Introduction

Let K be a nonempty closed subset of R*. We shall denote by dk/(.) or d(., K) the distance
to K, by Tk(z) the contingent cone at z, by gr(Tk) the graph of the multifunction
x — Tk (z) and by Ag(z,y) the second-order contingent set to K, i.e

d ty+ L
Ag(z,y) = {zeR” im jng K E T+ 52) :0}

t—0t 12

where (z,y) € K x R*. For more on properties of the second-order contingent set, we
refer to [4, 5, 8, 9].

In the present paper, we are concerned with Ag(z,y) in the case where the set K is, in
addition, convex. More precisely, for all (z,y) € gr(Tk), we prove that Ax(z,y) and the
second-order contingent set

t—0+ 12

Ck(z,y) = {z € R": lim
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coincide with Tk (x).

s application, we establish in a special case where K is de ned by constraint e ualities
that the ubin s contingent derivative set (Tx)(z,y)(y) at (z,y) in direction y is e ual
nother application consists of studying the existence of second-order viable solution for

a class of multivalued di erential e uation with nonconvex right-hand side.

hroughout this paper, we denote by  a nonempty open subset of R”, by  a nonempty
closed convex subset of R, by gr(T ) the graph of the multifunction 7 (.), by (R") the
collection of all nonempty compact subsets of R® and by and two (R")- continuous
multifunctions de ned on K x  respectively. Let (zg, o) be an element of K X or
gr(T ). onsider the problems:

z(t)e (z(t),z(t) a.e on [0, 77,
z(0) = zg, z (0)) = o, (.)
a(t) e K telo,T].

and

x (t) (z(t),z (t)) a.e on [0, 77,
05 ( )) = 0 ( . )
(fE(t) (t) € gr(T") te0,T].

y a solution of ( . ) or ( . ) we mean (7,z(.)) where T 0 and z : [0,7] — R" is
an absolutely continuous tra ectory for which z (.) is also absolutely continuous, which
satis es (. )or ( . ).

imilar problems were investigated by [4, |. In the present paper we study problem ( . )
(resp. ( . )) under the assumption : (z,y) € K x , (z,y) Ck(z,y) (resp. o:
(z,y) €gr(T ), (z,y) Tk(z))

otation de nition and main re ut

Let , be two metric spaces, be a closed valued multifunction from to . We
denote by gr( ) the graph of . We say that is lower semi-continuous if for any open
subset of theset z€ : (x) = isopen. Let ( ( ), ) be the collection
of all nonempty closed subsets of e uipped with the ausdor distance de ned by

(A, ) =max (4, ), ( ,A) , where (4, )=supd(z, ):z € A . ()-
valued multifunction de ned on  is continuous if the mapping : — ( ( ), )is
continuous.

For any vector normed space and a nonempty subset A of , we denote by cl A, co A,
the closure, the convex hull and the characteristic function of A. For allz € | (z)
stands for the set of all y € A for which =z y =d(z,A).

For r 0, we denote by (z,r) the closed with center at z and radius 7.
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ssumption

Let K be a nonempty closed subset of R*, be a nonempty open subsets of R* and be a
multifunction from K x  to the space of all nonempty subsets of R". Let (zg, o) € K X
n we ma e the following hypotheses:

- is continuous with compact values.
- (‘Tay) € K x ) (xvy) CK(x7y)

ssumption o

Let  be a nonempty closed convex subset of R*,  be a multifunction from gr(7T ) to
nonempty subsets of R". Let (xg, o) € gr(T ). uppose that:

- is continuous with compact values.

- @y egr(T), (xy) T (o)
- gr(T ) is closed.

ere are the main results.

heorem .1. (%o, o) € K X
T, 0 z(.) : [0, ] — R" z (.)
z(t) € (x(t),=(t)) [0, To]
z(0) =zo z(0)) = o
z(t) € K t € [0,To]
heorem 2 (2o, o) € gr(T )
T 0 ():[0,T] - R ()
@) e (@), @) [0,7]
(0) ==, (0))= o
( (@), () egr(T) tel0,T]
o prove heorem . , we need the following result:
heorem . . C R™
A (z,y)  (z,y)€gr(T) T (z)

re iminar re ut
In this section, we state some de nitions and results collected in ubin and ellina | |.

ro o ition .1. A R® ze A

For the proof see [ , p. 4].

ro o ition . . -  Lz—-T (x)
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roof. ee wubinand ellina[, h.,p. 0]

U
emma
0
x € . (o) (x)+ (0, )
he proof is straighforward and is omitted.
e nition . . Let be a bounded interval of R, recall that a function — R" is

called absolutely continuous if there exists an integrable function g :

forall ,t€ wehave (t)= ()+ 'g( )d ,where gis denoted

— R” such that

ro o ition . . z,y e R* () R™ ()—0
— 0
liminf—[d (z+ (y+ () d (@] dT ( ()
For the proof, see [ , rtop. , pp. 0 or rop.,pp. 8 9|
oro ar . . R — R
g(t)=d ( (1)) g te
g@) d( (0, T ( ()
roof. Let t € and be su ciently small such that £+ € . We have
t
T+ )= &)+ ()d. ()
t
Without loss of generality, we may assume that
t
— ()d — (t) when —0.
t
hen (. ) implies that
t+ )= O+ ( &)+ ()), ()

where () —0as — 0. yusing roposition .5, from ( . ) we obtain

9 (t) = liminf—(g(t+ ) ¢(t)),

—0+

= liminf—[d ( ()+ ( O+ () d (@),

—0t

d(( ), T ( (@)
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e nition . . Let Dbe an interval of R, z(.): — R" be a bounded function. We
de ne the oscillation of z(.) on by

(z(.))=sup z(t) x(ta) :1t,tx€

Let be an inteval of R and ( ,R") the space of all bounded functions from to R"
and  be a nonempty subset of ( ,R").

e nition . . Wesay that is e uioscillating if 0, a nite partition of into
subintervals r) such that
z()e , € ,.,r,  (z())
heorem . . t € (t) =
z(t) rz(.) € ( ,R")

For the proof, see ubin and ellina [, h.5, p. 5]

roof of the main re ut

o begin with, let us prove:
(z, )egr(T ),A (z, )=C (z, )=T (2).

roof. Let z € A (z, ). ince is closed and convex, there exists z,, € , ¢, — 0 as
— + and a function (.) with (¢) — 0 when ¢ — 0 such that:

Tn =T+, +ﬁz+ﬁ(%h €,
hence
In T by ), e (4.)
ln
ince belongs to T (x) which is a closed cone using the roposition . , we deduce from

(4. ) that z € T ().

onversely, let z € T (z). Fort 0,set (t)=xz+t + %z y orollary . , we have
that

so that

zd @), ) 5 —d(+ =T ( (()))d, (4.)

t oo

by using roposition . , it is easy to chec that for any 0

—d( + 2T ( (()))=d= +2T ( ( ()
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Let 0. ince (.)is continuous and z 4+ — € T (x), 0, by roposition

and Lemma . , there exists ; 0 such that

d—= +2T ( () to, 0, (4.)

thus by combining (4. ) and (4. ) it follows that

t_zd( @, ) t .

his implies that z € C' (z, ).
ence A (z, )=C (z, )=T (). his completes the proof. O
emar .1. If C a nonempty compact subset of gr(A ), then

2

t
t_2d (x+ty+—2) > 0ast—0

uniformly on C.

s application, let us explicit the ubin s notion of contingent derivative of 1" at point
(x9, o) in direction o de ned by

(T )(zo, 0)( o) = ER" : (w9, ) €T (zo, 0)
where is a set de ned by constraint e ualities. More precisely, suppose that:
=z€ : (x)=0, = ,.., ,

where the  are real-valued functions de ned and ? on an open subset R*. uppose

that the gradients ( (o)) are linearly independent. hen, it has been proved
respectively in [5, rop.9] and [ , rop. . | that

A (an 0): GRTL: (xO)a + 2 (.’L'()) 0s 0 :Oa = g

and
(T )(w0, 0)( 0) =A (0, o),

where ? (z¢) denotes the essian matrix at zo. ence if is in addition convex, then
by virtue of heorem . , we have

(T ) (@0, 0)( o) =T (o).
We are able to give the proof of heorem

roof. Let ry 0 be such that ( o, 7o) . Let o€ (zg, ). et

r=2,Ko= ((m0, 0).7) (Kx (0,7).
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ince is continuous with compact values, there exists max( , o +r) such that
( (xay)a 0 ) (x,y) € KO' (44)
et r
K = (Kox (0, ) gr(Ck), T=—
and
r
= — €
ince Ky and K are compact there exists ,  such that
max min 7, U , (4.5)
o +7
and for all (z,y),(z,y) € Koand ( , , )€ K one has

( ("an)’ (33,21)) ) ("an) € ((xay)a ): (4' )

and
t2
de( +t +— ) —t*, telo, ] (4.)
For any number , choose an integer  such that and
T T
max —- ,( 0 +n ) min (4.8)
et
T
= n t = ) :Oa' 3 "
bserve that
e 0,.." , € 0,..,"., t =t. (4.9)

Let us de ne a se uence of polygonal approximate solution of the problem ( . ). Indeed,
let us consider

Y€ g xo+1T o+

and

n [0,t |, de ne
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then z (¢ ) € K. Moreover for all € [0, [ we have that

hen by (4. ), for all € [0,¢ [ it follows that

and

ence

onse uently, relation (4.8) implies

z (t) o ,
, telo,t].
n the other hand, from (4.5) and (4.8) we deduce
z (t) o t o + ) 0
te0,t]

hus (z (¢t ),z (t)) € Ko.

For each integer and t € [0,T], set () to be the initial point of the -th partition
to which ¢ belongs. t each nodal point ¢ let us de ne a piecewise function z (.) on [0,? |
with the following properties:

(i) z (.) is a continuous function with 2 (0) = zp,z (0) = ¢ and its second derivative
x (.) is constant on each interval [t ,¢ [, =0,....,
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(ii)  teach nodal point¢t €[0,t [, z (¢t )€ K and (fort ¢)

(i) max z (t) zo , = (t) o —
(iv) teachnodalpointt €[0,t[, = (¢) = ( (t))

ince (t ) =0, it is clear that z (.) veri es the previous properties. y induction,
assume that has been constructed a function z (.) on [0,¢ ] with € 0,.., "
satisfying (i) (iv). et = (t ). ince t we have by (4.8)
z(t) z() ( T+ o) ,
and
z () z () :

di@ (), (= ()z () —, (4. )

so that by (4. ), (4. ) and the compactness of the values of | there exists €
(x (t ),z (t)) such that

z () —+—, 4. )
and therefore, assertion (iii) and triangular ine uality imply that
0 —+—+ t— (4. 4)
incet T = — and by the choice of and , we have
o (4. 5)

hence z (t ),z (t), €K.

n the other hand, given y € g(z (¢t )+ =z (t)+ Tz ) and consider
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Fort e[t ,t |, set

bserve that y (t ) € K. Moreover

diz (¢), (& )z () = (¢) ,

ence the function
z =z () o0 (D+y() ¢ ¢ ()

satis es (i) and (ii). Let us prove that z veri es (iii) and (iv).

z(t ) o = yit) =z,

ince T =r and ——  , then
rt T
< (t ) Zo - + =]
T T
(4. )
rt
T
Furthermore
z (t)=2 (t)+ =z (t) (4. 8)
herefore
z (t ) o z (t) o + ;
rt r
T T’
rt
T

ence, relations (4. 5) and (4. ) imply (iii). bout (iv), we have
2z () 2 ()=o) = (),
from that we obtain by using (4. ) and (4. )
z () 2 ()

hisimplies (iv). O
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onse uently, there exists a se uence (.) of absolutely continuous functions on [0, 7]
satisfying (i) (iv).

aim . . (.)

roof. Let € and =[t,t [an interval of the -th partition of [0,7]. Let

and ¢ be a nodal point of . For =0,..., ,set = . It is clear that
t = %), (t),..., (t)=t arein . We wish to compute the oscillation of  (.) on

It then the oscillation is ero. ence consider . Lett € andt be the
initial point of the -th partition to which ¢ belongs. ince (t) = (t ) then by

(iv) we have that:

() ()
onse uently
(t) () :
( () — €
n the other hand, since
(t) and (t) T+ o, € , te
then by heorem .9, (.) converges uniformly to a function (.), so that ()
and (.) converge uniformly to functions and respectively. he functions |,

and are related by the formula

(t)= (t) and (¢)= (¢) a.eon [0,7]

Let t € [0,71], for each  we denote by ¢t the initial point of the -th partition to which
t belongs. We have

d( (@), (), @) ) (1)

+ ()

+d( @), (@), ()

+ 0 @) @) @ @)
+ (0 @ @), (0O )
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ince (t) converges to (%), (t) e uals (t ), (t ) belongs to the set
( @), (@ )+- ©, ), (), (), (.) and  (.) are lipschit ean, ¢
€ converges to t and  is continuous, the right-hand side of the above ine uality

converges to ero, since  have closed values, we deduce that
)= (e (), () aeon|0,T[.

n the other hand

d( (t), K) @ © + (@ ) +d( (¢t ) K),
hence
(t)ye K, te|0,T].

Finally
@) e (@), (@) a.e on [0, 7]
0) = xo (0) = g€ TK(.T())
(t) e K te[0,T]

o prove heorem . , by the same reasoning we construct an approximate solution
(.) satisfying at each nodal point ¢ , (¢ )eT ( (t ))-

elation (4. 8) implies that

¢ )= @)+ )

ince y € , then by roposition
( @), @) egrT), €

ince gr(T ) is closed then by passing to the limit there exists an absolutely continuous
function z : [0,7] — R for which z is also absolutely continuous which is a solution of

the problem ( . ). his completes the proof of heorem . . a
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