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Abstract

Kimberling de ned a self-generating setS of integers as follows. Assume 1 is a
member of S, and if x is in S, then 2x and 4x j 1 are also inS. We study similar
self-generating sets of integers whose generating functisrcome from a class of atne
functions for which the coezcients on x are powers of a xed base. We prove that
for any positive integer m, the resulting sequence, reduced modulo, is the image of
an in nite word that is the xed point of a morphism over a nite al phabet. We also
prove that the resulting characteristic sequence ofS is the image of the xed point
of a morphism of constant length, and is therefore automatic We then give several
examples of self-generating sets whose expansions in a céntdbase are characterized
by sequences of integers with missing blocks of digits. Thisxpands upon earlier work
by Allouche, Shallit, and Skordev. Finally, we give another possible generalization of
the original set of Kimberling.

1 Introduction
Kimberling [[f] de ned a self-generating se$ as follows.
1. 1 belongs tcS;
2. if x belongs toS, then 2x and 4x i 1 belong toS; and
3. nothing else belongs t&.
Writing the integers in S in increasing order gives the sequence
1, 2, 3, 4; 6, 7, 8 11, 12, 14, 15, 16, 22 23, 24, 27, 28 30, 31, 32:::;
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which is Sloane'sA052499[f]. Reducing the sequence modulo 2, we obtain
1,010 0 1,0, 10,0, 1, 0, 0; 1, O; 1; O; O; 1; O;:::

Kimberling found that this last sequence, starting at the seconderm, is the well-known
Fibonacci word. Recall that the Fibonacci word can be obtaigd as the xed point of the
morphism 0! 01, 1! 0. The paper by Kimberling also noted that the sequenc(n) of
ranks past 1 of the even terms o8 is

R(n)=1; 3, 4, 6, 8 9 11, :::;

which is sequencé000201]7].

Allouche, Shallit, and Skordev ] made some additional interesting observations about
S. In particular, they showed that the setT := Sj 1, the set obtained fromS by subtracting
1 from all the elements ofS, is also self-generating as follows:

1. 0 belongs toT
2. If x belongs toT then 2x+1 and 4x + 2 belong to T
3. Nothing else belongs ta .

In addition, they showed that T is the set of integers whose base 2 representation does not
contain the block 00. These binary expansions correspond to tlezy Fibonacci expansions
of the set of natural numbers.

Kimberling [B] generalized the notion of self-generating sets of integersthe following
way. Let F be a countable set of atne functions with integer coexcients. LeB: be the set
of numbers satisfying the conditions that 22 S, and ifx 2 Sg andf 2 F, thenf (x) 2 Sg.

Kimberling's paper contained several examples. The paper by laliche, Shallit, and
Skordev [ cited some of these examples in connection with sequences aédars with
missing blocks. For most of these examples they showed that the cheteristic sequence of
Sk is 2-automatic. They then asked, \How far can the sequence progexd by Kimberling
be generalized?" In particular they asked, \Under which contlons is the corresponding
characteristic sequence automatic?" We address these questiémsa general class of atne
functions.

For the remainder of this paper, letF be the family of functions de ned as follows. Let
v and a be positive integers, let; be integers satisfying

1="¢g: 1+ ,-¢CC. ",
and let b be integers satisfying
lh=0; and O- b - aij 1 for 1- i- v:

ForO- i- vietfj(x)= a'xj bh,anddeneF =ff;:0- i- vg. Let S denote the setS¢
described earlier. We prove the following two results.



Theorem 1. Let m be a positive integer. Then the sequen& reduced modulom is the
image, under a coding, of an in nite word that is a xed point of anorphism over a nite
alphabet.

Theorem 2. The characteristic sequence d% is a-automatic.

The family F considered here is slightly more general than a similar familywsdied by
Kimberling [H]. In particular, he added several restrictions to the functins in F that ensure
that the sets f;(S) are pairwise disjoint. In this case the numbers ir5 are matched in

also studied, for xedj, the distribution of the numbersff;(x): x 2 Sgin S. As a result of
Theorem(l] these frequencies, when they exist, are coordinates of a norizedl eigenvector
of the incidence matrix of the morphism corresponding to its Peon-Frobenius eigenvalue
([fM, Theorem 8.4.6).

We prove Theoremd] and f§ in Sectionsf} and [, respectively. The proofs give rise to
simple algorithms for constructing the morphisms. The algoritins also reveal that Theorems
Al and 3 hold when the functions inF are of the formf;(x) = aix + b. In Sectionf we
mention some examples of self-generating sets that have funtfmnnections with sequences
of integers with missing blocks. In Sectiofj we suggest another possible generalization of the
Kimberling set in which these results apply. We begin, howeveby proving some necessary
lemmas.

2 Preliminary Lemmas for Theorem f

In this section we show how to put a tree structure oi% that gives rise to the morphisms. Let

and de nesy, =0. For n, 1, de ne the set
Ry, =fx:as,1<x - as,0:

For h , 0, de ne a rooted tree¢, of height h with root s, as follows. Let¢,o = Sn,
and for ¢,.1, the children of s, are the elements oR, in increasing order. Thus, ifR, =

Sn
N
Sin P Sin+ Pn
Figure 1: ¢n1
For h > 1, we continue this process recursively on the children sf to obtain ¢, .

Example 1. If F = f2x;8xj 3;16x| 4g,then S =11;2;4,5;8;10,12 13 16;:::g and ¢34
is as presented in Figurg]. Notice that ¢i1.3, ¢a2, éa:1, 23, é22, ¢é2:1, é3:2, ¢3:1s éa1, AN 51
are all contained in¢;.4.
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Figure 2: ¢5.4 in Example[]]

Notice that the vertices in levelh of ¢, in order, correspond to the rst few elements
of S. The following lemmas provide useful results about the structe of ¢,.,. The rst two
are clear from the de nitions. Note that it follows from the de nition of S and the fact that
lh=0and o =1thatif s2 S, thena's=f{(s)2 Sforallh, 1.

Lemma 1. For h, 1, the smallest element o8 in level h of ¢, is the successor irnS of
a's,; 1, and the largest element in level is a"s,.

Lemma 2. Lets2 S. Then ahsni 1<s - a's, if and only if s is a vertex in levelh of énh -
Lemma 3. If s, 2 Sandaxi b=f(x)2F,thenas, bis a vertex in level' of ¢, .
Proof. Note that as, i b2 S. By denition, 0 - b<a, so

asy1- a(sni 1)=as,j a<as,j b- as,
It follows from Lemmaf] that as,j bis aleafin the tree¢,: . 2

As a result of Lemmadl and[], we can write an arbitrary vertexs in level h of ¢, in the
form a's, j ¢ for some constantc. The next Lemma establishes a bound for this constant.

Lemma 4. Leth, 1, and letas, i cbe a vertex at leveh in the tree ¢,,. Then

“ahi 1'”

aj 1

(1)

Proof. We use induction onh. Supposeh = 1. There exists ans 2 S and a function
f(x)= axj b2 F,with0 - b<a, suchthatasj b= f(s) = as,j c. By denition
of S, ails 2 S, and it follows that s, - ai's. To see why, suppos@i’s <s,. Then
ails. s, 1, and soas: as, 1. Sinceas, Cis a vertex in .1, by Lemmap we have
that as,j c>as, 1, as, asj b= as,i ¢, acontradiction. Thus, as, - as, and since
as,j c=asj b itfollowsthatc- b- B.

Now suppose that [[) holds for someh | 1. Leta"*'s, i cbe a vertex in levelh + 1 of

énh+1- Then a'ls, i cis a child of some vertexs in level h of ¢, Write s; in the form
. h. . .
a'sy i c’for some constantc’. By hypothesisc®- &3 B. Also, a™'s, | cis a vertex in
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¢:1- We can then writea"*?s, i c= as | c®for somec® By the proof of the h = 1 case,
we have thatc®- B. Also, sinces; = as, | c it follows that

a™'s,j c=as i = a"s,i adj ™
3 - 3 4

It follows then that c= ad®+ ¢ a % B+B-= % B. 2

The next Lemma shows that forh , L j 1, the form of ¢,., is completely determined by
¢nLi 1, and in particular by the di®erences between successive versige each level of the

Lemma 5. AssumelL , 1, k61, andn 6 1. Assume also thaty. ; 1 and ¢, ; 1 have the
property thata's, | cis a vertex in &L 1 if and only if a's,i cis a vertex in ¢nLi1- Then
L and ¢y also possess this property.

Proof. If L=1thenfork6landn61l, R(=fasj  :0- i- vgandR, =fas,j b:
0- i- vg, and the result is trivial. Assume then thatL > 1. Lets= a's,j cbe a vertex
in level L of ¢ . We will show that a-s, | cis a vertex in levelL of ¢, . Sinces 2 S, there
isans’2 S and a functionf (x) = axj b2 F such thatf (s) = s. By LemmaQfj, sis a
vertex in level * of the tree with root s Sinces is also in levelL of ¢, and since’ - L, it
follows that s%is a leaf in the tree¢.,, whereh := L j . Let ®be such thats®= a's, j
Sincef (s% = s, we have that

atsgj c=s=f(H=f@"sci A)=a*"sj ac®j b=as.j ac®j b;

and soc = a c®+ b. On the other hand, sinceh - L 1, by hypothesis we have thad"s, | c®
is a vertex in levelh of ¢y, 1. By Lemmaf again, it follows that f (a""s, | 9 is a vertex in
level * of the tree with root s, j ¢ Thus,

f@@s,i )=at*s,i ac®j b=a's,j c

is a vertex in levelL of ¢, . We have thus shown that ifa"s, j cis a vertex in ¢, then
ats, i cisavertex in¢,. . Reversing the roles ok and n, we can show that that ifats, j ¢
is a vertex in ¢, then ats, i cis a vertex in ¢ . This completes the proof. 2

Note that it is a consequence of the de nition of the trees that antwo trees ¢, and
¢énn satisfying the property of Lemmal have the same tree structure. Also notice that the
requirement thatk 6 1 and n 6 1 is only necessary wher. = 1. This is becausen =1 is
the only value ofn for which s, 2 R,,.

3 Proof of Theorem 1
De ne an equivalence relation» on S as follows. Let¢, ;1 modm be the tree obtained
from ¢, 1 by reducing the vertices of¢,. ; 1 modulo m. We begin by de nings; » s;. For

n61landk®61, wesays, » s if and only if ¢, 1 and ¢ ; 1 satisfy the property of
Lemmaf and ¢y ; 1 modm = ¢ ; 1 modm. We pause from the proof for a brief example.
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Example 2. Let F = f2x;4x i 1;8xj 3g. Then 2» 4 when reducing modulo 2, as the
following tree structures show.

2 0 4
RN RN RN
3 4 1 0 7 8
/N /N /N /\ /\ /N
5 6 7 8 1 0 1 0 13 14 15 16
é2;2 ¢22mod 2 = ¢4, mod 2 2

When reducing modulo 3, note that 2, 4, but 2 » 8, as the following tree structures show.

2 2 8
RN RN RN
3 4 0 1 15 16
/N /N /N / N\ /\ /N
5 6 7 8 2 0 1 2 29 30 31 32
&2 ¢2:2 mod 3 = ¢g, mod 3 ési2

Now, by Lemmaf there are only nitely many equivalence classes for this relath. We

class ofs,, and let A be a complete set of equivalence class representatives. De3aeA !
A", where A” is the set of nite words overA, by

3/(%) = q Sin+1 ¢¢(Bin+pn:

To see that%is well-de ned, suppose, = S and %Sy) = S, ¢ ¢%, . If L> 1, then since
Sy = S, it follows that ¢, ; 1 and ¢ ; 1 have the same tree structure, and therefong, = px.
If L =1, it was shown in the proof of Lemma&f that p, = px. In either case, it then follows
from Lemmaf that

S, = S Sl = St Sinep = Siepg

n

Thus, %is well de ned.
Extend %by concatenation to get a morphism fromA® I A", It is clear that ¥(5;) =
51 ¢ ¢, Thus, the in nite word given by

lim %(sp) )
is a xed point of % Now de ne a map¥%: A!f 0;1;:::;mj 1g by

%s,) = s, mod m:



Clearly %2is well de ned. Extend “2by concatenation to obtain a morphism fromA® !
fO;1;:::;mj 1g°. This morphism is then a coding[]]. It is clear that the sequenceS
reduced modulom is the image, under’; of the xed point (JJ). This completes the proof of
Theorem{l.

Example 3. Let F = f3x; 3xj 1g. For this F the resulting sequenc& is A032924 1, where
A032924is the sequence of natural numbers whose ternary representaticontains no 0. We
will produce the morphism forS mod 3. We see that. =1,soforn61and k6 1, s, » S

if and only if s, mod 3 = s, mod 3. The complete set of equivalence class representatives is
then f1;2; 3g. The morphism is therefore

wl

wl NI

ool Ul k=l

ol ol NI
I

NI NI

wl Wl

Letting a= 1,b= 2, andc= 3, we get the morphisma! abgb! bgc! bc Iterating this
morphism ona produces a xed point. Now de ne the morphisni%: fa;b; @ ! f 0;1; 29°
by “%a) = 1, Ab) = 2, and 4c) = 0. The proof of Theorem[l] shows that the sequence
S mod 3 is the image of the xed point of4under this coding.

Example 4. Let F = f2x;4xj 1;8x i 3g. We will nd the morphism for S mod 2. Using
the method described above, we nd

Yl = 12

¥2) = 34=37
%3) = 56=52
%5) = 10=2

Thus, the sequencé& mod 2 is the image by the coding! 1,b! 0,c! 1,d! 1, of the
“xed point of the morphisma! ah b! chc! dod! h

Example 5. We use the same procedure to get the morphism f@ mod 3 whenF =
f2x;4xi 1;8xj 3g

¥1) =12 36)= 116 a! ab f! nf
¥2)= 34 347)= 132 b! cd g! ib
¥3)=56 3(11)=1214 or c! ef h! jd
¥4)=T72 313)=2 d! gb i! b
¥5)=4 3%21)=6 el d j! f
with the codingb! 2,e! 2,h! 2,a! 1,d! 1,g! 1,i! 1,c! O,f! 0O,j! O.

4 Proof of Theorem 2

sequence of5. We will show that fu,g is the image, under a coding, of a xed point of
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a morphism of constant length. Speci cally, we will show how to estruct a morphism of
length a for which f u, g is the image, under a coding, of one of its xed points. It will fitow
that fu,g is a-automatic ([fl], Theorem 6.3.2).

De ne an equivalence relation» on fu,g as follows. Associate with each,, a rooted
tree of heightL j 1, with u, as the root , in which each vertexu; has children

Figure @ shows a tree fou, whenL =3 and a = 2.

Un
/
Uon; 1 \ Uon
\ /N

u4n1 3 lJ4ni 2 u4ni 1 Usn
Figure 3: Tree associated withu, for L =3 and a=2

Todene »,letu; » up. If n61and k 6 1, we sayu, » ug if and only if the
corresponding vertices of the trees are equal. Clearly theaee only nitely many equivalence
classes for this relation. Letl, be the equivalence class af,, and let A be a complete set
of equivalence class representatives. De ne the mappitlg A! A”® by

3’/‘(@) = uani (aj 1) ¢ ¢uani 1 Uan:

To show that %is well-de ned, assume thati, = Tx. We need to show thatlz,, 7 = Uk
forO- 1 - aj 1. It suxces to consider the case than 6 1 and k 6 1, since u; is the
only element in the equivalence class far;. Extend the trees associated withu, and uy by
one level to obtain rooted trees of height.. Figure 4 shows an extended tree fdr = 3 and
a=2.

u2ni 1 2n
u4ni 3 u4n; 2 u4ni 1 Uyn
7 N 7 A 7 N 4 AN
¥ N ¥ X\ V'3 N ¥ Y
u8ni 7 u8ni 6 u8n1 5 u8ni 4 u8ni 3 u8ni 2 u8ni 1 Ugn

Figure 4. The extended tree fou, with L =3 and a= 2.

SinceU, = Uy, the corresponding vertices in the extended trees associatedhwu, and
uy are equal for levels O through j 1. We will show that the corresponding vertices in level
L of the extended trees are also equal.



Let u.n; j be a vertex at levelL of the extended tree foru,, where 0- | - a-j 1.
Assume also thatug ; ; = 1. We will show that uay; ; = 1. Sinceug., ; =1, then a-nj |
is an element ofS. Sincen 8 1, then a-nj j 6 1, and so there is ans 2 S and an
f(x)= axj b2 F such that

anj j=f(s)= asj b: (3)

Recall that0- b<a,and” - L.

If *=L,thena‘sj b= anj j, and soa-(sj n)= bj j. Since 0- b;j<ak, thisis
only possible ifb= ] and s = n. In this case we have thain 2 S. SinceU, = Uy, it must be
the case thatuy = 1, and sok 2 S. It follows that f (k) = a‘kj b= akj j is alsoinS,
and thus ua.y; j = 1.

Suppose then that” < L . It must be the case thata' nj (a-' j 1)- s- ai n. To
see why, notice that ifs <ai nj (a-i j 1),thens- a-i nj (a“i j 1)j 1=a" (nj 1),
and so by @) we have

anjj=asib - a(@' (njl)hb
= a'(nj 1)i b
a(ni 1)

< at(nj 1)+1
= anj (a1
atnij j:
This is a contradiction, and soa'' nj (a-' j 1) - s. On the other hand, suppose that
s>ati n. Thens, a‘ n+1, and since 0- b<a, it follows from (@) again that

. a@in+1l)jb

= an+aij b
atn+1

> atnij j;

atnj j=asj b

a contradiction, and sos - a“' n. We have shown then that if <L , thena"i nj (a-i j
1) - s- a“i n. It follows then that us is a vertex in the tree of heightL j 1 associated
with u,, and we can write
s=a’ njm (4)
where 0- m - ati j 1. Notice that we also have thata"' kj m is a vertex in the tree of
heightL j 1 associated withu,. By (B) and (f) we have thata'nj j = f(s)= a-nj amj b,
and thus
j=am+ b: (5)
Now, sincea'i nj m=s2 S, us = 1, and sincel, = Ug, we have thata- kj misin S.
It also follows from @) that atkj j = a-kj amj b= f(a'’ ki m). Thus, a-kj j is also
in S, and thereforeu,.y; j = 1.
We have shown that ifu,.,; j = 1 then u,y; ; = 1. By reversing the roles ofn and k, the
same proof shows that il y; j =1 then ugp, j =1. Thus, for 0« j - @ j 1, Uspj =1
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if and only if usy; ; = 1. This proves that Uapn;j = Uay;j for 0- j - a- i 1. Thus, the

extended trees foru, and uy are the same. Since, for ® i - aj 1, the trees associated
with uan; | @and ug; i are subtrees of the extended trees for, and uy, respectively, it follows
that Uan; i = Uak; i for 0+ i - aj 1. Thus, %is well-de ned.

Now extend ¥%to a mapping fromA® ! A" by concatenation. Since¥{u;) = Uy ¢ ¢U;,,
repeated iteration of%on U; generates a xed point. As in the end of the proof of Theorem
fl, we can de ne a coding which associat&gs, with u,. The characteristic sequencéu,g is
then the image of this xed point. Since the morphisn#4is of length a, the characteristic
sequence is-automatic ([fI], Theorem 6.3.2).

Example 6. We nd the morphism generating the characteristic sequence & whenF =
f2x;4xi 1;8xj 3g.

Au) = T h

Ulp) = Uglp= U0
YUs) = Us U= Us Uz
YUs) = Ug Uy = Us Uz
YUg) = U7 Usg = Uo Us

This corresponds to the morphisma! ab b! chc! dhd! ehande! ee whose
“xed point produced by iteration on a yields the characteristic sequence & via the coding
a! 1,b! 1c! 1,d! 1,e! O.

Example 7. Let F = f3x;9% j 1g. Then L = 2, and so eachu, in the characteristic
sequencd u,g of S is associated with the tree of height 1 having childrensy; 2, us,; 1, and
us,. The morphism generating the characteristic sequence maps! Uzn; 2 Usn, 1 Uzn. We
‘nd that

Uu) = U U0

W) = UzUsUg= Uz Uz Uz
U) = U7 UgUs = U Ug Ug
YUg) = Uz Ups Ups = U Uz Ug

This corresponds to the morphisma! abg b! bbhc! bdgandd! bbc The xed point
of this morphism produced by iteration ona gives the characteristic sequence via the coding
a! 1,c! 1,d! 1,b! 0.

5 Examples

In this section we give some additional examples of self-gertarg sets which produce se-
guences of integers de ned by missing blocks. It was mentionedeady that the original
sequence of Kimberlingd] is 1+A003754 where AO03754is the sequence of integers whose
binary expansion does not contain the block 00. The binary eapsions of the integers in
this sequence also correspond to the lazy Fibonacci expansiohthe natural numbers. The
following examples expand this idea. (For more on lazy expsions, seefJ and [{).
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Example 8. Let S be the set generated by = f2x;4x i 1;8x j 3g, starting with 1. By
reasoning similar to that used for the original Kimberling sequee, S is 1+A003796 where
A003796is the sequence of integers whose binary expansion does not aonthe block 000.
The binary expansions of the integers in this sequence also aspond to the lazy expansions
of the natural numbers with respect to the sequence of Triboneicnumbers, starting with
t,=1,t3=2,t,=4,and t, = t,; 1+ ty; 2+ t,; sforn, 5. The sequenc& reduced modulo
2, starting with the second term, gives

01,0 1,0 1,00 1,0 1.0 1, ::::

which is the image of the xed point of the tribonacci morphisma! ab b! ac c! a,
under the codinga! O andb! 1,c! 1.

Example 9. In general, ifF = f2xj (2 'j 1):1- k- ng, thenS;j 1 is the sequence
of integers whose binary expansion does not contain blocksrofzeros. These expansions
correspond to the lazy expansions of the natural numbers witrespect to the base given
by the sequence oh-bonacci numbers. The sequence reduced modulo 2, starting at the
second term, is the image of the xed point of the morphisna; ! aja,, a, ! aas, :::,
an; 1! @an; 1, anda, ! a, under the codinga; ! 0,a,! 1,¢¢¢a,! 1.

Familiarity with the method of the proof Theorem []] reveals that the Theorem is also
valid when the functions inF are all of the formf;(x) = aix + bj. Moreover, if the minimal
requirement is that 02 S, then the requirement that by = 0 can be removed.

Example 10. Let F = f3x +1;3x +2;9 + 3;9 + 649. If the minimal requirement for S

is that 0 2 S, then it is not hard to see that S is the sequence of integers whose ternary
representation does not contain the block 00. These ternarymeesentations correspond to
the lazy representations of the natural numbers with respecbtsequencé028859 which is
given recursively byrqs =1, r, =3, @i, ryp = 2rpy; 1+ 20, 2. It is also interesting to note
that if the sequenceS + 1 is reduced modulo 3 and then reduced again modulo 2, theneh
resulting sequence, starting from the second character, is theed point of the morphism
0! 001, 1! O00.

It is worth mentioning that the preceding examples can be edgigeneralized to generate
the sequences of integers with missing blocks of zeros of anygtenin any base.

6 Further Generalizations

In this section we explore another possible generalization ofriberling's set and its connec-
tions with morphisms and sequences of integers with missing btsc Consider the following
example.

1. Let 1;2 belong toS.

2. If x belongs toS then 3x belongs toS.
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3. If x belongs toS and eitherx = 3k or x = 3k j 1 for somek 2 Z, then 3xj 1 and
3x i 2 belong toS.

4. Nothing else belongs t&.

We say that S is conditionally self-generating Arranging the elements ofS in increasing
order gives the sequence

S=1;2 3 45 6, 7,8 9 12 13 14 15 16 17, 18 21, 22 23 :::

Letting T := S 1, it is not hard to see that the integers inT are those whose ternary
representation does not contain the blocks 00 or 01. Moreoydhese representations are
precisely the Lazy representations of the natural numbers witrespect to sequencA001333

1, 3, 7, 17 41, 99 239:::;

which is given by the recurrenceyy = 1, a; = 3, a, = 2a,; 1 + an; 2. ReducingS modulo 3
gives the sequence

1,20 1, 201,200 1 201 200 1 20 1 20 :::

It is not hard to see that the proof of Theorenfl applies to thisS. The method of Theorem
[l shows that the sequenc& reduced modulo 3 is the image by the map! 1,b! 2,
c! 0,d! 1,e! 2ofthe xed point of the morphisma! abcb! degc! degd! ¢,
e! dbc Reducing this last sequence modulo 2 gives

100 1,00 1,000 1001000100100 :::

Again, it is not hard to see that the proof of Theorenf] also applies when reducing modulo
3 and then again modulo 2. This reduced sequence turns out to tee image of the xed
point of the morphisma! abhb! cbhandc! b underthe codinga! 1,b! 0,c! 1.
It is interesting to note that omitting the rst term, this sequence is actually the xed point
of the morphism:

0! 001 and 1! O:

Finally, it is also not hard to see that the proof of Theorenfd applies in this case, and
the characteristic sequence db is 3-automatic, being the image of the xed point of the
morphisma! ablhb! cbhc! ddh andd! ddd under the codinga! 1,b! 1,c! 1,
d! 0.

7 Open Questions

We close with some remaining questions.

2 Do Theorems[] and§ hold when the generating functions are characterized by \reéd
base" rules? For example, do they hold whekr = f2x;3x + 1g? Allouche, Shallit,
and Skordev [ll commented that in this case the corresponding characteristsequence
for S is probably not k-automatic for any k. It seems likely that there is no analog of
Lemmas@ and f in the mixed base case.
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2 Do Theoremsfl] and f] hold for more general families of functions? The proofs of
Theorems]] and [ rely heavily on the fact that if f (x) = axj b2 F,then0- b<a.
What if functions were allowed for whichb, a ?
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