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In this note, which is a continuation of [17], we study two classes of maximal monotone operators on
general Banach spaces which we call Cy (resp. C1)-regular. All maximal monotone operators on a reflexive
Banach space, all subdifferential operators, and all maximal monotone operators with domain the whole
space are Ci-regular and all linear maximal monotone operators are Co-regular. We prove that the sum of
a Cg (or Cy)-regular maximal monotone operator with a maximal monotone operator which is locally inf
bounded and whose domain is closed and convex is again maximal monotone provided that they satisfy
a certain “dom-dom” condition. From this result one can obtain most of the known sum theorem type
results in general Banach spaces. We also prove a local boundedness type result for pairs of monotone
operators.

1. Introduction

Let X be a Banach space and X* be its dual, endowed with the dual norm. We shall
denote by B (resp. B*) the unit ball of X (resp. X*). Let also {-,-) : X* x X — R denote
the usual evaluation map, i.e. (z*,z) = z*(z).

Recall that a multivalued map 7' : X = X* is called a monoton o to if (z* * )z
) whenever z, X,z* T(z),and * T( ). hesetofall z X such that

T(x) = 1iscalled the om nofT andisdenoted . f7 is monotone and is a subset

of X, apair( , *) x X* is called monoton t toTon if(z* *z )

whenever x and z* T(z). he monotone operator T is called m m on if
* T( ) whenever the pair ( , *) is monotonically related to T on . (f =X, we

shall omit X from the above terminolo y.)

Let T : X = X* be a monotone operator, be a closed conve subset of X, x ,
and z* X*. onsider the followin e tended numbers (e tended means that is a
possibility)

(.’L’,CC*,T) — sup < xx s T > , =ux, * T( )
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(x,2*,T) = inf sup < e ) , =
T

(here =ma , we use the usual conventions that inf = and sup = ).
When = X weshall denote  (z,2*,T) by (z,z*,T) and (x,z*,T)by (x,z*,T).

n the particular case when T is the subdi erential of a lower semicontinuous conve

function and = X, these numbers were introduced by imons who proved that
they are e ual to each other. n we proved that these numbers are also e ual when
co( ) absorbs lin( ) and either X isre e ive and 7 is ma imal monotone or

T is the subdi erential of a proper, conve , lower semicontinuous function on X. ( ere
co stands for conve hull of and lin stands for linear span of .) s a matter of
fact, we proved their e uality in a more eneral settin . Before statin this result we need

to introduce some notation. or , let : X > Rbede nedby ()= x .
Let also  denote the indicator function of (ie. ()= if and ()=
otherwise). he followin theorem was proved in (see heorem ):
eore 1.1. ¢ X nonmt 0 on T: X =3 X7 monoton
n z X m t tT m m monoton o n n
(x,z*,T Y= (x,25,T ) oz t n  (z,25T)=  (x,25,7)

or any monotone operator 7' : X = X* de ne
(T) = X  is closed, conve , and int( ) =

(T) = X  is closed, conve , and (co( ) ) = lin( )

learly (7)) (T).

e nition 1. .

() ma imal monotone operator 7' : X =% X* is called X if (z,2%,T) =
(x,2*,T) for any x X and z* X*.
() Let , . ma imal monotone operator 7' : X =% X* is called if
(x,z*, T Y= (x,2*,T ) forany z X, z* X* and any (T).
e ar 1. . () fcoursethestatement T implies that 7T’
which in turn implies that 7" X
() fTis re ular and (T) then = . ndeed, if = , then
(x,z*, T ) = sup = = and thus (xz,z*, T ) =,
implyin that x for any (z,2*) X x X*, which is not true.
n , as a conse uence of heorem . , we proved that m m monoton o to
on n nt o to on n n
ere are other results that we proved in and will be used in this paper:
(i) X 0 n on n x t n  (z,25,T)= (z,2%,T ) n

(x,2*,T)= (x,z*,T )
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i) (x,z*,T) n on

(i) (x,2*,T) = n on z* T(z)

iv) T X t n  on

v) T X nx tnanT o on tr n on oz int( )

(vi) m m monoton o  to m m  monoton o t
m m monoton on n 0 N 0N to X nt t t om n

ne of the important open problems in conve analysis is to nd conditions under which

the sum 7T of two ma imal monotone operators T and is ma imal monotone. When

X isre e ive, Roc afellar proved that a su cient condition for the sum theorem to

be true is that int( ) be nonempty. his condition was rela ed by several authors

(see , ), the apparently least restrictive one bein due to imons ( heorem

in ) who proved that the sum theorem is true whenever and 7 satisfy a certain
ont nt t on (for e ample if co( ) co( ) absorbs lin( ). Later,

in , imons proved that these less restrictive conditions (his and the other ones) are

e uivalent to each other. he proofs of all these results rely heavily on the assumption

that X is a re e ive Banach space. When X is a Banach space, not necessarily re e ive,

the sum theorem is nown to be true only in a few particular cases (see hapter in
). ere are some of them:

(a) =X = (due to . eisler see ection in  or heorem . in ).
(b) both 7" and are linear and = X (see heorem . in  or heorem . in
).
(c) T is the subdi erential of a proper lower semicontinuous conve function on X and
is linear with = X (due to . Bausch e see heorem . in ).

t is our aim in this paper to prove the sum theorem (in any Banach space X) in the case
when T is  re ular ( , ), 1islocally inf bounded (see the de nition in the ne t
section), (T), and and  satisfy an additional condition. ince we shall also
prove that a ma imal monotone operator whose domain is X (or which is linear or which
is the subdi erential of a proper lower semicontinuous conve function) is re ular, and
since a ma imal monotone operator whose domain is X is locally inf bounded, our result
is a enerali ation of (a), (b), and (c).

inally we would li e to mention that one can also introduce dual numbers

(" =2 )

* (.’L’,.’II*,T) — sup * , ¥ ,’13*, * T( )
x* *
(x,2*,T) = inf  sup < *x ,x* ) - , =gt
x
for any (z,z*) X xX*, X*. We shall study properties of these numbers in another

paper.

A u t eore

We be in with a construction and a lemma that will be useful in reducin statements
about monotone operators on X to statements about monotone operators on a closed
subspace.
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iven T : X = X* and X a closed subspace, de ne T : = * by

T ()= -~ * there e ists «* T'( ) such that *=z"

f is a closed conve subset of | in addition to : X > R we shall also
consider : — R , the indicator function of in , and its subdi erential
=3 *. tis easy to verify that =( )
e a .1. tT:X = X* monoton X 0 t t
t o 0 on to n n
(a) T m m monoton T=T nT : = * m m monoton
(b) (x,z*,T )= (z,z* ,T )
() (z,z", T )= (z,2" ,T )
roo. (a) eeLemma in . o prove (b) notice that, since , =
and therefore
(x,z*, T Y= (x,2",T )
= (22T )= (z,z" (T ) )
= (z,2" ,T ( ) )= (z,zr ,T )
the second e uality followin from Lemma in and the third one from the de nitions.
he proof of (c) is similar. O
We recall now a construction and a related result due to imons . iven a monotone
operator T': X =% X* de ne : X =R by

(Y=sup L2+ ()

Bein the supremum of a ne functions, is conve and lower semicontinuous. f
and * T( ), then for any and any * T( ) we have

which shows that () . hus
dom( ) (.)

n oodey and imons used a enerali ation of to stren then earlier results of
Roc afellar  and Borwein and it patric . mon other results they proved that T’
is locally bounded at each surrounded point of co( ) (z X isa on o nt of
if X = ( x)).  variant of this result for a pair of monotone operators is
presented ne t.

ro oition .. t7T, :X =X* monoton o to t tco( ) co( )

0o n nt t n t 1
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roo . Let and be de ned as above. ince dom( ) and dom( ) are conve ,
it follows from ( . ) that co( ) dom( )andco( ) dom( ). husco( )
col ) dom( ) dom( ) and our assumption implies that dom( ) dom( ) is

absorbin . rom orollary in it follows that there e ist and such that
B =z X () ,z z X (r) ,x
Let z B, , * T(),and * (). henz= with () ,
, () ,and . We have

from which it follows that

similar estimate can be obtained for * . O
orollar .. 7, : X=3X* m m monoton o to t tco( )
co( ) o n nT() () * o to X* o n

roo. ince T and are ma imal monotone, T( ) and ( ) are conve and therefore
T() () is also conve . n view of the rein mulian theorem it is enou h to prove
that 7'( ) () is bw* closed, that is every bounded w* conver ent net in 7'( ) ()
has its limit in 7°( ) ().

Let * T()and * ( ), be nets such that the net *  * is bounded and w*
conver ent to *. By the previous proposition, the nets * and * are also bounded,
so they are relatively w* compact. By replacin them with subnets we may assume that
w*lim *= *and w* lim * = *. ince T'and are ma imal monotone, T'( ) and ()

are w* closed and therefore * 7T'( )and * (). hen *=* * T() () O

orollar .. 7 :X = X* m m  monoton o  to (T) n
m t t (x,2*,T ) = (x,z*,T ) o n (z,2*) X xX* n
T m m monoton n T: X 3 X7
m m monoton o to n (T) (T) t nT m m
monoton
roo . ssume rst that lin( )= X, ie. co( ) is absorbin . Let (z,z*)
X x X* be monotonically related to T . hen  (z,2*,T ) = and therefore
(x,2*,T ) = too. his means that z* (T )(z). By orollary .,
(T )(z) is w* closed and therefore norm closed too. husz* (T )(z), implyin
that T is ma imal monotone.

he eneral case can be reduced to the particular one considered above as follows. irst
we shall show that there is no loss of enerality in assumin that . o this end,
let (this is possible because of Remar . () in the introduction). e ne
T: X3 X*byT(z)=T(x )andlet = .t is easy to see that T is ma imal
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monotone, (7), (x,z*,T )= (¢ 25T ), (x,z*,T ) =
(x 25T ), and that T is ma imal monotone if and only if T’ is

ma imal monotone. ince , our assertion is proved.

Let = lin( ). ince , it follows that and . hen

co( ) is absorbin (as a subset of ) and, from Lemma . , 7 is ma imal

monotone and  (z,z*,T )= (z,z*,T ) for any (z, z*) X *

rom the particular case proved at the be innin of the proof it follows that T’

is ma imal monotone. inally, since (T ) =T , from Lemma . we

obtain that 7’ is ma imal monotone. O

Let be a conve subset of X and let z . Recall that the t n nt on to at z,

denoted , and the no m on to at z, denoted (z), are de ned as follows

(x)= «* X* {(z*, z) , forany
t is easily veri ed that
(x)= z* X* (z*, ) , for any

and (by usin a separation ar ument) that

= X (z*, ) , foranyz” (z)
s a matter of fact, (x) = (z) whenever is closed.
e a .. tT:X=X* m m monoton o to 1 on 14
o X t ot n tx n T(x) (x) =T(z)
roo . Let , ¥ T( ),z T(x),and * (x). hen, from the monotonicity

of T and the de nition of (), we et

and, since T is ma imal monotone, it follows that z* * T(x). hus T(z) (x)
T(x). ince (x), the other inclusion is obvious. O

Before statin our main result, we need one more de nition.

e nition . . multivalued map 7 : X =% X* is called o n o n if for every
there e ist and such that for any with there
e ists * T( ) with *

E a le .. () nymonotoneoperatorT whose domain is open is locally inf bounded
(because it is locally bounded, see for e ample heorem . in ).

()f :X—>R is a proper conve function which is locally Lipschit ian on its
domain then = dom( ) and  is locally inf bounded (see for e ample |, where

locally inf bounded monotone operators where called locally e cient).



eore .. tT n m m monoton o to on X n t ,
m t tT o 0 n oon n (T) = m o
t teo( ) = 0 m t t on ton =X
nT m m  monoton
roo . actly as in the proof of orollary . , we can assume, without any loss of
enerality, that lin( ) = X. hus the fact that (T') implies that
co( ) is absorbin . (.)
Bein ma imal monotone, both  and 7" are w* closed and conve valued. hus, for any
. T() ( )isconve and, by ( . )and orollary ., w* closed. ssume
that T is not ma imal monotone. hen there e ists a pair (z, *) X x X* such that
(* * *, z)y , whenever , * T(), and * () (.)
but * (T )(z).
m__ x (to be proved later).
hus T(z)  (z) = and, as noticed above, T'(z)  (x)is * closed and conve . ince
* T(x) (x), by the separation theorem there e ist X, with = , and a real
number such that
(" ") (% ), forany * T(z), © () ()
ince T'is X re ular,  is a closed conve set, ( heorem in ),s0 = is

also closed and conve . tis not di cult to see that
= imt( ) if = . ()
he last hypothesis of the theorem implies that
=co( ) if = ()

Let be the tan ent cone to  at x.

m (to be proved later).
We shall now choose some constants. irst, since is locally inf bounded, there e ist
and such that
() B*= whenever and x (.)
hoose also - such that , where is de ned ne t, independently of . Let

= sup {(z%, ),

In order to make the proof easier to follow, we shall claim several results and verify them later.



122

= & X" (z", )
( t follows from ( . ) that .) hen isa w* open subset of X* and ( . ) implies
that (z) . inally, since is ma imal, we may also assume that is small enou h
that
m () B* whenever and x (to be proved later).

We shall ne t use the fact that 7 is  re ular to derive a contradiction from ( . ). o
this end consider the closed conve set

= X T , = for some and some X with - .
m —( x) for any (to be proved later).
incex -  int( ) and , from the de nition of it follows that
int( )= (.)
Let = . f = ,then (. )and ( ) imply that
int( )= int( ) int( )=
and therefore (T). f = ,then( . ),and( )implythatco( ) int( )=
rom ( . ) one can deduce now that co( ) is absorbin and therefore (T).
ince T'is re ular, (z, *T Y= (x, T ) (the ine uality because
x ). rom the de nition of (z, *,T ) there e ists * T'(z) such that
< : z) (x, *,T ), for any
x
ince , there e ist X and such that ( * * ) (* * ) and
x . hen, from the above ine uality, we obtain

z (z ) ’
rom the de nition of (z, *T ), there e ist and * T( ) such that
© xg
(o ( . )
his ine uality can be rewritten as
A A D (-)
where = ( z )( x) since , by laim |
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hoose now * ()  B* (thisis possible by ( . )). rom ( . ) we obtain

or

sin ( . ) and this last ine uality we et

(%) =(% )

which is impossible. hus T must be ma imal monotone.
roof of laim . Let z int( )if = (resp. z if = ) and
let x,x be the se ment oinin z and x . ince is closed and conve there e ists
x T, T such that z,x = x ,x . ince is locally inf bounded and
x ,x is compact, there e ists and an open nei hborhood of z ,z such
that for any there e ists * () with * . or any let
= ( )z : x . We claim that if is small enou h, then
f this was not true, then there would e ist a se uence —x in X
and a se uence — in , such that = ( )z and . hen
=( )z z =lm (since is open), but x,T (since  1is closed).
ince z,x = xz,T it follows that , which is a contradiction. hus
there e ists such that . Let =
Let ., * T(),and * ()= ( )( ). inceint( )

= , from the sum formula for subdi erentials, there e ist * () and *

( )suchthat *= * *. rom the previous discussion, we can also choose * ()
with  * . hen { *,z ) and, by Lemma ., * * (). rom (.) we
obtain
(e e ) (e ) (e )

x B x x x
hus (z, *,T ) . incex  int( ), then either int( ) if
= or,usin (. ),co( ) absorbs X if = . n both cases (T).
ince T is  re ular, it follows that  (z, *,T Y= (z, 5T ) ,
hence x (by (ii) in the ntroduction). his proves laim .
roof of laim . ssume that . hen, by the separation theorem, there e ists

*  X* such that

(") (7 )forall . (. )



ince () since for any and any , it follows from
(. )that { * ) for any , which means that * ()= ( — )(z).

ince is absorbin , the sum formula for subdi erentials implies that * = *  *,

* — (z), * (x). hoose * T(z) and * (z).  hen, by Lemma

S, * T(x) and * * (x) for any .t follows from ( . ) that
(* )y=(* ) (%) which contradicts our earlier ndin that ( *, ) . his
contradiction proves laim

roof of laim . f the claim was not true, ( . ) would imply that there e ist a se

uence x conver in to x and a se uence * with * (x )  B* but

(%) (- )

f *is a limit point of * (there are such points because  * B*), then { *
ro) for any and any * () (because { * T ) )-
he ma imal monotonicity of  implies that * (). rom (. ) we obtain that
(* ) which contradicts the fact that (z)
roof of laim . iven =ux , clearly ——(  z) = — . We have
and thus
- — ( since -)
imilarly

ombinin the last ine ualities we obtain

— and -
t follows that
and thus ——(  x) for any . his proves laim  and completes the
proof of the theorem. 0
orollar . . t X = X m m monoton o to n 0
on 0 m ontn o ntononX m t ton ot oo n on ton
t
() =X
(b)) dom( ) () dom( ) () m co( ) dom( )
= dom( ) n 0 t on dom( )

n m m monoton
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roo . s mentioned in the introduction, isa  re ular ma imal monotone operator.
he ma imal monotonicity of when (a) is satis ed follows from heorem . . f(b)
is satis ed, then is locally inf bounded and the assertion follows a ain from heorem
O

orollar d . t X=X m m monoton o to

(i) n o on m m  monoton o n
(ii) n ()t n

roo . (i) he if partisanimmediate conse uence of heorem . in the introduction,

while the only if part follows from orollary . because = ( ) satis es
condition (b) and ( ) =
(ii) tis enou h to show that is ma imal monotone for any ,
any ¢ X, and any ( ). ince = and ( ), it
follows that int( )= and therefore = :
f we can show that, int( ) =, then () and (ii) follows from (i).
hoose int( ) (possible since (1)) and int( )=
int( ). f = |, we are done. therwise, , ) int( ), |, ~ (because
is X re ular and therefore  is conve ), and int( ). Thus there e ists on
the open se ment ( , ) such that ~ int( ) int( ). t is now obvious that
int( ) = and, as mentioned above, this proves (ii). O
orollar  .11.
(1) : X =2 X* m m monoton o n omn n 0 n
on t n n t m m  monoton o to t
=X
(i) T, X=X* m m monoton o n oon ; 0 n
on n ( ) = lin( )t nT m m monoton
roo . (i) Let ( ) and T = = ) is  re ular and
= . inceco( )= =co( )andco( )= , we have

(co ) cof )= ) = lin( ) = lin( )

hence (T). lso,since = and  are closed,

By heorem . ,T = is ma imal monotone. hus, by heorem
in the introduction, is re ular.

(ii) By (i), Tis  re ular. ince the conditions of heorem . are satis ed, T is
ma imal monotone. O
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inear a1 al onotone o erator

sin le valued monotone operator 7' is called n  if is a linear subspace of X and
T : — X* is linear. We be in by recallin a result proved in  and (we shall
reformulate it so that we can use our notation). ssume that 7 : — X is linear and

monotone. hen

T is ma imal monotone

is dense in X and =z X (z, ,T) (.)
e a 1. tT: — X n n m m monoton 14 0
on to X t tint( ) = te X n 2zt X* (x,z*, T
) t nx
roo . ssume rstthat  int( ) . nview of ( . ) and the ma imal monotonicity
of T, it is enou h to show that  (z, ,T) . othisend let :X — R denote the
au e function associated to ,ie. ( ) = inf inceint( )= , isa
continuous semi norm on X and therefore it is Lipschit ian. Let denote the Lipschit
constant of . et =( (x,2"T ) oz ) =z ) and let
ase : . We have
ri)e ) _ I() a8z ) @z )
x x x
T *
Q) «z ) .
x
(x,z*,T ) ozt (since ().
ase .Let = ()and =- . ince is closed, and . We have
T ) _ @ e ) O ) T )
x x x

(use the facts that (T'( ), ) and )

_T)a ) @

( @aT ) & )———
( (@aT ) o) —2 7

= ( (x,2",T ) xt) L )=

( (w27 ) o) LU @)

( (2T ) ) e )
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hus  (z, ,T) and, as mentioned above, this proves the lemma in the case when
int( ).
o prove the eneral case, let int( ) . fairly trivial veri cation shows that
(x  ,z* T(),T )= (z,2",T )

ince int( ), it follows that x . ince and since is a linear
subspace of X, it follows that x . O

ro oition .. t7T: —- X n n m m monoton nT

roo . Let  be a closed conve subset of X such that int( ) = andletz

ince always (x,z*,T ) (x,z*,T ) (Lemma in ), itisenou h
to assume that  (z,2*,T ) is nite and that (x,z*, T ) and show
that (x,2*, T ) (x,2*,T ).

irst notice that, by Lemma . , x . Let and (xz,z*,T ). n
view of (. ), is dense in X. herefore we can nd such that

x
(notice that, since T is sin le valued, the inf from the de nition of (x,z*,T )
disappears).
Let and let = ( )z . learly x = (x ). hoose
so small that
Tz )z )
x
We have
(T(x) =z ) (T(x) 2"z )
x N x
(T(x) T( )z ) (T() zz )
x x
T
Te e ) s
x
T
(T )z ) (x,2*,T ) (x,2*,T )
x
ince this is true for any and any (z,z*,T ), it follows that
(z,z*,T ) (z,z*,T ) and the theorem is completely proved. O
ombinin  roposition . with heorem . we obtain the ne t corollary which was

proved by di erent methods in both  and

orollar .. T n n m m monoton o to onX n =X
t nT n m m monoton
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ince a  re ular ma imal monotone operator satis es the conditions of heorem  in
, we obtain another proof of the followin result due to helps and imons and
imons

orollar . . n m m monoton o to m m monoton o

t m m monoton on n 0 N on to X nt t t om n
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