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Abstract

We establish an analog of Faulhaber’s theorem for a power sum of binomial co-
efficients. We study reciprocal power sums of binomial coefficients and Faulhaber
coefficients for a power sum of triangular numbers.

1 Introduction

While the sum of powers of consecutive nonnegative integers was studied by many mathe-
maticians from ancient times, two names should be especially mentioned: Jacob Bernoulli

(1654-1705) and Johann Faulhaber (1580-1635). It is well known that
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In general,

where B; are Bernoulli numbers.
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Faulhaber [2, 5] noticed that odd power sums can be represented as a polynomial in
t =n(n+1)/2. For example,
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He computed these sums up to degree 17. The first proof of Faulhaber’s theorem was given
by Jacobi [4]. The general formula for odd power sums can be written as
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Faulhaber knew that odd power sums are divisible by #? and even power sums can be ex-
pressed in terms of odd power sums. If
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In our paper we consider the power sum of binomial coefficients
N-—-1 ,. m
1+ k—1
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and for £ = 1 we obtain the usual power sum

fim(N) (A

We establish an analog of Faulhaber’s theorem for any positive integer k. Namely, we show
that:

e fim(N)isapolynomial in N and it can therefore be considered as a polynomial f ,,(x)
in any variable x;

o fi.m(x) can be expressed as:

(Hk—l)QQk?m((Qx +k —2)%), if m, k are odd and m > 1;

k1
(xZﬁIl) (22 +k — 2)Qrm((2z + k —2)?), if k is odd and m is even;
(xz_l:l) Qrm((2z + k — 2)?), otherwise;

for some polynomials @y, (z) with rational coeflicients.
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For example,
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By Faulhaber’s theorem, any odd power sum can be expressed as a combination of powers
of triangular numbers

N m—1
1 .
el = — N F(m)(N(N + 1)
> m 2 (N (V1)

where F;(m) = %E(m +1). 1

Knuth [5] showed that the coefficients F;(m) have many interesting properties. Our
generalization of Faulhaber’s theorem tends to consider the inverse problem: expressing the
power sum of triangular numbers f5,,(N) in terms of powers of N. We show that this

expression can be presented as a combination of odd powers of IV,

N-1

o) = 3 (M52) " = g R

i=1
We find the following duality relations between coefficients FE’”) and F;(m), Fy(m):

Fy(m+1i) = (—1)“%5(-@,

Fi(m+i—1) = (=1)'F(—m).
Properties of F;(m) which similar to the properties of F;(m) are also established.
We study integer divisibility properties of fi,,,(N) for integer N. We consider an analog

of the Riemann zeta function

1
C(s)=)_ =
=1

LF;(m) is referred to the sequences A093556, A093557 and F, (m) is referred to the sequences A093558,
A093559 in [7].
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for binomial coefficients. Let
~(i+k-—1\"
m=> (")
i=1

We prove that (for positive integers k,m and [ = [m/2])

Go(m) € Q+QC2)+ - +Qc¢(2), if km is even;
: Q+QC3) +---+QC(2A — 1), if km is odd and km > 1.

In case of k = 2 we obtain the formula for {3(m),

C22(ZL) _ (—1)m (Qmm— 1) 1y Lgéj (Zm — 2 — 1)§(2i).

The structure of our paper is as follows. In section 2, we consider the sum of products of
binomial coefficients, which has combinatorial origin and is used in establishing polynomial
properties of fi.,(z). In section 3, an analog of Faulhaber’s theorem for the powers of
binomial coefficients is proved. In section 4, we study integer properties for fi,,(x) and
for fi_1. In section 5, the properties of infinite sum (;(m) are derived. In section 6, we
focus on the partial case k = 2 and express the power sum of triangular numbers f5,,,(N) as
a sum of powers of V.

2 Sum of products of binomial coefficients

2.1 A generalized Worpitzky identity

N-1 .
i+ k-1 i+ k, —1
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i=0 m
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where by < --- <k,

To study fr, k> We need a generalization of Worpitzky identity for multisets. To
formulate this identity let us introduce Eulerian numbers for multisets.

Let m = 1% ... mF» be a multiset where [ repeats k; times, [ = 1,...,m. Let Sp, be the
set of permutations of m and set K = k; +--- + k,,.

For a permutation 0 = o(1)...0(K) € Sp, let i be a descent index if i = K or o(i) >
o(i+1),i < K. A descent number des(o) is defined as a number of descent indices of o and
Eulerian number ay, , is defined as a number of permutations with p descents,

tmp = {0 € Smldes(c) = p}.

For m = 1'2'-..m! we obtain the usual Eulerian numbers a,,, (A008292 in [7]) and the

well-known Worpitzky identity
m r+m-—p
™" = G-
S (7w
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Example 1. Let m = 1222. Then

Shzge = {1122,1212, 2112, 2121, 2211, 1221},

and
des(1122) = 1,des(1212) = 2,des(2112) = 2,des(2121) = 3,
des(2211) = 2,des(1221) = 2.
Therefore,
a/122271 = 1, a122272 = 4, &122273 = 1, and a1222’i = O, if 7 7£ 1, 2, 3.

Theorem 2 ([1]). For any nonnegative integers ki, ..., kpy,

“ (ki —1 r+ K —p

() =2 (o

i=1 ! p>0

where am, are Eulerian numbers of permutations of the multiset m = 1% ... mFm,

Example 3. If m = 1222, then

r+1 2_ x4+ 3 4 x+2 n r+1
2 ! 4 4 )
For a more detailed overview and other properties of Eulerian numbers on multisets and
generalized Worpitzky identity, see [1].

2.2  Sum of products of binomial coefficients as a polynomial

Theorem 4. Let 0 < ky < --- < ky,. Then the sum (1) induces a polynomial fy, . x, ()

of degree K + 1 with rational coefficients. As a polynomial with rational coefficients, the
x—i—km—l)
””” km+1 :

N-1 ,.
s = E 3 (T Jama = 2 (Y
=0

p>0

for any positive integer N. Therefore, we can substitute any variable z in N and see that

et (x) € Q] deg fiy g, (2) = K + 1.

Therefore, fo._ o(z) = x—1. So, in this case divisibility of f, . k. (x) by (x;’z"jr;l) is evident.
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Suppose now that k,, > 0. Let us consider a difference polynomial

By (1),

If k,, > 0, then (H’Z’,‘L_l) = 0 for i = —k,, + 1. Therefore,
Jorotom (—k +1) = 0.

We thus obtain a polynomial fj,

.....

1,0, —1, ..., —(km — 1).
This means that fi, . (z) is divisible by (x;gfg;l) O
Set fem(z) = frk.. k(). In other words, f,(z) is a polynomial defined by the following
relations .
— (i+k—1\"
=% (L1 )
i=0

Corollary 5. The polynomial fy .(x) has the following properties
o frm(z) € Q[z],
o deg fim(z) =km+1,
o frm(x) is divisible by (”":_]:1)

A more detailed version of this result is given in the next section.

3 Faulhaber’s theorem for powers of binomial coeffi-
cients

3.1 Formulation of the main result

We know that fi,,(N) = ZZ]\Sl i™ is a polynomial in N of degree m + 1. By Faulhaber’s
theorem [2, 5], the polynomial f;,,(x) is divisible by the polynomial f;;(z) = x(z —1)/2.
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For odd m, the polynomial f;,,(x) is divisible by fi1(x)?* and the quotient is a polynomial
in fi1(x). For even m, the polynomial fi ,,(x) can be presented as product of fi1(z)(2z—1)
and a polynomial in f 1(z).

The following theorem is an analog of Faulhaber’s theorem for the sum of powers of
binomial coefficients.

Theorem 6. There exist polynomials Q. m(x) € Q[z], such that

( (x—]L_f_Il)QQk’m((Ql' +k—2)%), if m,k are odd, m > 1;
frem(x) = (’325:1) (22 +k —2)Qrm((2z +k —2)%), if k is odd, m is even;
0 (mle) Qrm((22 + & —2)?), otherwise.
Note that fi1(x) = (xz_]:l) and our theorem states that the polynomial fj ,,(z) is di-
visible by fr1(z). Moreover, if m and k are odd (m > 1), then fi,(x) is divisible by

Sra(z)?.
Let us show Theorem 6 for some small values of k.
If £ = 1, then there are polynomials @1 ,,(x) € Q[z], such that the polynomial f; ,,,(N) =

N-1.
Y., i can be expressed as:

(;)2Q1,m((2x — 1)), if m is odd and m > 1;

fl,m(x) =
(3)(2:13 — 1D)Q1m((2z — 1)?), if m is even.
z(x

Note that the polynomial Q1 ,,((22—1)?) = Q1. (STfl) +1) can be written as a polynomial

in (”2”) = @ Hence, Faulhaber’s theorem is a particular case of Theorem 6.

If & =2, then for any m > 0, there exists a polynomial Q3 ,,(z) € Q[x], such that
r+1

O G !

(1)

this implies that fo,,(x) is an odd polynomial.
If k = 3, then fa(z) = (“12)°Qss(x), where

4

Since

Qs3(x) = %5(4332 +4x —9).

Then for each positive integer m, (m > 1), there exists a polynomial Qs ,,(x) € Q[z], such

that

r+2\° L
Jam(x) = < 4 ) Q3.m(Q33(x)), if m is odd, and

fam(z) = (I z: 2) (2x + 1)Q3.m(Qs3(x)), if m is even.



3.2 Reflective functions

The proof of Theorem 6 is based on the notion of reflective functions introduced by Knuth
[5]. The function f(x) is called r-reflective if for all x, we have

f(@) = f(=z—7);
and f(x) is called anti-r-reflective if for all z, we have
F@) = —f(—x— 7).

In other words, reflective functions are even or odd functions shifted by r/2.
Note that the

e sum of two (anti)-r-reflective functions is (anti)-r-reflective;
e product of two r-reflective functions is r-reflective;
e product of anti-r-reflective and r-reflective is anti-r-reflective function and

e product of two anti-r-reflective functions is r-reflective.

Lemma 7. Let Vf(x) = f(z) — f(z — 1). Suppose that f(0) = f(—r) =0 and the function
f s defined on the set of integers. Then the following is true:

e if the function Vf is (r — 1)-reflective, then f is anti-r-reflective and
e if the function V f is anti-(r — 1)-reflective, then f is r-reflective.
Proof. Suppose that V f is (r — 1)-reflective. Then we have

N

F(N) = £(0) = va) = Vf(—i—r+1)=f(-r) = f(-N =),

=1

which gives f(N) = —f(—N — r) and this implies that f is anti-r-reflective.
Now if Vf is anti-(r — 1)-reflective, then

FN) = f(0) = 3_VI(i) = =3 Vf(=i=r+1) = =f(=r) + f(=N = 7).

So, f(N) = f(=N —r) and f is r-reflective. O

Lemma 8 ([5], Lemma 4). A polynomial f(z) is r-reflective if and only if it can be presented
as a polynomial in x(x+r) (or (2x+1)?); it is anti-r-reflective if and only if it can be presented
as 2x +r times a polynomial in x(z + 1) (or 2z +1)%).

Lemma 9. The polynomial (“llz_l) is (k—1)-reflective if k is even and anti-(k—1)-reflective
if k is odd.

Proof. The proof follows from the identity (“"F ") = (=1)*(7%). O
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By Theorem 4, there exist polynomials g ., (z) € Q[x], such that

funa) = ("7 o)

Lemma 10. Reflective properties of functions fi . and gi., are

o fim(x) is (k — 2)-reflective if km + 1 is even and anti-(k — 2)-reflective if km + 1 is
odd.

o gim(x) is (k — 2)-reflective if (m — 1)k is even and anti-(k — 2)-reflective if (m — 1)k
15 odd.
Proof. Let Vf = f(x) — f(x — 1). Since V fyn(z) = (H]]zfz)m, we see that V fi ()
is (k — 3)-reflective if km is even and anti-(k — 3)-reflective, otherwise. By Theorem 4,
f(0) = f(—=(k—2)) = 0. Thus, by Lemma 7, fi,,(z) is anti-(k — 2)-reflective if km is even
and (k — 2)-reflective, otherwise.
Note that gi.m = fk,m/(”k_l). Therefore by Lemma 9, g (z) is (k — 2)-reflective if

k+1
km — k is even and anti-(k — 2)-reflective, otherwise. O
Lemma 11. Let k be an odd number. Then fi,.(x) is divisible by (’”Zﬁ;l)@x +k—2)ifm

r+k—1

b1 )2 if m is odd and m > 1.

15 even and s divisible by (

Proof. Suppose that m is even. By Lemma 10, the function gy, is anti-(k — 2)-reflective.
The anti-(k — 2)-reflectivity condition for z = 2 gives us
2—k 2—k 2—k

gk,m(—T —k+2)= gk,m(T) = —gk,m(T)-

Hence, gim(%5%) = 0 and g(z) is divisible by (22 + k — 2).
Now consider the case m is odd (m > 1). By Lemma 10, the function gy, is (k — 2)-
reflective. We have

r+k r+k— v+k—1\"

Hence,
T + k o 1) m—1

(24 K)o+ 1) = (& = Dginlo) = (1) (7}

Therefore, for i = 0,—1,...,—(k — 1), we obtain
(k+4)grm(i+1) — (i = 1)grm(i) = 0.
In other words,

kgrm(1) = —gr.m(0),
(k — 1)gk,m(0> = _2gk,m(_1)a
(k - Z)Qk,m(_D = _3gk,m(_2)7

gk,m(_(k —2)) = _kgk,m(_(k —1)).



Hence,
Grm(1) = (1) grm(—(k — 1)) = —gm(—(k — 1)).
Since gg () is (k — 2)-reflective, the reflectivity condition for x = 1 gives us

Ik (1) = Gom(—(k —1)).

S0, gr.m(1l) =0 and

Thus, gxm(x) is divisible by (w;’:l) and fy ., (x) is divisible by (”Zﬁl)Q O

3.3 Proof of Theorem 6.

Let m and k be two odd positive integers and m > 1. By Lemma 11, there exist polynomials
Ry () such that gg,,(z) = (w:ﬁl) R (). The function gy m,(x) is (k — 2)-reflective and
therefore, Ry ,,(x) (according to parity of k) is also (k — 2)-reflective. So, by Lemma 8, there

exist polynomials Qg (z) € Q[z] such that Ry, (2) = Qrm((22 + k — 2)?). In this case

frm(z) = (“” Zi; 1) Qrm((22 +k —2)%).

Now assume that & is odd and m is even. Then the function gy, is anti-(k — 2)-reflective.
By Lemma 8, there exist polynomials Q. ,(x) € Qz], such that gi.,.(z) = (20 + k —
2)Qr.m((22 + k — 2)?). Therefore,

fem(z) = <x Z_IT_I 1) (27 + k — 2)Qp.m((20 + k — 2)?).

In all other cases gy, is (k — 2)-reflective. By Lemma 8, there exist polynomials Q. ., (x) €

Q[z] such that gg.m(7) = Qrm((2x + k — 2)?). We have

Frm(x) = (“" Zi; 1) Qrm((2z +k —2)%).

O

4 Integer divisibility for f ()

4.1 Formulation of the main result

By Theorem 6, the polynomial f () is divisible by (’”Zﬁlf if m and k are odd (m > 1).
In particular, f,,(x) is divisible by 2?. By Theorem 6, f.,,(z) is divisible by z for any k, m.
Here divisibility refers to the divisibility of polynomials with rational coefficients. Now in

this section, we study divisibility properties of fy ., (z) for integer x.
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The divisibility properties of Theorem 6 do not hold for integers. Let us give counter-
examples for all three cases:

6 . 5
fas5(7) 1 Z i+ 2 86650668
=1

72 7
Fia(5) 1= [i+2\°> 517
0 L - - = — Z

5 5Z 3 5 7L

i=1

fua(1) 1 & (z’+3)4_335469880502 ‘7

11 &\ 4 11

Since fi m(x) € Q[z], for any given k and m, there is a sufficiently large prime p, such that
fem(p) is divisible by p and by p? if m, k are odd and m > 1. The following theorem is a
more detailed version of these statements.

Theorem 12. Let N, k,m be positive integers. Let M be an odd positive integer such that
ged(M, k) =1 and M —k+1< N < M+1. Then

fem(N) = NZ_I (HIZ_ 1>m =0 (mod M)

i=0
in the following cases

e m. k are odd numbers, or

e gcd(M, (km+ 1)) =1 (k,m may be even or odd).

If m, k are odd numbers and m > 1, then

fen(N) = NZI (le_ 1)m =0 (mod M?)

=0
in the following cases
e m is divisible by M;
e gcd(M, (km+1)!) = 1.

Remark 13. Theorem 12 do not present all conditions for divisibility of f,,(/N) by M and
M?. For example, if M =13,k =4, m = 14, N = 13, then
12

IENE
fa14(13) = Z (ZZ ) = 13 x 6075433069762635003999567344079450237278856,
i=0

but 4,14 are even and ged(13,57!) # 1. Similarly, if M =7,k =3,m =9, N =7, then

i+ 2\°
f30(7) = Z ( ; ) = 7% x 112153022185284,
=0

but 9 is not divisible by 7 and ged(7,28!) # 1.
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4.2 Proof

To prove Theorem 12 we need some preliminary facts.

Lemma 14. Let M be an odd positive integer number such that ged(M, k') = 1. Then for
odd numbers k, m and for all integers i such that 1 < i < M — k, the following relation holds

. m . m - mk—l
M—i+k—1 1+ k—1 1+ k—1 1
= — M M?).
( 1 ) ( I ) + m( I ) jE:O it (mod )

M—i+k—1
k

Proof. Let us consider an expression ( ) as a polynomial in M,

M—itk—1\ (M—i+k—1)---(M—4)
k k!
= apxM" + -+ a1 M + ag

MFE i k—1\ 2L i+ k—1
= M(—1)F1 —1)F .
T ML ( k ),Oz’—l—j+( )( ! )

J=

Note that for 0 < j < k — 1, all numbers i + j are relatively prime with M. Therefore,

. . k—1
M — -1 -1 -1
( Z}jk ) E(—l)k(l+lz ) +(—1)k_1M(Z+k ) (mod M?).
]:0
Hence,
. m . k—1 m
M — -1 -1 -1
1+ k _(_ 1+ k M z—i—k (mod M?)
k k 1+
7=0
On expanding the right side of this congruence, we obtain the result. O]

Lemma 15. (km + 1)! fim(x) € Z[x].

Proof. By Theorem 2, there are some integers a; for which we can present fj,,(z) in the

form -, a; (xz:;"l?) Note that (km + 1)'(“3;’7';2;3) € Z|x). O

Proof of Theorem 12. For 0 <1i < M — k with odd k, by Lemma 14,

M—i+k—1\" A+ k—1\"
( o ) +(Z+ ) =0 (mod M).
k k
Therefore,

Ni i+k—1\"_ = (i+k-1\"
k - k
k

1=0

12



Now suppose that m is divisible by N. Hence, by Lemma 14, we have

M—i+k—1\" i+ k—1\" i+ k—1\"
= — + Mm -
k k k — i+

—<”Z_ 1)m (mod M?).

<

Therefore,
Nl(H—k—l) :M““<¢+k_1)m
= B
=0 =1
M—k . m . m
1 M—-—i+k—-1 1+k—1
= _ = M?).
2 () () ) = e

Since ged(M, (km + 1)!) = 1, by Lemma 15 and Theorem 6, (km + 1)!fi.(z) € Z|x]
is divisible by z(z +1)---(x + k — 1) and by (x(z + 1)---(x + k — 1))? if m, k are odd
numbers and m > 1. Here divisibility refers to the divisibility of polynomials with integer
coeflicients. ]

Remark 16. In Theorem 12 we can change M to a power of some prime number p. The
property ged(M, (km + 1)!) = 1 can be changed by an inequality p > km + 1.

4.3 Integer divisibility in case k£ = 2

Theorem 17. Assume that p is an odd prime number and 1 < m < p—1. Then

m po1-m (mod p), otherwise.

Proof. The following fact is known:

% it = 0 (mod p), if ¢ is not divisible by p — 1;
—1 (mod p), otherwise.
Therefore,
p—1 i+ 1 1 p—1 m . "
=3 () = w22 () =m2 (] )Si
i:1 Zil J:

If m =p— 1, then m + j is divisible by p — 1 only in two cases: 7 = 0, m. Hence,

Jop—1(p) = —2p1_1 ((p g 1) + (i: D) = -2 (mod p).

13




If 1 <m < p—1, there is only one integer j € [0,m] such that m + j is divisible by p — 1.
Namely, 7 = p — 1 — m. In this case,

m

fom(p) = —2% (p 1 m) (mod p).

]

Remark 18. By Theorem 17, if p — 1 —m > m, then fo,,(p) = 0 (mod p). This fact is
compatible with Theorem 12, because p > 2m + 1.

4.4 The case f; _1(N)

Theorem 19. Let N,k be positive integer numbers and M be a positive integer such that
ged(M, k!) = 1. Then, the rational number q defined as

N-1

q= 1/ ZH»kl

=1

is divisible by M (its denominator is relatively prime with M ) in the following cases:
(i) N=1 (mod M);
(ii)) N=1—k (mod M) and k is odd.

To prove this result we need one

Lemma 20. Suppose that k > 1. Then

N-1 k ]
Fr—( Z z+k 1 T L1 (1_ (N+k—2)>'

i=1 k—1

Proof. Let ¢(x) = (Hi,l). Then it is easy to verify that
k—1

1 k 1 1 k ,
(i+l]z—1) - k—1 <(i+k—2) o (i-i—k;—l)) - —ngb(Z).

k—1 k—1
Therefore,
N—-1 1 k N-1
i k i=1

14



Proof of Theorem 19. By Lemma 20,

k! 1 1
fk,—l(N):k_l ((k—l)!_(N—i—k—Z)---N).

Notice that for both cases (i) and (ii), the numbers N,..., N + k — 2 are relatively prime
with M. So, if N =1 (mod M), then

(N+k—2)---N=(k—1)! (mod M).
If N=1—-Fk (mod M) and k is odd, then
(N+k—=2)---N=(-1)""k-1D'=(k-1)! (mod M).

5 Power sum of reciprocals of binomial coefficients

5.1 Formulation of the main result

In this section, we consider the case of power sums of binomial coefficients with negative

powers,
— (i+k—1\"
am=£ (1)

For £k =1 we have
1
Glm) = ¢m) =3 —,
i=1
where ((m) is a Riemann zeta function.
In particular, for m = 1, by Lemma 20, one can obtain the exact value

Zfitk-1\"T" k
1) = =
«n=3 (") =i
It is known that for any positive integer m,

(27r)2m

2(2m)1 ™

¢(2m) = (=1)™* (3)

where Bs,, is a Bernoulli number.
We prove similar results for binomial coefficients. Some examples that follow from our

results:
i+ 4,
@(2);2( : ) iein



Similarly,

[e'e) . -3
G3) =) (Z g 2) - ? —162¢(3),
=1
[e'e) . —3
63 =3 (z g 4) - 129986125 L 1125003).
=1
0o . _5
ao) =3 ("57) =T - ) - 12006

i=1

Below we show that these relations are based on reflectivity properties of binomial co-
efficients, and that ((m) can be expressed as a linear combination of certain values of the
Riemann zeta function.

Theorem 21. For any positive integers k and m, there exist rationals Ao, A1, ..., /2],
such that
[m/2]
Ao + Z Xi€(21), if km is even;
Gi(m) = /2]

Mo+ > NC(2i— 1), if km is odd.
=1

5.2 Proof of Theorem 21

Let F(z) = (“F71) ~™. Then (i (m) = Y20°, F(i). Since the polynomial F(z) has k zeros

r=0,1,....k—1,

> (G5 i) @

for some rational numbers a;; (1 <7 <m,0<j<k—1).

By Lemma 9, 1/F(z) is (k — 1)-reflective if km is even, and 1/F(z) is anti-(k — 1)-
reflective, if km is odd. In other words, F(x) = eF(—x — k + 1) for almost all z (except
zeros of denominator), where e = +1. Thus, by (4) and based on the reflectivity property
mentioned above,

7=0 =1 7=0 =1
or
k—1 m i i
(CLL]‘ — 6(—1) A fe—1—j i fe—1—j — 6(—1) am) —0
== (z +J) (+k—1—j)
Therefore,

CLiJ — e(—l)iai7k_1_j =0

16



for all 7,5 (1 <i<m,0<j <k—1). Hence, equation (4) can be rewritten as

> (&5 )

Finally,

for some rational constants ¢; (0 < i < m). Note that value (¢(7) + e(—1)%C(4)) vanishes if
e=1andiis odd, orif e = —1 and i is even. []

Presentations of infinite series as a linear combination of odd (even) values of zeta func-
tions play an important role in studying the irrationality problems of zeta functions. See, for
example, the proof of Rivoal [6] that the sequence ((3),((5), ... contains infinitely many irra-
tional values, or result of Zudilin [12] that at least one of four numbers ((5), ¢(7),¢(9), ((11)
is irrational.

Different kinds of sums of inverses of binomial coefficients were studied in many works,
e.g., the sums of other types by Sofo [8], Sprugnoli [9], Sury, Wang and Zhao [10], Yang and
Zhao [11].

5.3 Sums of reciprocals of powers of triangular numbers

Recall that

0 om
gt x(x + 1
In this subsection we give exact presentation of CQ(m) as a combination of binomial coeffi-
cients and Bernoulli numbers. Namely, we prove the following result.

Theorem 22.
o 1 - m—1 2m — 1 . [m/2] I — 2 — 1 - (27.‘_)21'
> ey - Y (" )+ > R [

To prove this theorem we need the following

17



Lemma 23.

MS

m —I— i — 1) ( 1 1
T (=)' — =+ (—1)’"—_-> :
( ;—1 pas ( m—i (x+1>m i
Proof. We use induction on m. For m = 1 we have
1 1 1
doea(tt)
() \rowt

Assume that our statement holds for m and let us prove it for m + 1. In our proof we need
the following formulas (j is a positive integer):

1 1 1 o1
— e, . — — — - st _]_‘7 d
d(x+1) i il Foot (=) 21
1 1
r(z+1)7  x x+1 (x+1)7"

which follow from:

1= (—2f = (1 +z)(1+ (=2) + -+ (-2)’") and
l—(z+1)Y =—2(1+ @+ 1)+ +(@+1)).
We have

(x(z +11>>m+1 (e i )" (1 B %)
-3 (") (G ) ()
3 () (S )

(since 1o (™57 = (7)),

J (2

Proof of Theorem 22. By Lemma 23,

S e

r=1

m—1

5 m+¢—1) <(—1)f+ (—1)™ )

Q

)

||
2y,

Ng
S
e
1=
gk
T

v

=
N———

18



Thus, the last expression can be written as

m—1 m—1 .
mlz(m“”) (s
1=0 1=0,(m—1i) even

|m/2]

o () e DD ("2 e
(e 8 (e

i=1

O

6 Faulhaber coefficients and coefficients of the polyno-
mial f2,m(x)

6.1 Duality between F- and F-Faulhaber coefficients

Recall that any number in the form (%) = ”("2_1) is called triangular (A000217 in [7]). In this
section we study analogs of Faulhaber coefficients for power sums of triangular numbers. To
stress similarities between Faulhaber coefficients Fj(m) and F;(m) (see definitions below),
we use special notation for formulas like (A1), (B1), (A2), (B2), etc.

We define Faulhaber coefficients [3, 5] as numbers F;(m), such that

N m—1

1 .
2= — N Fy(m)(N(N + 1)) Al
;Z Qm; (m)(N(N +1)) (A1)
These coefficients can be extended for all real numbers = by Fj(z). In fact, Fi(z) is a
polynomial in z. In Sloane’s OEIS [7], F;(m) is referred to the sequences A093556, A093557
and 1
Fim) = g s Fi(m 4 1) (5)

2m+1)(m+1)

is referred to the sequences A093558, A093559.
Knuth [5] has established the following properties of these coefficients,

ZQﬁIfsz@:O’ k> 0. (A2)
Fe(x)=2(z—1)--- (v —k+1) x g(x), (A3)

where gx(z) is
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e a polynomial of degree k
e with leading coefficient equal to (2 — 22%) By, /(2k)!;
e and qx(k+1)=0if £ > 0.

Below we show that all zeros of this polynomial are real and distinct.
A recurrence formula due to Jacobi yields:

(22 —2k)(2x — 2k + 1) Fy(x) + (x — k+ 1)(x — k) Fy—1(z) = 2022 — 1) Fp(z — 1).  (A4)

Gessel and Viennot [3] obtained the following explicit formula:

i 2m m—k+j\m—~k—j
Fy(m) = (=1)™* Z (m L —j) ( j >m3m+k+ja (A5)
J

for 0 <k <m.
In terms of determinants, this formula can be written as

Fi(m) = (—1)(m_k) (m—1) 1 (m — k) det ‘ (ZT—_QIE:ZZJ

(A6)

The last determinant has a combinatorial interpretation.

Theorem 24 (Gessel, Viennot, Theorem 14, [3]). The number of sequences of positive integer
numbers ay, ..., as. satisfying inequalities az;_os < azi—1 < As;, Azi+1 < A3i—1, U312 < az; and

ag; < m —k+1, for all i, is equal to
m—k+1
21 —2j+3

According to Theorem 6, the polynomial fy,,(z) is odd. Therefore we can consider the
coefficients F';(m) defined by

det

ij=1,..k

N

Fom(N)2" = "(i(i + 1)™ =Y Fy(m)N>"=>+1, (B1)

i =0

—_

7=

The following relations are Fﬁm) analogs of relations (A2)—(A6),
— o im +2k—7 -

~m(m—1)---(m—1)
2m — 21+ 1

x hi(m), (B3)
where h;(m) is

e a polynomial of degree ¢
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e with leading coefficient (—1)""1(2 — 2%) By, /(21)!;
e and h;(—1) =01if i > 0.

Proof of these properties will be presented in Theorem 29 below. In fact, Theorem 25 tells
us that h;(m) = ¢;(i —m).
A recurrence formula for F;(m) is given by

2(m —4)(2m — 2i + 1)F;(m) = 2m(2m — 1)Fsy(m — 1) +m(m — 1)F;_1(m — 2).  (B4)

Coefficients F;(m) are closely related to Fj(m).

Theorem 25. i
_ : m+i
F; )= (=) ————F(—
(m +1) = (1) PR (o) (6)
Another formulation of Theorem 25 is given by
Fi(m) = (1) m Fy(i —m).

(m—14)(2m —2i + 1)

satisfy the same recurrence relations and they have equal initial values Fy(x) = Fo(x)

Proof. From relations (A4) and (B4), we can see that the sequences F;(m + i) and F;(—m)
1. [

Knuth [5] proved that

=z

— = (V- )Y Bm)(N(V - 1),

=0

i
o

7
%

with relation (5) between the coefficients F;(m) and F;(m).

Corollary 26.

Fim—+i—1) = (=1)F(—m). (7)

The following is a general formula for F;(m)

R = e () () e (B3)

k=0

Let us rewrite this formula in terms of determinants

o _1\(k—m+1) o | S ¥
Fo(m) = (—1) (k—1)! det |[™ + i 2] +2
(2m — 2k +1)(m — 1)! 21 —27+3

7 (B6)

which follows from (A6) and Theorem 25.
Using [3, Theorem 16], we obtain one more combinatorial interpretation for the last
determinant.
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Theorem 27. The number of sequences of positive integers aq,...,as. such that ag;_o >
a3i—1 = A3;, A3i+1 = U3i—1, 3542 = a3; and azji_o < m — 1, for all i, is equal to

m+i—2j+2
2i—2j+3 )|, _

Proof. Let A = (A1,..., ) and g = (p1, ..., ug) be two non-increasing sequences of non-
negative integers. Plane partition of shape X — p is a filling of the corresponding diagram
with integers which are weakly decreased in every row and column. Such a diagram can be
obtained from Ferrer diagram for A by removing the diagram for p (for details, see [3]) .

By [3, Theorem 16], the number of plane partitions of shape A — 1 whose parts in row i
are at most A; and at least B;, where A; > A;,; — 1 and B; > B;;1 — 1, is equal to

<Aj_Bi+)\i_/~Lj)
Ai—pi+j—t

det

det

Taking \; =k +3 —14, uj =k —j, A; =m — j and B, = 1, we obtain the result. m

6.2 The polynomial f5,,(z)
Set Ay = Fy(m)/2™.

Theorem 28. The polynomial fo,(x) =Y it Amix®™ **1 has the following properties.
(I) It satisfies the equation

2o (%) = m(2m = 1) o (7) + Wﬁ,m(a’), m>2, (8)
r+1
foz(x) =, fai(z) = ( ; )

(II) The following recurrence relation holds for coefficients A, ;,

m(2m — 1)

m(m — 1)
2(m —1)(2m — 2i + 1)Am‘“

)\m— i—1
8(m —i)(2m —2i+ 1) ">

)\m,i - +

where 0 <1 < m.
(III) The following general formula holds

2 .
1 m 2m — 21+ k
A = By 1
i 2m(2m—2i—|—1)z(2i—k)( k )’“ (10)

k=0

Proof. (I) Since Afy,(2) = (m“)m, we have

2
T+ 1)”‘1 L mm—1) (x—i— 1)’”—2

Affule) =m(zm = 1) (" =D
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and

Therefore, (8) is true.
(IT) (9) is a consequence of (8).
(ITII) We have

2" fom(N NlH& %ii()wgz<>zmﬂ

Therefore,

R m\ [ m+j+1
=~ om Z . Bjioi-m
2m Ny —|—j—|—1 j ) \2m—21+1
1 1 m 2m —2i+k+1 B
k-2 k g
2i

:2_mk:02m—2i+k:+1 m
1 m 2m — 21+ k
= By
2m(2m—2i+1);(2i—k>< k ) g

6.3 The polynomial part of F;(m)
Let us consider the function f;(m) defined as

’Ez(m) = (=1)"(i + 1)(2m — 2i + 1)7 i(m) = (-1)i(i+1) i: (2:ﬁk)( i )Bk-

(%) = D

In fact, h;(m) = hi(m)/(i + 1)!, where h;(m) is defined in relation (B3).
For example,

ho(m) = 1,
~ m—+1
’”‘1@”):?7
ha(m) = 60(7m 6)(m + 1),
rg(m) (m+1)(31m* — 97m + 60),

630
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- (m + 1)(127m® — 833m? + 1606m — 840)
hu(m) = 5040 ‘

Analogous to Knuth’s relation (A3), polynomial parts of F;(m) are interesting by them-
selves. Below we study properties of h;(x).

Theorem 29. Let i > 0.
(I) The function h;(x) is a polynomial of degree i.
(ITI) The following formula holds for h;(m)

hi(m) (11)

= (-1 ) (Z VI T ”)Bk)

k=0 (211' k) k=i+1 mkm:rk)

= (—1)’ (Zgi)l!)! <§ pe(m) (3;) By + k;ﬂ qr(m) (3;) Bk> .

Here, pp(m), qx(m) are polynomials given by

pe(m)=(m—1)---(m—=2i+k+1)2m —2i+k)---(2m —2i+ 1)
and
(2m—2i+k)---(2m —2i+ 1)
(m—2i+k)---(m—i+1)
= 2" 2m — 21+ 1)(2m — 2 +3) - -
X (2m—4i+2k+1)...(2m — 2i + k).

qr(m) =

(If k = 2, the last term (2m — 2i + k) in the product of qi(m) is cancelled).
(IIT) The following recurrence relation holds for h;(x)

(20 + 1 — 22)hi(z) = %(z’ + Dhiy(z —2) — (22 — Dhi(z — 1). (12)

(IV) The initial value for hi(z) is given by:

hi(0) = (=1)'(i + 1) Bas. (13)
(V) If x approaches oo, then
~ (i+1)! Y :
hi N—lz 2_21Bi1- 14
@)~ ()2 - 2B (1)
(VI) If i > 0, then all zeros of the polynomial h;(x) are real. Moreover, it has one
negative zero ro = —1 and if i > 1, the other i — 1 zeros x,...,x;_1 are positive, distinct

and satisfy the following inequalities

O<ai <1, 2<29<3, 3<a3<4, ..., 1—1<mi 1 <1.
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Proof. (I) Note that the terms (;jk) and (szHk) are polynomials in m of degree 2i — k

and k respectively. Hence, (;ﬁk) (2m7k2i+k) is a polynomial of degree 2i and it vanishes at

m=0,1,...,i—1 (if i > 0). This means that it is divisible by m(m —1)---(m —i+1) or
m 2m—2i+k ~

( ) So, % is a polynomial in m of degree i. Therefore, h;(m) is a polynomial in

m of degree 1.
(IT) To prove (11), we have

= o 2 (2ank) (2m—k2i+k)

(11> =
k=0 i

B B 2 il(m — 9)! 2m — 21 + k

(_1)(z+1)20(2Z ) (m _2¢+k)!( k >B’“

52:” ) By, + Z =) O ) Bk)

=
g
!

By,

= (7)
k m—2i+k
k=0 (z) k=i+1 k21+)
' i — i) ... — 9 D (2m — 24 e (2m — 21+ 1)3!
— (i Yy e 2 b DO B ) (B 2 DR
EN(2i — k)!

k=0
2i

il2m —2i+k)---(2m —2i+ 1)
EV2i — k) (m—2i+k)---(m—i+1)

k
k=i+1

= (—1)’ (i(—2ki>1!)! (; pe(m) Gj) By, + k_i; qr(m) (ka) Bk> .

(IIT) We use (9) for z = m > ¢, where m is a positive integer. We obtain (12) for positive

integers # = m > i. Since hy(z) is a polynomial, recurrence relation (12) must hold for all
real numbers z.
(IV) A substitution m = 0 in (11) gives us

hi(0) = (i+1) ( QH_k)Bk-F Z i)Q(Zj;k) k)

k=i+1 k—1
T 5@) By = (—1)'(i + 1By
k=0

Thus, (13) is proved. N
(V) Let us calculate the leading coefficient A of h;(m). By (11), we have

(4 1) o (2
A:(—l)’((;)!) ;2 (k>Bk.

Let B,(z) be the Bernoulli polynomial,




It is well known that B,(1/2) = (27" — 1)B,,. Therefore,

A= (_1)1' (Z + 1)!22i 2(1/2)22'—1: (2];) By

(2i)! prt
_ (D,
= (1) @) 2% Byi(1/2)
_ (D! 10 _ 0+ 1) 2
which yields (14).
(VI) We have
s it 2/ -1\ [-2-2i+k
hz( 1) ( 1) (—Zl) kz:; <2Z‘ _ k) ( k )Bk

S (P oo

k=0

The part of the statement (VI) that relates to positive roots is evident for i = 2. Suppose
that 7 > 3.

Let sgn(z) = —1, if 2 < 0; sgn(z) =0, if z = 0; and sgn(z) = 1, if x > 0.

Putting m = 1 in (12), we have

(2 — Dhi(1) = —hy(0).

Equation (13) gives us

hi(0) = (—=1)"(i + 1) Bo;, (15)
hi(1) = (_1)i+12iz_+_11 B, (16)

Therefore,

sen(h(0)) = —sgn(h(1)).

Hence, there exists a real zero z; € (0,1) of h(z).
Putting m = 2 in (12), by (15) and (16), we have

- /1, it 1
(2) = —(=1)"YiBy;_ —1) By | .
hi(2) 2@—3(2( )i+ 3(=1) 5 2’)

By (3), for any positive integer 1,
sgn(By;) = (—1)""1.

So,

sgn(hi(2)) = sgn(hy(1)).
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Therefore, relation (12) for m = 3 gives

~ 1 11 ) ) ,+ 1
hi(3) ((_W L Byia+3(=1)*2 - B%) '

T 2% -5 292 -3 % — 1

Hence,

sen(h(3)) = — sgn(h(2)).
Induction on i and on k shows that for any k € [2, 1]
sen(Ru(k)) = (—1)** sgn(By).

As we discussed above, this relation is also true for k = 2, 3.
By inductive hypothesis,

sen(hi(k — 1)) = — sgn(ﬁi_l(k —2)).
Recurrence relation (12) yields
san(hi(k)) = sen (ﬁ (%%“(k —9) = (2 — V)lk — 1)))

= sgn((—1)""* By — (1) By)
= (=1)"* sgn(By).

It remains to note that

sgn(h(2)) = —sgn(h(3)) = --- = (1) 'sgn(h(i — 1)) = (=1)"sgn(h(q)).
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