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Abstract

A convolution summability method intro duced as an extensionof the random-walk
method generalizesthe classical Euler, Borel, Taylor and Meyer-KAnig type matrix
methods. This correspondsto the distribution of sums of independent and identically
distributed integer-valued random variables. In this paper, we discussthe strong regu-
larity conceptof Lorentz applied to the convolution method of summability. Later, we
obtain the summability functions and absolute summability functions of this method.

1 Intro duction

The methods that sum all almost convergert sequencesre called strongly regular. We will
show in section 2 that the matrix transformation correspnding to the regular convolution
method generatedby an independent and idertically distributed sequencef aperiodic non-
negative integer-valued random variableswith nite third momert and positive varianceis
strongly regular.

Summability functions [[]] in some sensedetermine the strength of the regularity of
method for bounded sequences.It may also be usedto show that Tauberian conditions
of a certain kind may not be impr%ed. Under the existenceof rst three momernts, in sec-
tion 3, it is showvn that -( n) = o' n) are the summability functions for the convolution
methods, thus extending someof previously known results for other methods suc as Borel
and Euler. The optimality of classofﬁummability functions is alsoascertainedto show that
all functions of the form, -( n) = o(" n) (are only these functions) are summability func-
tions for the C(p;g) methods with somemomern conditions. We concludethis paper with a
discussionof absolute summability functions for this method.
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The discussionwill now revolve around the following typesof summability methods [[L]]
and [L3J). This is a larger classof summability methods that includesrandom-walk method
and many others.

pe nition 1 Let prkgk o and fgugk o be two sequencesof nonnegative numbers with

o Pk = land ,,a = 1: Dene a summﬁ_xplllty matrix, C = [Cnk]; whoseertries
aregivenby Cox = ¢k and Cpi1k := (Cpe@p)k = i=o Py Chk;j forn;k, 0: The matrix C
is called a corvolution summability matrix.

A usefulprobabilistic interpretation of C is the following. Let Y; X 1; X,;::: beasequence
of independert non-negatiwe integer valued random variables such that Y has probability
function qandthe X % areidentically distributed with probability function p: Let Sp = Y and
Sh=Y+Xi+:i+ Xpforn, L Letfpg oandfgg o bethe probability distributions of

X1, Xo; i andY respectlvely. The nth row kth column ertry of the convolution summability
matrix C isthe probability C,x = P(S, = k): The method C isregularif andonly if P(X, =
0) < 1[H]. Someclassicalsummability methods are examplesof the method C: For instance,
whenY = 0 and X; » Binomial(1;1); then C becomesthe Euler method denotedby E;:
WhenY » X; » Poisson(1)we get the Borel matrix method. WhenY » Geometric(1j r)
and X, » Y + 1; then we get the Taylor method. And whenY » X; » Geometric(1j r)
we get the Meyer-Kénig method. We shall call C a corvolution method and whenY = 0
with probability 1, it is calledthe random-walk method. The method C can be extendedto
non-idertically distributed random variables(for example,Jakimovski family of summability
methods [[LJ]); howewer, it will sere our purposeadequatelyfor the time being, asit is. The
regular corvolution summability matrix fC,y o0; referredto everywherein this paper has
the above construction with appropriate momert conditions and in section 4 with nite
momern generatingfunction of f X;;i , 1g:

2 Strong Regularit y

Given below is a de nition of almost corvergenceof a sequencewhich is as we see, a
generalizationof ordinary corvergence.

De nition 2 A boundedsequencd x;g;, o is called almost corverger, if there is a number

S sud that
Xn+Xn+1 + + Xn+‘i1

\Ililm = s holds uniformly in n:

We denotes by Lim Xx;:

Example 1 For acomplexz onthe boundary of the unit circle Limz" = 0 holdsewerywhere
exceptfor z = +1; asfollows from

1|Z

1
- + n+l + + n+" il
—(z"+ z ¢CC+ z ) = 1 2

We now usethe following theoremof Lorentz [[]]. For more details on theseconcepts,see
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Theorem 1 (Lorentz[[]]) In order that regular matrix methal (transformation) A = fan«g
sum all almost convelgent sequenes, it is necessaryand suzcient that

. X - -
lim - jank i @k =0
T k=0

In view of the above result, we now give below the de nition for strong regularity of an
almost corvergern sequence.

De nition 3 A summability method A is called strongly regular, if for any almost conver-
gernt sequencd X;g; o with Limx, = I; we have lim,; (Ax), = |:

Lorentz [[1] shoved that the Cesaro method Cg of order ® > 0 and the Euler method E; ;
with parameterr; are strongly regular. In an attempt to generalizethese results, we will
prove that the random-walk method is strongly regular for a probability function with nite
third momert. Then usingthis result, we show that the convolution summability method is
alsostrongly regular.

Theorem 2 Let »;»;»3;::: be an i.i.d. seguene of aperiodic nonngyative integer-valuel
random variableswith "nite third momentand positive variance. Then the matrix transfor-
mation correspnding to the random-walkmethal of the alove sequene of random variables
is strongly regular.

Prior to the proof of this theorem, we needan important theorem due to Bikelis and
Jasjunaslfl], which givesthe rate of corvergencefor the certral limit theorem:

Theorem 3 (Bikelis & Jasjunas|fl]) For a sequene f»g; i; i.i.d. aperiodic nonneative
integer-value random variableswith mean 1; positive variance %#; and "nite third moment,
the following holds:

)4 ] 1
Joiont 5 L 1 1, N .
1+ — P(S, = S — - 1)2=(n32)gi = O(n :
- A+ 5p=TIP (S = 1) i 3/(21/n)%expf. 5 i m)*=(n¥h)gj = O(n' )

whee S, = » + ¢CC+ »,:

Proof of theorem[]
As suggestedn Theorem{l], we now consider

s s xXn
JAnk+1 i @nk] = jP(Sh, = k+ 1) P(S, = K)j; whereS, = » and » = O:
k=0 k=0 i=0

If the meanof » is® and standard deviation of » is ¥ we write

b
IP(Sh=k+1)i P(Sh = K)j
k=0



b3

= " jP(S= k4 D) exfi S(k+1i m)*=(n¥)gg

k=0 Y2vn):
1
+f —expfi =(kj nt)?=(n¥f)gi P(S, =k
Y(2Yn)? pi (ki n*)=n¥)gi P(S, = kig
1 1 1
+f —expfi =(k+ 1 n')?=(n¥2)g _expli (ki nt)>=(n¥2)gg;j
Y(2vn)? i Sk 1i nt)™=n¥)g 2vn): pi (ki nt)*=(n¥)ggj
X 1
. _ . . . 2 2\ ~;
- PG =kt i oy & ke 1 )y =¥
W expli S(ki m)2=(n¥A)gi P(S, = K)
1 P = 4 -
o A2 2! o
+)4 j = expfi 1-(k"' 1 n1)2:(n3/3)gi ! expfi }(ki n1)2:(nf%%)gj;
o HA2Vn)2 2 Y(2vin)? 2

Subject to the “niteness of the third momert, consideringthe fact that (1+ jb-2j3) . 1and
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restricting the valuesof j; for j , 0; we obtain from Bikelis and Jasjunasthecr)](emﬁ that
b ]P(S = J) I 1 epri }(J l nt )2:(n3/3)gj - O(ni 1:2).
o Y(2vn) s 2 :

This implies that the st two sumsof the above are in fact of O(ni 72):
For the last sum, we look at the telescopicseriesin the following form, noting that as
k! 1 ;thetermsincreaseuntil k = n* and then decreaseso O thereafter:

fexpli S(Li =g expli S0 )’=(n¥)g)

¥(2vn)2
. 1 . 2 2 . . 1 . 2 2
Hexpfi 5(2i nt)=Hn¥A)gi expli S(1i nt)"Xn¥)g) + ¢o¢
+ CCC+ (o) nnnnnnnnnnnn) + eee
+ C0C+ (expfi %(i + 1 nt)’=(n¥d)g expf %(i i n!)?=(n¥%)g) + ¢¢¢
+ CCC+ (o) ) + eee

v otos (expfi S(n* it YnA)gi expli (0t i 1i m)’=(n¥))g

Syt ©F1 0+ 1 R T exii (0 + 21 0t
+(expf; %(n1 + 2 nt)’=(n¥8)g; expf %(n1 + 3j nt)?=(n¥%)g) + ¢¢¢

+ COC+ (G o) 4+ ece

vooor (expfi S i M YPAGT expli o + 1i nt)’=(n%A)g) + oce

+ CCC+ (oo onnnnnniinnnndg



forO- i- ntj landnt + 1< j < 1:
Sincelimj;;  expfj %(j i n1)2=(n¥#)g = 0; the above seriessumsto

1
rfi
¥{2vn)2

g NPt | g 4 g %:n%zg

- 1 _fi @ nt2=2% L 14 g 1:2n3/4zg - O(1=p n):
Y(2Yn)?
This together with above leadsto the fact that

b3

iP(Sa= k+ 1)i P(S, = k)j = 0(1=" n):
k=0

Now, by the Lorentz criteria, we have the strong regularity of the random-walk method.
|

We will usethe above result to prove the following generalizationfor the cornvolution
summability method C de ned in sectionl.

Theorem 4 LetY;fX;;i, 1g beindependentand let fX;;i , 1g be identically distributed
aperiodic nonnegative integer-valuel random variableswith nite third moment. Let C be
the convolution summability methal. Then the following are equivalent.

(i) Var(Xy) > 0;
(i) C is strongly regular.

Proof.
We will rst shaw that (i) implies (ii).
Let fg g and fp, g be the probability weights ass@iated with random variables Y and

fXi;i, 1g: The weight of the corvolution summability method is
X« X
Cik =P(Y+S,=k) = gfP(Sy = ki j)g, whereS, = Xi:
j=0 i=1
Now,
X‘ - .
]Cn;k+1i an]
k=0
>4 .Xl—l . X< - -
= o PG =k+1ij)i  qP(S=kij)j
k=0 j=0 j=0
>4 . - .
= I gPGS=k+1ij)i qgP(S=Kij)* auaP (S =0)
k=0 j=0 j=0



giP(Sn=k+1jj)i P(Sa=kij )i+ %&+1P(Sh = 0)

k=0 j=0 k=0
X R
g JP(Si=k+1jj)i P(Sh=kij j)i+P(S=0)
j=0 k=]
P 1
as ok =1L
Changeof summationindexk j j ! k gives
>q- . .
]Cn;k+1i an]
k=0
XX
q PGS =k+1)ji P(Si=K)j+ (po)"
j=0 k=0

JP(Sh = k+ 1)i P(Sh=K)j+ (po)"
k=0

P — . o ,
as .., & = 1: As already seenin the previousproof, the st term is of O(ni ¥?); provided
that the fX;g% have Tnite third momert and positive variance, whereasthe secondterm
tendsto O: Sincewe assumedthat Var(X ) > 0; it must be that p, < 1. Hence

X‘ . -
k=0

To prove that (i) implies (i), assumethat (ii) holds and (i) fails. When Var(X,) = 0
there exists a nonnegatiwe integer m suc that P(X; = m) = 1. Hence,

Cn;j =P(Y+S,=j)=P(Y =i nm)
»%

_ 0 if j<nm
a Ginm If j, nm:
Therefore,
D D
JCnj+1i Cnyl, 941 4j6 0
i=0 i=0

P
as jlzo g =1 andqg, Ofori, O:This cortradiction givesthe result.
1

Remark 1 It shouldbenotedthat with the condition py < 1; Khan [d] provedthe regularity
of the convolution summability method. Our condition Var(X ;) > 0 implies that py < 1:
Furthermore, it follows as a result of Theoremf] that Taylor and Meyer-Kénig methods are
strongly regular.



3 Summabilit y Functions

The conceptof summability functions was introducedby Lorentz [[4l. There are many uses
of the summability functions. Summability functions, in somesensedeterminethe strength

of the regularity of the method for bounded sequencesind also may be usedto shaw that

Tauberian conditions of a certain kind cannot be improved.

De nition 4 The classU is the set of regular matrix methods A = fa,g for which
lim f maxjankjg= 0
n'l k

is ful Tled.

Every regular corvolution summability method satis es this property, so they form a

subsetof U: For,
X« X
Cn;k: qu( Xi=ki j)g
j=0 i=1
wheref C,.«g are the corvolution summability weighs under consideration. Now with * =
EX,and0< %% = Var(X,) < 1 ;

1
2Yn37

_x o e 1o .,
Chx = G [( ) expf é(kl j i nt)’=n¥g+ ol= n)];
=0

0; we have

5

P
uniformly in ki j: Since [,q =1landq, 0; 8]
. . 1
maxjCnxj = O(p=) ! " O:

The methods of the classU are characterizedby the fact that they all possessummability
functions. We now give the precisede nition of the summability function.

De nition 5 Given a matrix A = fa,«g; a nonnegatiwe sequence( n) that increasesto
1 is callelgi a summability function for A if s, ! 0 (A) holds whenewer s, = O(1) and
A(Ms) = o . se 1 -( N):Thesequencé(n;s) is sometimescalleda courting function
of the sequencd s, g:

Theorem 5 (Lorentz[[]]) The condition limyn fmax, jamnjg = 0 is necessaryas well as
suzcient for the existene of an integer-valuel function -( n) that increasesto 1 ; suchthat
every boundeal sequene x = fx,g for which the indices n.; with x,, 6 0 havea counting
function A(n;x) - -( n) is Aj summableto zer.

The following theorem gives suxcient conditions under which the existenceof summa-
bility functions can be determined.



Theorem 6 (Lorentz [[]) Let A = fa,xg be a regular matrix summability methal. If the
integer-valuel function of k; f (k); is suchthat 0< f (k) " 1 andif

s
f(K)jank i ank+1] = O(1);
k=0

then every nonngyative sequene -( n) that increasesto 1 ; -( n) = o(f (n)) is a summability
function for A:

We make useof the above theoremto show that -( k) = o(IO k) is a summability function
for the convolution summability methods generatedby a sequenceof aperiodic nonnegatie
integer-valued random variables with nite third momert. The optimality of the summa-
bility function so oBtained is also ascertained. In this connection, we shall show that all
functions-( n) = o(" n) and only thesefunctions are summability functi%ns for the methods
f CnxOnk_ 1: Lorentz [[q] shoved that all functions of the form -( n) = o(" n) and only these
functions are summability functions for the Euler method Eg with ® > 0: We usethis fact
in the proof of the following theorem.

TherearecasesvhereTheoremf doesnot give all summability functions. For anexample,
the N@lund method N,; with p, = 1=(n + 1); Theoremf givesthat -( n) = o(log(n)) are
its summability functions. Howewer, it is known that any function -( n) = O(n*) with
0< 2,! 0isasummability function for N, (p. 61, [L7]).

The following theorem provides summability functions for a corvolution summability
method.

Theorem 7 LetY;fX;;i , 1g be independentwith E(Y) = *y < 1 ;andfX;;i, 1gbe
identically distributed aperiodic nonnegative integer-valuel randomyvariableswith nite third
moment and positive variance. Then for the matrix transformation correspnding to the
regular ooryolution summability methal C = fCxg; any function 0< -(n) " 1 ofpthe form
-( n) = o( n) givesa summability function of C: Furthermore, 0 < -( n) = o(" n) with
-(n) " 1 are the only functions which are summaubility functions over the classof regular
convolution methals under considesation.

Proof.
The weight of the convolution summability method is given by
X« X
Cik =P(Y+S,=k) = gfP(S, = ki j)gwhereS, = Xi:
j=0 i=1
Now consider,
X p_ .
KiChk+1 i Cnkj
k=0
X p_ Xt X N
= ki qP(Sh=k+1ij)i qP(S=ki j)i
k=0 j=0 j=0

8



X p_ X X

= ki gP(Sh=k+1jj)i GP(Sh=ki |)+ G+1P(Sh = 0)j
k=0 j=0 j=0
R p_X X p_
k  qjP(Sh=k+1j])i P(Sn=kij j)j+ kok+1 P (Sn = 0)

k=0 j=0 k=0
X X p_ X p_

9 KiP(Sn=k+1j])i P(Si=ki j)i+t+P(S =0) KOs :
j=0 k=j k=0

Making the changeof summationindexkj j ! kinthe rst sumandk+ 1! Kk in the
secondsum, we obtain
X X p X p
= 9 k+jjP(Sn = k+1)i P(S,=Kk)j+ P(S, = 0) ki 1o
j=0 k=0 k=1

Sincethe sequencd qg hasa nite rst momert, say ! v; it follows that

X p_ X X p_ p_ .
KiChk+1 i Cnkj - g ( k+ J)PSi=k+1)j P(Sh=Kk)j+1y(po)™

k=0 j=0 k=0

Note that the last term tendsto O; sinceVar(X) > 0; which implies that py < 1:

X p_ .
KiCnk+1 i Cnkl
k=0
b3 X p_
-y PGS =k+ 1) P(Si=k)j+ KiP(Sh = k+ 1)i P(Sn = Kk)j+ o(1):
k=0 k=0

The rst sumalsotendsto 0, sinceVar(X;) > 0 is a necessaryand suzcient condition for
the strong regularity of the convolution summability method. Now what remainsis to shaw
that %

PRiP(S) = k+ 1)1 P(S, = K = O(1):
k=0
We beginwith the following.
p

K = p(ki ni)+ nt - IOjki ntj+nt . Iojki ntj+ (nt)*
. | nl :1=2 3/p_1:2+ 1\1=2.
JT/LI??J (% n) (nt)

With the assumption of the niteness of the third momert of the sequencef p;g of i.i.d.
random variables Theorem[J of Bikelis and Jasjunas[[]] gives

b3

i nt oo — iy 1 L N3N i — i 1=2y.
A+ =5p=TIP (G = 1) i sx(zl/n)%epr' >0 1 m)=(n¥)gj= O(n' ™);

j=il

9



whereS, = X1+ X, + ¢¢¢+ X,,: Then

X p_
KiP(Sh = k+ 1)i P(Sy = k)]
k=0

P KT e, = kv 1)1 P(S, = )
R R L
X X X
WMy P(S, = k+1)i P(Si=Kj=  +  sa
k=0 1 2

P
We havg,already shawn in the proof of Theoremf that , = O(1):
For ,; we will proceedas follows:

. 3/ T\1=2 N +1=2: —
OF R PRI iP(S = ke D

1 0

1 1
[ —expli =(k+ 1j nt)?=(n¥4)gj
i A2’ pf 2( i n')°=(n¥7)gj
LR ki 1 1
+3‘/Ion1:2 j—lp " j1=2; —expfi =(ki nt)?>=(n¥)gi P(S. = k)j
(% n) k=OJ P 13/(21/{])i pf 2( i nt)=(n¥)gi P(S, = k)]
X okinm 1 1
7y1=2 L P 2 i .o . 2_(n3/2
A T e (ke 1 m)=nA)g

k=0
1 .
i expli (ki n* )*=(n¥%%)g;:

Note that 3 g
1+.ki nt ., >'ki r]1'1=2fora||k Oandalln, O:
Fn TR ’ o

This shows that the rst two sumsare of order O(1) as we expected. Now we considerthe
last sum:

1 R kit 1
1=2 AN 11=2: . . 2_ 7)
(o4 ) P gpTITied ke 1 )

expli S(ki )P

Let thx = k?/'f% andlet ¢ty = thk+r | thk = yﬁ—ﬁ: The last sumis

PoPax 4 T ~

D— /p —jtn-kjl_z e AT i € 2~
2Y4 Ya n
k=0

p — 1 3 - 2 -
_ AR L aeTih s 1
= —Pﬁ thk+1 i thk Jtok) " € i € 2k
4 k=0
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3 3
— 2

p 79—_ 3 g 3

% n )4- . .1:2: i 1¢2 i % 2thk Ctak + €ty
P Ctok Jthk) “€ 2nk e i 1

2Y k=0
- 3
3 g 3 2 —

q p—)é . 1=2 A :t- ¢ty i % ¢tn;k —

= 34 n ¢ tn’k Jtn’kJ A tn‘k en’k nk e | 1
k=0 3

3 -
¢ thi i

a 73—_)4 3 '. . 3 '5)4 i thkCltaki —5— -
k=0 i=0 J!

3 .
. , . . J

d P—X : o 3 X3 Jth) + 1
Ya N ¢ th Jtn;kll_zA thik Ctpyk, ————

k=0 i =0 !
p ﬁx 3 . ) E .
% n

¢ tn;k Jtnyle_zA tn;k e1+jtn;kj

1 2:01
» p—7p:_ jtj*=2eu T A(t)dt
334 n i
— l -
- ni=4 -

This now concludesthe proof of the rst half of the theorem.

Since%® with ® > 0 are menmbersof the convolution method and asprovedin Lorentz [[]],
-( n) = o(" n) arethe only summability functions of the method E g; one cannot enlargethe
classof summability functions over the spaceof convolution methods under consideration.
This concludesthe sharpnessof the result.

|

Remark 2 The summbalbility functions for the following methods were obtained by Lorentz
[, of which -( n) = o(" n) for the Euler E, method agreeswith the above theorem.

1. For the (C;1) method; -( n) = o(n): As the methods (C;®) (® > 0) and the Abel
method A are equivalert to the (C; 1) method for bounded sequencesthey also have
the samesummability functions.

2. For the Euler E, method; -( n) = o(IO n):

Let Rn; be the weight of the random-walk method. As usual, by writing ; 3% for the
mean and variance of the sequenceof i.i.d. random variableswith nite third momert, we
obtain 3

mjaijn;jj =0 e asn! 1

as follows from

Rn;j = P(X1+ Xot i+ X = J) = expf%'(J i n1)2:n%9+ 0(1:pﬁ)

Y(2Y/n)1=2

11



uniformly in j [F]. Hence,the set of all random-walk methods with nite third momert is
contained in the classU of the matrix method. The following corollary can be easily drawn
from the above theorem.

Corollary 1 LetfX;;i, 1g be independentand identically distributed aperiodic nonnega-
tive integer-valu@ random variableswith nite third moment and positive variance. Then
for the matrix transformation correspnding to_the regular random-walkmethal, f R,,; g; any
function 0< -(n) " 1 of trbe form -( n) = o(IO n) givesthe possiblesummability functions.
Furthermore,0< -( n) = o(' n) with -( n) " 1 are the only functions which are summability
functions over the classof regular random-walkmethais.

4  Absolute Summabilit y Functions

De nition of the summability functions has beenimproved by introducing the concept of
absolute summability functions.

De nition 6 Let -( n) beanon-decreasingpositive function which tendsto +1 with n: We
sey that -( n) is an absolutesummability function of a summability matrix A = fan gnx_ o, if
any boundedsequencéf (k); k , 0g for which f (k) = 0 exceptfor asubﬁequencénog with
the courting function A(n;f) - -( n)is a,bsolutelyA-summabIe,that is, LO 1% Y% <
+1 for any sud sequencewhere¥ = LO ankf (k) forn, O:

Theorem 7 of Lorentz [[J] addressegjuestion of the existenceof absolute summability
functions.

Theorem = (Lorentz[H]) The methal of summationA geneated by the matrix A = fank gk
for which LO jagkj < +1 has absolutesur"amability functions if and only if the variation
of the kj th column V = var, a,x de ned by LO Jan+1k i ank) convegesto Ofor k! 1 :

As we will show below, a regular corvolution summability method that hasbeenconsid-
eredin the precedingsectionshasthis structure. Hence,accordingto theorem 7 of Lorentz
[@l, aregular convolution summability method under considerationhasabsolutesummability
functions. Sincethe momen generatingfunction (mgf) may exist for somereal argumerns
but not all, we simply insist that the characteristic function is to be ertire (analytic) in the
resultsto follow [[L7]. For the probabilistic relevanceof the mgf condition, see[f].

5

Theorem 9 Let Y;fX;;i , 1g be independentwith E(Y) = *y < 1 ;andfX;;i, 1gbe
identically distributed aperiodic nonnegative integer-valuel random variableswith character-
istic function is analytic. The matrix transformation correspndingto the regular convolution
summability methal C = f Cpxgnk, o hasabsolutesummability functions.

Proof.
First, we verify that

A A A
jCoki=  P(¥=k= g=1<1:
k=0 k=0 k=0

12



This meansthat the method already satis esthe condition of hypotheses.
Let S, = X1+ X+ :::+ X, and Sy = 0: We now consider,

X‘ - -
1Cns1k i Chkl
n=0
= JP(Y + Sper = K) i P(Y + Sy = K)j
n=0
. Xl—l - X( . .
= j gP(Sn=k+1jj)i GP(Sy=Kki j)ij
n=0 =0 j=0
. . - - - X‘
o JPSn=k+1ij)i P(Sh=ki )it aGaP(Sh=0)
n=0 j=0 n=0
X_ . - . - X_ n
g jPSh=k+1ij)i P(Sh=Ki )it e (po)
j=0 n=0 n=0
o
= G jPSn=k+1ij)i P(Sa=Ki )i+ Q1 —
j=0  n=0 Li po

P
The last term on the right is oc(1) asthe method is regular (po < 1;) and Lo & = 1. The
corvergenceof rst (other) sumis evidert from Theorem4 of Kesten[H]. Now, we show that

this sumis in fact o (1); wherek denotethat order notation hastakenask! 1 : For,

><< X‘ . . . .
I = g jPSh=k+1jj)i P(S=Kki )i+ o)
j=0 n=0

using the Chung-Erdes inequality cited in page 706 of Kesten [, of the form: If for some
integerk , 0;a; P(Sx = a)P(Sk+m = a+ j) > 0 holds, then for every 2 > 0 there existsa
+> 0 sud that suzciently largen;
P(Sh=1in) - (@A+2)P(Spem=in+j)+¢€ " and
P(Sn+m: |n+J) - (1+2)P(Sn: In)+ eI in:

Thus, for +; 6 &; we have |

X R , . N

q j(1+ 2)P(Shskij = 0)+ € a(n+ki ) (1+ 2)P(Spsk;j = 0)j € H(n+kj J)j + 0¢(1)
j=0 n=0

n oo R R0

q j21 | 22j (po)n i) + (e| +H(n+Kkjj) ] (e| H(n+kjj)— + Ok(l)

j=0 n=0 n=0 n=0
3 ‘ _ 3
. . i 1 )Q( +~+'j4 n-+ i O: i iN(+:+ K
121 | ZZJ(pO)k q pb] 1I po + q emax(—ly—Z)J el n | gl Hn g m|n(_1,_2) + q((l)
j=0 =0 n=0
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3

[ el

X i i 1 1
ri 20 gp’ +  geNaXan)i i

g lllin(:rl;iz)
; Po@i 1 ; i 2
i =0 1i Po i=0 1 e 1 e

This givesly = oc(1) with characteristic function of f X;;i , 1g is analytic.
|

In analogy to Theorem 9 of Lorentz [[], we prove the following generalizationfor the
corvolution summability method; which now includes Taylor and Meyer-Kénig summability
methods and many others. We will use most of the preliminary facts from Lorentz [F] and
avoid further discussionsas we proceed.

Theorem 10 A function -( n) is an absolutesummability function of the regular convolution
summability methal geneated by a sequene of Y;fX;;i , 1g of independentwith E(Y) =
1y < 1;andfX;;i, 1g of identically distributed aperiodic non negative integer-valuel
random variableswith characteristic function is analytic, if and only if

ni32(n)<+1:
n=1

Proof.

The suzxciency of the theoremis proved as follows: Let f C0gni 1 be the convolution
summability matrix correspndingto the givensequencefrandomyvariables. From Theorem
g the variation of the kj th columnis

X 3 ’
Vi = var, Chy = JChviki Chxl = ®(p0)k +0¢e X + ° Oks1
n=0
for somepositive constarts ®;, ; and ° as follows from the proof of Thegrem B. If fn.gis
a sequenceof integerswith the courting function ! (n) - -( n); we have 3:1 ki <1 by
Lemma2 (p. 247 of Lorentz [H]), and noting that e * < ko' ; we seethat

h X n s 7 0
varCnk. = ®po)“+0 & © +°qy <1:

0=1 0=

The later is the necessaryand suxcient condition for -( n) to be an absolute summability
function of the given matrix method (Theorem 6 of Lorentz [H]).

For the necessy, usingthe fact that Euler method E;; 0 < t < 1 andthe Borel method B
are menbers of the con/oluthg summablllty methods, it suxcesto proceedin the following
manner. Supposethe series 1_1 ni z-( n) be divergen. Then taking the Euler method
Ei; 0 < t < 1 or the Borel method B; we have that the seriesis corvergen for either of
thesemethods. This cortradiction concludesthe assertion.

|

Most of the discussionsand remarksappearedin [[], [B], [Fl, and [L3] now follow without
further proofs and hold for the random-walk method and all menbers of the convolution
summability method.

14
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