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Abstract

We prove and generalize a conjecture of Goulden, Litsyn, and Shevelev that certain
Laurent polynomials related to the solution of a functional equation have only odd
negative powers.

1 Introduction

Consider the functional equation

k(L+ )log(l+ )=(k+1) t
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It is easily seen that (1) has a unique solution = (t;k) as a formal power series in, and
that the coe cient of t" in (t;k) is a polynomial in k of degreen 1:

t? t3 t4
(tk)=t+ k=+(Bk* k)= +(15k® 10k?>+2k)—
2! ] 41 2)
5
+(105k* 1053 + 40k? 6k)% +

Here the coe cients are sequence A075856 in the Online Encyckxtia of Integer Sequences
[8].

If we setk = 1 then the coe cients of t"=n! are the Betti numbers of the moduli space
of n-pointed stable curves of genus 0, as shown by Keé].[These coe cients give sequence

A074059 in BJ:
t2 t3 t4 t5
(t’l)_t+5+2§+7ﬂ+34§+ (3)

For an arbitrary positive integer k, there is an interpretation of (t;k) in terms of con gu-
ration spaces given by Manin7, p. 197]. See also Goulden, Litsyn, and Shevel&} nd the
references given there. The series expansion ofias also been studied from a combinatorial
perspective. See Dumont and Ramamonjisod, [Proposition 6], where is shown to count
functional digraphs by improper edges, and Zend.], Corollary 11], where is shown to
count certain trees by improper edges. Some related bijeat® have been studied by Chen
and Guo [1].
Following Goulden, Litsyn, and Shevelevy], let us de ne (n) to be the coe cient of
k" 't"=nl'in (t;k). The expansion @) suggests that ;(n)=1 3 (2n 3), and thus that
R n
1(n)t— =1 P 1 2t
n!
n=1
Goulden et alpproved more generally that for eadh P ﬁ:o ((n)t"=nlis a Laurent polynomial

Mi(uinu="1 2t
The rst few polynomials M, (u), given by Goulden et al. ], are reproduced below:

Mi(u)y=1 u;

Ma)= gu i S Cut

|\/|3(U)=7i2u3 % 1+§ %u 7i2u3;

Mg(u) = 4i32U 5+7i2u3 2—10u 1+1—18 7i2u ﬁfﬂ%u“;

5 7 5 s, 4 5 59
10368 1728 5760 4320
1 5 1., 1., 1, 23 ¢

L1 5 1, 1., 1., 23 g
90 1152 ' 205" T 5760 270" T 17280

Ms(u) =

In this paper we give three proofs of the following conjectarof Goulden et al. , Conjec-
ture 1]:



Theorem 1. The negative powers of u in M,(u) are all odd.

Our rst proof uses a change of variables to express the genergjifunction in y for
the Laurent polynomials M, (u) in terms of the power series iry (with coe cients that are

Laurent polynomials inu) r

S=eY?yu 1+ %T;
whereT is a power series ity only. It is easily seen that any odd power o8 contains only
odd (but possibly negative) powers ofi, while any even power ofS contains no negative
powers ofu. This change of variables is related to an expansion of the Lart W function
around its branch point at e ! (though our proof uses only formal power series).
Our second proof uses properties of formal Laurent series, and wkdhat the Goulden-
Litsyn-Shevelev property holds much more generally for solons of the functional equation

H=t+k(H) 4)

where (z) is an arbitrary power series of the form ,z? + 323+ with , 6 0; the
Goulden-Litsyn-Shevelev conjecture corresponds to the casgz) = (1+ z)log(1+ z) z.

In our third proof, we consider the same generalization as in ¢hsecond proof, but we
apply Lagrange inversion to obtain an explicit formula from Wich it is clear that there are
no negative even powers af.

2 First Proof of Theorem 1

When is expanded as a power series inthe coe cient of t" is a polynomial ink of degree
n 1. To reverse the coe cients q_i, these polynomials, we introduca new variabley and
set = (ty)= (yt;y 1Y), so that Lo ((Mt"=n! is the coe cient of y' in . As a power

series int,

t2 ) t3 ) 3 t4
(t;y)=yt+y5+(3y y)§+(15y 10y +2y)m

t5
+(105y 105/ + 40y*® 6y4)§ +
and satis es the functional equation

1+ Jlogl+ )=@Q+vy) ty% (5)

As we shall see in the second proof, equatiof)(has two solutions as power series inhand
y, but is the unique solution in which the constant term int is zero.

We can expand as a power series iry, and as shown By Goulden et al. g, in this
expansion the coe cient ofy' is a Laurent polynomial inu= "1 2t.

Replacingt with %(1 u?) in (5) gives

(1+ )log(l+ )=(1+y) 3@ u)y= (6)



We will express in terms of an auxiliary power seriesS = S(u;y) satisfying
1+y+ 31 uv)y’=¢ 1 S=2 (7)
in which the sign ofS is chosen so thatS = yu+ . Solving (7) for S gives
r
2y

S=eY?yu 1+ ik

whereT is the power series iry given by

e 1 y y=2
y? '
It is clear that S is a power series iry with coe cients that are Laurent polynomials in u.
Our proof of Theorem1 relies on the following lemma.

T =

Lemma 1. For every nonnegative integer n, S(u;y)" contains no even negative powers of u.

Proof. If n =2j is even, then

2y |

24— alyyd? =y -
S e Vydu 1+u2T ;

which is u? times a polynomial inu ! of degree P, so no negative powers afi appear. If
n=2j +1is odd, then

. . . . oy_ 1112
SZ] +1 — e jy y—2y21 +1 u2j +1 1+ _2-|-

2j+1 X j+ 3 2my"

m u2m

2j+1 T

—el y=2y u

m O

The sum does not terminate, so negative powers afappear. However, we have an odd
power ofu times a Laurent polynomial inu?, so only odd powers ofi occur. O

Now we want to show that 1 + is € times a power series ir. Then Theorem1 will
follow from Lemma 1.

letl+ =e&eC®sothatG=y log(1+ )= yu+ . Making these substitutions in
equation (6) and simplifying, we get

2
e ®(1+G)=1 87;

which yields

p
S= 2 261+G)=G G?=3+ (8)

Then (8) can be inverted to expresss as a power series it5, so 1 + is & times a power
series inS. This completes the rst proof of Theoreml.
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Remark. What led us to these substitutions? We used Maple to solve equatioB){ which
gave

=exp W( (1+y+ty’)e ! V)+1+y L 9)
Here W is the Lambert W function, which satis es W(z)e W® = z. (See, e.g., Corliss
et al. [2] for more information about this function.) Equation (9) suggests that if we set
1+ = e&*" thenH may be simpler than . (We take G = H to make the initial coe cient
of G positive.) SinceW(z) has ai?ranch point of order 2 atz= e ! W( e !+ z) can
be expanded as a power series Inz. Replacingz with 2S%e ! gives a power series with
rational coe cients:

4 11 172

Yo 1y = + -2 4 Z°g3 44
W( (@ 2s9e’= 1+25 S'+ =S TS

To apply this expansion to we need to nd S with
(1 25%el= (@A+y+tydelV:

This equation is equivalent to {7) with t = %(1 u?).

3 Second Proof of Theorem 1

In this section we give a di erent proof of a generalization oTheorem 1. Throughout this
section, (z)=1+ .z+ ,z°+ is a power series irz with constant term 1 in which the
coe cients ; »;::: are indeterminates, andR is the ring of polynomials in the ;, u, and
u !, whereu is another indeterminate.

Lemma 2. The equation
F2(F) 2yF+(1 u?y?=0 (10)

has two power series solutions F = fiy + foy? + with no constant term, given by F =
Z(u;y) and F = Z( u;y), where

3 5 4
Zuy =@ wy+ G D0 e, & O0TSD (Y

1 u(1+7u+16u?) , N (1 wb1+6u) N 1 u)®
16u° L 408 e 2u

Moreover, the coe [cieht of y" in Z(u;y) is a Laurent polynomial in u.

3

2 Y

5 Y+ : (11)

Proof. Let F = f,y+ f,y?+ . Substituting in (10) and equating coe cients of y? gives
(fy 1)> u?=0,soif F satis es (10) then f, is either 1 u or 1+ u. The coe cient of y"*!

solution of (10) in which f,, is a polynomial in 1;:::;  1;f1;:::;f, 1 divided by f; 1.
Sincef; 1is eitheru or u, it follows that f, is a Laurent polynomial inu. Replacingu
by u switches the two possibilities foif 1, so it must also switch the two solutions. ]
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In the next lemma we will work in the ring R((X))[[y]] of formal power series iry with
coe cients that are Laurent series inX. These are series of the form

xR .
aj X'y!

such that for eachj 0, a; = O for all but nitely many negative values of i. Related

applications of formal Laurent series were used by Gessél 4nd Xin [10].

Lemma 3. Let X be an indeterminate and let Z(u;y) be as in Lemma 2. Then in the formal
Laurent series ring R((X))[[y]], we have

2y (1 vy _ Z(u;y) Z( wy) .
(X) T+ Tm= 1 =% 1 =78 T (12)

where T 2 R[[X;y]] and T has constant term 1 in X andy.

Proof. Let %
XZ(X) 2yx+(@ u)y*=  gX!
j=0
and let ) s
_ Z(u;y) 2y (1 u)y
T,= 1 X ( X) X + X2

In the ring R((X))[[y]] we have the expansion

Zuy) "X zuy) "

1
X X

Then writing Z for Z(u;y), we have

s 7z IR _
T, = < g X! 2
i=0 j=0
so the coecientof X ™ in Ty is
X .
VAL
j max(2 m;0)

Thus for m 2 the coecient of X ™ in T, is 0. A similar argument applied to
T =@ 2Z( uy)=X) 'T; shows that the coe cient of X ™ in T is 0 for m 1, so
T 2 RIX;y]l.
Finally, setting y = 0 in (12) shows that the constant term iny in T is ( X), so the
constant term in X andy is 1.
O

Lemma 4. For any nonnegative integer r, Z(u;y)" contains no even negative powers of u.
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Proof. It is su cient to prove that Z(u;y)" + Z( u;y)" contains no negative powers od.
Let be the expression appearing in (L2). Since the left side of {2) has constant term
1 and has no negative powers af, log is a well-de ned element of R((X))[[y]] with no
negative powers ofl.

The logarithm of the right side of (12) is

XozZuy) +z( wy)
rXr

+log T

r=1

Since T contains no negative powers oK, for r > 0 the coecient of X " in log is
%(Z(u;y)r + Z( u;y)"), which therefore contains no negative powers of. m

We can now prove our generalization of the Goulden-Litsyn-8kelev Conjecture.

Theorem 2. Let (z)= ,z°+ 323+ be a formal power series, where , 6 0. Then
the equation
H=t+k(H) (13)

has a unique power series solution H(t;k) = t+ Lkt?2+ ( 3k +2 2k?)t3+ | in which
the coe [cieht of t" is agpolynomial in k of degree n 1. Let (n)zn! be the coe [cieht of
k" 't" in H(t;k). Then Lo ((n)t"=n! is a Laurent polynomial in = 1 4 ,t with no even
negative powers.?

Proof. We shall prove only the case , = % of the theorem. The general case then follows,
after a short calculation, by replacingk with 2 ,k in (13).

We prove only the last asserlgon of the theorem; the other assentig are straightforward.
SetJ(t;y) = H(yt;y 1) so that ﬁzo ((N)t"=n! is the coe cient of y' in J and set (z) =
2(2)=22=1+2 3z+:::. Then (13) becomes] = yt+ %y 132 ( J), which may be rewritten
as

J2(J) 2yJ+2ty?=0: (14)

By Lemma?2, J = Z(p 1 2ty)is a solution of (14) with no constant term in t, so it must
be the unique such solution, and the conclusion follows from tlimasem = 1 of Lemma 4.
O

Remark. The reader may wonder how the two S(autions of Lemmztbe[game the unique so-
lution of Theorem 2. We rbave two solutions,Z(" 1 2t;y) and Z( 1 2ty) of (14).
The (Foe cient of t" in Z(" 1 2t;y) is a polynomial inpy, but the coe cient of t" in
Z( 1 2ty)is not a polynomial iny, so althoughZ( ~ 1 2t;y) corresponds to a so-
lution (with nonzero constant term int) of (14), it does not correspond to a formal power
series solution of {3).

Theorem1 is obtained from Theorem2 by taking ( z) =(1+ z)log(1+ z) =z.

2The n! in the denominator is only for compatibility with the original Goulden-Litsyn-Shevelev conjecture.



Two cases of Theoren2 with simple combinatorial interpretations are worth mentiaing.
Firsttake ( z)= € 1z 1. (Itis interesting to note that in this case, as in (), the solution
can be expressed in terms of the LambeW function.) Here

t2 2t3 ) 3t4
H(t;k)=t+ k5+(k+3k)§+(k+10k +15k)m

5
+ (k + 25k? + 105k3 + 105k4)% +

The coe cient of k't"=n! in H(t;k) is the number of rooted trees withi unlabeled internal
vertices, each with at least two children, anch labeled leaves. (These are sometimes called
phylogenetic trees.) Setting k = 1 gives

2 t3 t t° t® t’ t8
H(t1)=t+ 3 + 4a + 26m + 236a + 27525 + 39208ﬂ + 6600325
These coe cients are sequence A0O00311 if]]
Another example is (z) = z>=(1 z), so
H 2
H=t+k ; 1
t 1 H (15)
Here we can solve foH explictly, obtaining
P 1 :
1+t 1 1)2 4kt X X1g 2 n+i 1 .
H = S = t+ - N L P e 1)
1+k o i 1 i1

where the formula for the coe cients is easily derived by Laginge inversion. It is clear from
(15) that the coe cient of k't" in H(t; k) is the number of ordered trees witm leaves and

internal vertices, in which every internal vertex has at leastwo children. These coe cients
are sequence A033282 i][ which gives many references and some additional combina#b
interpretations, notably in terms of dissections of a polygon.

Using the explicit formula (16) for the solution of (15) we can verify this case of Theorerfi
directly. In fact, a stronger statement holds here: if|(n) is the coe cient of k"™ 't" in H (t; k)
(;here it is appropriate to use ordinary, rether than exponerm#l, generating functiops) then

i: (nN)t" is a L%lrent polynomial in- 1 4t in which the only even powers of 1 4t
are g) 1 4t)°and ( 1 4t)2 To see this, we note that it follows from (6) that
X 1oyt D@y &

(Mt" = H(yty 9=y 20 +Y)

J(ty)

1=0 n=0
Setting u = P 1 4t,sothatt=(1 u?)=4, we have
4+y@d u? up 16+8y(1 u 2+ y3(u u )2
8(1+y) '

Note that the expression under the square root sign involves onlyen powers ofu, and it is
multiplied by u, giving only odd powers ofu. Thus the contribution to even powers ol is
4+y1 ) y’3+u?) _y

:X __+>€- l( 1)|1(3+u2)|.
8l+y) 2 8l+y) 2 _° v

J(1 )y =y




4  Third proof of Theorem 1

In our third proof, we use Lagrange inversion to prove Lemmad (from which, as we have
seen, Theoren?® follows easily) by giving an explicit formula forZ (u; y)" that makes it clear
that it has no even negative powers adi.

Theorem 3. With Z(u;y) as in Lemma 2, we have for any positive integer r,

X
Z(uy) =y (@ u+ y"

n=r+1
X r m
)" P (u) 1 52 17
Do memy P S (17)
mi+2mo+ =n r
where m= m;+ m, + and
X' om+n m+i=2 -
—_— l.
Pra@= © ni o (W (18)

Proof. Letus set (z)= z?( 1z+ ,z?>+ );sothatwith ( z) as de ned at the beginning
of Section3 we havez? ( z) = z2+ ( z). Then (10) may be written (F  y)2= u?y?> ( F).

Taking square roots gives r

F y= uy 1 (29)

u2y2 !
where the sign of the square root is chosen so as to give the soluiiomhich the coe cient of
yis 1 uratherthan 1+ u. To apply Lagrange inversion, we must make a slight modi cation
in (19). Itis not di cult to show, e.g., by equating coe cients in ( 10), that the coe cient of
y"in Z(u;y) is a sum of terms in 1'* 7'2 ot wherem;+2my+ (n I)m, 1=n 1.
Thus the variabley in Z (u;y) is redundant; Z (u; y) can be recovered fronZ(u;pl) be replacing
each ; with y' ; and then multiplying by y. Soitisenoughtosolvé- =1 u 1 u 2( F)
for F as a power series in;, 5, .... Finally, to put this equation into a form to which
Lagrange inversion, in its usual form, can be applied (see, ¢.§tanley P, Theorem 5.4.2])

we introduce a new redundant variablex and consider the equation
P
F=x1 u 1 u?(F): (20)

for F in as power series ix. Applying Lagrange inversion, we have for any positive integer,

XSJF" = é[ts 71 1T ue(p°
xs .
= [ f]jzo f’ (w1 u2(y’™?
xS X i—
=1 S cwT T cuyr o

j=0 m



X X i=
_Esr S m J_Z j 2m
= QED LR Q")

j=0 m
X m mi mo t2m+m1+2m2+
M1, Mp; e
mi+mo+ =m
Thus with m = my + m, + andn=r+m;+2m,+ , setting s=2m + n gives
Fr - X X2m+n r m my ma
I 2Zm+n mg;my; vz
mq,mo;i
R om+n =2 4
( 1)m . J ( U)J 2m
j=0 J m
To obtain (17), we rst set x = 1, replace each ; with y' ;, and multiply by y'. The
contribution from m; = m, = =0 (whichgivesm=0and n=r)is
X

yo(wEyE

=0
If m> 0O then j=m2 =0 for | =0, so we may start the inner sum on with j = 1, rather
than j = 0. Finally, setting j = i +2m vyields (17). O

It follows immediately from Theorem3 that Z(u;y) has no negative even powers af,
since ™" =2 is 0 wheni is even and negative and 1 2m.

Remarks. The coe cients of Z(u;y) as displayed in (1) show divisibility by powers of
1 u, and it is not di cult to prove from ( 18) that the numerator of Py, (u) is divisible by
@a uwmn,

Theorem3 can be generalized to the equatiorH y)P+ ( F) uPyP =0. The coe cients
are Laurent polynomials inu in which the coe cient of u " is 0 for every positive integei.
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