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Abstract

The corvolved Fibonaccinumberst(r) arede ned by (1j xj x?)i" = P i 0F(,r)lx
In this note we consider some related numbers that can be expressedin terms of
convolved Fib onaccinumbers. Thesenumbers appear in the numerical evaluation of a
constart arising in the study of the averagedensity of elemeris in a nite eld having
order congruert to a (mod d). We derive a formula expressingthese numbersin terms
of ordinary Fibonacciand Lucas numbers. The non-negativity of these numbers can
be inferred from Witt's dimension formula for frge Lie algebras.

This note is a casestudy of the transform &, (d)f ()" (with f any formal
series),which was introduced and studied in a companion paper by Moree.

1 Intro duction

Let fF gl, = f0;1;1;2;3;5;:::g be the sequenceof Fibonaccinumbersand fL,gt., =
f2;1;3;4;7,11;::: g the sequencef Lucasnumber§ It is well-known and easyto derive that
forjzj < ( 5j 1)=2,wehave (1j zj z?)' = J o Fj«1Z'. For any real number r the
convolvel Fibonaci numkers are de ned by
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The Taylor seriesin ([l) corvergesfor all z 2 C with jzj < (p 5i 1)=2. In the remainder of
this note it is assumedthat r is a positive integer. Note that

(r) X
F = I:j1+1 Fj2+1 ¢¢¢Fjr+1 ;
ji+¢egjr=m


mailto:moree@mpim-bonn.mpg.de

}gherethe sumis over all jqi;:::;)r with j; , Ofor1 .- t - r. We also have F,ﬁ{ll =
FJ+1F(rI-1)

mj j+1-
Convolved Fibonaccinumbers have beenstudied in se\eral papers, for somereferences
see,e.g., Sloane[[[]. The earliest referenceto corvolved Fibonaccinumbers the author is

aware of is in a book by Riordan [g], who proposedas an exercise(at p. 89) to shav that

ur+Ji Vi 1ﬂ“ji vﬂ.

ji v \Y;

j=0

(@)

() —
I:j +1 7
v=0

Howener, the latter idertity is falsein general(it would imply F3} = Fj.y = j forj | 2for
example). Using a result of Gould [fll, p. 699]on Humbert polynomials (with n=j, m = 2,
Xx=12,y=j1,p=jrandC = 1) it is easily inferred that (f) holds true With upper
index of summationr replacedby [j =2].

In Sectionf we give a formula expressingthe corvolved Fibonaccinumbersin terms of
Fibonacci-and Lucasnumbers. Hoggatt and Bicknell-Johnson[f], using a di®erer method,

derived such a formula for F%) . However, in this note our main interest s in numbers G{";

and HJ-(J,)1 analogousto the convolved Fibonacci numbers, which we name convoluted con-
volved Fibonacci numlers, respectively sign-twisted convolutel convolvel Fibonaci numlers.
Given a formal seriesf (z) 2 C[[z]], we de ne its Witt transform as

X A
W@ = @@= miinz; ©)
djr j =0

whereasusual! denotesthe MAbius function.
For every integerr , 1 we put

1
() — . : — .
Gy = me(j;r) with f = 1z 22
Similarly we put
HO = il
Hivi = (G D)'me(j;r) with f = 1 z; 22 (4)
On comparing () with () one seesthat
n_1 X no_ G X
6=t " (@F® ananf = (D LA DIFD: ©)
djged(rsj) djged(r;j)

In Tables1, 2 and 3 below somevaluesof corvolved, cornvoluted corvolved, respectively sign-
twisted convoluted convolved Fibonaccinumbers are provided. The purposeof this paper
is to investigate the properties of these numbers. The next section gives a motivation for
studying thesenumbers.

2 Evaluation of a constant

Let g be an integer and p a prime not dividing g. Then by ord,(g) we denotethe smallest
positive integerk such that g¢ © 1 (mod p). Let d, 1 be an integer. It can be showvn that
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the set of primes p for which ord,(g) is divisible by d hasa density and this density can be
explicitly computed. It is easyto seethat the primes p for which ord,(g) is even are the
primesthat divide someterm of the sequencd g' + 1g'_,. A related, but much lessstudied,
questionis whether given integersa and d the set of primes p for which ord,(g) © a (mod d)
hasa density. Presenly this more dizcult problem canonly be resoled under assumption
of the GeneralizedRiemannHypothesis,see,e.g.,Moree[d]. In the explicit evaluation of this
density and alsothat of its averagevalue (where one averagesover g) the following constart

appears: u A
8= | 14 PO P
. i APIPi 1)
whereA is a Dirichlet character and the product is over all primesp (seeﬂ}/loree [H). Recall

that the Dirichlet L-seriesfor AX, L(s;AX), is de'ned, for Re(s) > 1, by '_, A<(n)ni s, It
satis esthe Euler product

Y 1
L(s;A") = —!
N , Li Appi®
We similarly de'ne L(s;j A¥) = Qp(1+ A(p)pi %) 1. The Artin constart, which appearsin
many problemsinvolving the multiplicativ e order, is de ned by
vy H 1 1

A= 1
N Y

= 0:3739558136: :

The following result, which follows from Theoremp (with f(z) = | z3=(1j zj z?)) and
somecorvergenceargumens, expresseshe constart B in terms of Dirichlet L-series. Since
Dirichlet L-seriesin integer valuesare easily evaluated with very high decimal precisionthis
result allows oneto evaluate B with high decimal precision.

Theorem 1 1) We have

L2:A) ¥ ¥

BA = Aif\
"TULEHA

LG: (i Ao,

r=1j=3r+1

whee e(j;r) = Gy ..

2) We have
! r=1j=3r+1
whee f (j;r) = (i 1)1 *H 15, .
Proof. Moree [f] proved part 2, and a variation of his proof yields part 1. 2

In the next sectionit is deduced(Proposition fl) that the numbers e(j;r) appearingin the
former doubleproduct are actually positive integersand that the f (j;r) arenon-zerointegers
that satisfy sgn€ (j;r)) = (j 1)"' L. The proof makesuseof properties of the Witt transform
that wasintroducedby Moree[[f].



3 Some prop erties of the Witt transform

We recall some of the properties of the Witt transform (as de ned by (B)) and deduce
consequencefor the (sign-twisted) convoluted corvolved Fib onaccinumbers.

Theorem 2 [H]. Supmsethat f (z) 2 Z[[z]]. Then, as formal power seriesin y and z, we
have

Y ¥ _ -
1i yf(2) = (Li Zy)mon:
j=0 r=1
Moreover, the numbkers m; (j;r) are integers. If
¥ ¥ _ N
1i yf(2) = Li Zy)nom;
j=0 r=1

for somenumbers n(j;r), thenn(j;r) = m¢(j;r).

For certain choicesof f identities asabove arisein the theory of Lie algebras,see,e.g.,Kang

and Kim [[]. In this theory they go by the name of denominatlgridertities.

Theorem 3 [[. Letr 2 Z ; andf (z) 2 Z[[z]]. Write f(z) = j az.

1) We have (
W (z) + W2 (z2): if r© 2 (mod 4);

f f 1 ’

w(2); otherwise.

2) If f(2) 2 Z[[Z]], then sois W{"(z).
3) If f(z) 2 Z ol[z]], then soare W;”(z) and (i 1)’ W7 (2).
Supmwsethat f g gjlz0 is a non-decreasing sequene with a; , 1.
4) Thenm¢(j;r), land(j 1)'m,¢(j;r), 1forj B 1
5) The sequenesfm; (j;r)gl,, andf(j 1)'m; ¢ (j;r)g', are both non-decreasing.

(i YW (z) =

In Moree[[]] se\eral further properties regardingmonotonicity in both the j and r direction

are establishedthat apply to both Gj(r) and Hj(r). It turns out that slightly strongerresults
in this direction for thesesequencesan be establishedon using Theoremf{ below.

3.1 Consequences for Gj(r) and Hj(r)

Sinceclearly Fj(i)l 2 Z we infer from (f) that rGj(L)l;rHj(f,)1 2 Z. More is true, howewer:

Prop osition 1 Letj;r, 1 beintegers. Then
1) Gj(r) and Hj(r) are non-negative integers.
2) Whenj , 2 thenG"” , landH | 1.
3) We have (
e G+ G if r” 2(mod 4)andj is odd;
R = 2
: G"; otherwise.

4) The sequen(estj(r)gjlzl and f Hj(r)gjlz1 are non-decreasing.
The proof easily follows from Theorem j.



4 Convolved Fib onacci numbers reconsidered

We show that the corvolved Fibonaccinumbers can be expressedn terms of Fibonacciand
Lucas numbers.

Theorem 4 Letj , Oandr, 1. We have

u : )l

£ = r+kij 1 ri K+ji 1 L e

j+1 ) k j 5(k+r)=2
r+k” (;(_((r)nod 2)

X 1 H

r+Kki 1‘”H

k

k=0 J
r+k” 1 (mod 2)

it H ki L Foe
i B(k+rj 1)=2"

In particular, 5Fj(f)1 = (J + 1)Lj+ + 2Fj+1 and
5(]21(3)1 = 5(] + 1)(] + 2)Fj+3 + 6(] + 1)LJ+2 + 1Z:j+1:

Proof. Supposethat ® 2 Cwith ® 6 Oand®6 . Then it is not ditcult to show that
we have the following partial fraction decomposition:
1i ®)'"(1i 2)'"=
)il 1 g A ®Z)kir+’““i Al
k (® )k I - k (j ®k
where(,) = lifk = 0and(,) = t(tj 1)¢ee(tj k+ 1)=k! otherwise(with t any real number).
Using the Taylor expansion(with t a real number)

¥ Ut'ﬂ
Li 2= (i1 j Z;

j=0

(1i 24",
k=0

_ P .
weinferthat (1; ®z)' "(1; z)''= j1:0 °(j)Z, where

X 1 u . ﬂ —k I»l . ﬂ
; ir ® i k] r ;
°()= ———(i 1) . ®+
0= @Y
- @kl :
w k Cio
Notethat 1j zj z2= (1Lj ®)(1j ~2) with ®= (1+ p§)52_and_ = (1; IO5):2. On
substituting thesevaBJgsof ®and andusingthat ®; = 5 ® = 1,L,=® + "
andF, = (®j ")= 5, we nd that
X 1 noo VO | _
) _ ok i,y Kir Lk
Fjil - (1) k (i 1) ] 5(k+r)=2

k=0
r+k” 0 (mod 2)



1 V| VO
X ( 1)k ir ( 1)] k i r Fri k+j .
) | k I i ok+ri =2
r+k’ f_(?nod 2)

On noting that (i 1)*('/) = ("7 %) and (i 1) (") = (" */11 1), the proof is completed. 2

Letr , 1be xed. From the latter theoremone easily deducesthe asymptotic behaviour of
Fj(,[)l consideredas a function of j .

Prop osition 2 Letr , 2 hbe xed. Let [x] denotethe integer part of x. Let®= (1+ P 5)=2.
We have Fj(i)l = g(r)j"® + O,(j" ?®), asj tendsto innity, whewe the implicit error
term dependsat mostonr and g(r) = & 5 I=2=(r ; 1)

5 The numbers HJ+1 for xed r

In this and the next sectionwe considerthe numbersH j(i)l for xed r, respectively for xed
j . Very similar results can of coursebe obtained for the corvoluted convolved Fibonacci
numbers G'?) .

For small xed r we can use Theorem f} in combination with ([) to explicitly express
HJ(:)l in terms of Fibonacci-and Lucas numbers. In doing soit is conveniert to work with
the characteristic function A of the integers,which is de'ned by A(r) = 1if r is an integer
and A(r) = 0 otherwise. We demonstratethe procedurefor r = 2 andr = 3. By () we nd
2HP = F2 + ijlA("E) and3H%) = F F,+1A(j§). By Theoremf it then follows for
examplethat

150HI, = 5( + 1)(j + 2)Fjus + 6( + L)Ljur + 12F 41 | SUZ%HA(J:_%);

The asymptotic behaviour, for r xed andj tendingto in nit y canbe directly inferred from
(B and Proposition A

Prop osition 3 With the samenotation and assumptionsasin Proposition [ wehaveH ](1)1 =
g(n)j " ®=r+ O (" *®):

6 The numbers Hj(i)l for "xed |

In this sectionwe investigatethe numbersH j(:)l for xed j. We rst investigatethis question
for the convolved Fibonaccinumbers.
The coezcient F(il ofZ in(1j zj z%)i" is equalto the coexcient of Z in (1+ Fyz+
Faz® + ¢¢e+ Fjpg zJ)r By the multinomial theoremwe then nd
o) - X M ] 1
e ny; ¢¢¢; n,

Jk:l kng=j

Ft ¢¢¢FJ o (6)



wherethe multinomial coezcient is de ned by
H 1

r r!

myq; ¢¢C; mg B myImy! CCemgl(r j mqyj ¢C¢; myg)!

andmy, Oforl- k- s.

Example . We have

3rf+2urﬂ+43rf+3urﬂ+53r,
4 2:1 2 11
r4

F"

7,59, 3,
—r+ P+ e
4 24 4 24

This givesan explicit description of the sequencd F5 gt-,, which is sequenceA006504of
Sloane'sOEIS [[L{].

The sequencd (ml;c{mk)g,1 _o IS a polynomial sequencenherethe degreeof the polynomial

is my + ¢¢¢+ my. It follo from this and () that fF,}} g, is a polynomial sequenceof
degreemaxfn; + ¢¢¢+ n;j 1_, kn; = jg= j. The leading term of this polynomial in r is
due to the multinomial term havingny; =j andn;= Ofor2- t- j. All othertermsin (f)
are of lower degree.We thus infer that FJ(L)l ==+ Oj(r'it); r! 1. Weleaveit to the
readerto make this more preciseby ghcwlng that the coexcient of rii 1 is 3=(2(j | 2)!). If
Ni; ;N satisfy maxfng + ¢¢¢+ njj L, knj = jg=j, thenj!=(ns!:::n;!) is an mtegral
multlple of a multinomial coexcient and hencean integer. We thus |nfer that | IFJ 4 isa
monic polynomial in Z[r] of degreg . Note that the constart term of this polynomial is zero.
To sum up, we have obtained:

Theorem 5 Letj;r , 1 beintegers. Thereis a polynomial
AGir) =+ S i 1+ o062 Z[r]

with A(j;0) = 0 suchthat F,(i)l = A(;r)F!

Using this result, the following regarding the sign-twisted corvoluted corvolved Fibonacci
numbers can be established.

Theorem 6 Let A(r) = 1if r is an integer and A(r) = 0 otherwise. We have

1, ifr- 2

H (r) —
1 - .
0; otherwise,

furthermore H{"” = 1. We have
oa T ~ T
2H$) = 3+ i (i 1/7A;) and 6H = 8+ 9r + r?j 2A(3):
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Also we have

24Hér) = 42+ 59 + 182+ r3j (18+ 3r)(j 1)%'&(%) and

12CH{" = 264+ 450 + 2152+ 303 + r? 24,&(;—3):

In genernl we have

X o A(L-r X r AL
= T @ADL T g ayea) Al
djj; 2 AU LT "G =d
Letj , 3 be xed. Asr tendsto in nity we have
_(r) :rji1+ 3[']12 + O i 2y-
HJ+1 J I 2(J I 2)| OJ (r )
P
Proof. Usingthat  ,;,*(d) = 0if n> 1,it is easyto ched that
i 1) X g 1, ifr- 2;
o= { Ly 1ydii= b ,
! r, (NG 1) 0, ifr> 2.
jr
The remaining assertionscan be all derived from (), () and Theoremf. 2

7 Monotonicit y

Inspection of the tablesbelowv suggestsnonotonicity properties of Fj(r); Gj(r) and Hj(r) to hold
true.

Prop osition 4
1) Letj , 2 Theanj(r)grlz1 is a strictly increasing sejuene.
2) Letr , 2 Theanj(r)gjlz1 is a strictly increasing sequene.

The proof of this is easy For the proof of part 2 one can make use of the following simple
obsenation.

Lemma 1 Letf(z) = P j a(j)Z 2 RJ[z]] be a formal series. Then f (z) is said to have
k-nondecreasing coexcients if a(k) > Oanda(k) - a(k+ 1) - ak+ 2)< :::. If a(k) > 0
anda(k) < alk+ 1)< a(k+ 2) < :::, thenf is said to havek-increasing coetcients.

If f;g are k-increasing, respectively I-nondecreasing, thenf g is (k + I)-increasing.

If f is k-increasingand glj,s I-nondecreasing, then f + g is max(k; l)-increasing.

If f is k-increasing,then ; , b(j)f! with b(j), 0and (1) > Ois k-increasing.

We concludethis paper by establishingthe following result:



Theorem 7

1) Letj , 4. Then ij(r)g}:l is a strictly increasing sequene.

2) Letr , 1. Then ij(r)gjlz2 is a strictly increasing segquene.

3) Letj , 4 Theanj(')grl=1 is a strictly increasing sequene.

4) Letr , 1. Theanj(r)gjlz2 is a strictly increasing sequene.

The proof restson expressinghe entries of the above sequences terms of certain quartities

occurring in the theory of free Lie algebrasand circular words (Theoremf) and then invoke
results on the monotonicity of thesequartities to establishthe result.

7.1 Circular words and Witt's dimension form ula

We will make use of an easyresult on cyclic words. A word a; ¢¢¢a,, is called circular or
cyclicif a; is regardedasfollowing a,, wherea;a, ¢¢ta,, a, ¢¢ta,a; and all other cyclic shifts
(rotations) of a;a, ¢¢¢a, are regardedasthe sameword. A circular word of length n may
conceiably be given by repeating a segmen of d letters n=d times, with d a divisor of n.
Then one says the word is of period d. Each word belongsto an unique smallestperiod: the
minimal period.

total number of ordinary words suc that x; occursn; times equals

nt
n.! ¢een, !’

n; + ¢¢¢+ n, = n and minimal period n sud that the letter x; appearsexactly n; times.
This leadsto the formula

n! —_ X n (nl. n2 ..... nr . (7)
n.leeen, ! d ‘d'd""d”
djged(ng;:ne)
whenceit follows by MAbius inversionthat
1 X Y
..... - 1
M (n11 L) nr) - n ' (d) nl ! ¢¢¢nl’ | (8)
djged(ng;:ne)
Note that M (ny;:::;n;) is totally symmetric in the variablesnq;:::;n;. The numbers

..... G X AN L
Va(ng;ziing) = 2= NG D) e
djged(ny;:ng) d

AE



superalgebras),see,e.g., Petrogradsky [H].
The numbersM and V; enjoy certain monotonicity properties.

increasingif ny + ¢¢¢+ n, , 3.

Using ([]) one infers (on taking the logarithm of either side and expandingit as a formal

series)that
Y

1i z1j ©0Ci z = (1i zg* eeez )M (naieemo, (9)
ny;:ne=0
where(nq;:::;n;) = (0;:::;0) is excludedin the product. From the latter identity it follows
that
1+z1i 2z ¢ z =
M . 2 rTIM(nlm:nn
! (1 zq* eeezy )M (nusne) Y Li Zl:l il :
nq;sn r=0 nq;n r=0 1| Z]_l ¢¢¢Zpr
2jny 2-nq
whence,by Lemmalfj,
\Z . NAN/. [, eeee
1+ 21§ zoi ¢¢¢ z = (1§ z]* ¢egznr ) D Valnaine., (10)
ng;:ne =0
Theorem 8 Letr, l1andj , 0. We have
e e
G = Mk 20 andHb = Vi(rik;j i 2):
k=0 k=0

Proof. By Theorem[] and the de nition of Gj(r) we infer that
¥ ¥ _ :
Y= @i 2y
j=0r=1

1f —
I1iziz2

The left hand side of the latter equality equals(1j zj z?; y)=(1j zi z?). On invoking
(B) with z; = z, z, = z? and z; = y the claim regarding Gj(r) follows from the uniqueness

assertionin Theoremf].
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The proof of the identity for Hj(i)l is similar, but makesuse of identity ([L0) instead of

0. 2

Proof of Theorem[]. 1) Forj , 5 k+j i 2k, ji [[=2]. 3andhenceeadt of the terms
M(r;k;j i 2k) with O k- [j =2]is strictly increasingin r by Lemmaf}. For3- j - 4, by
Lemmaf again, all terms M (r;k;j i 2k) with 0- k - [j=2] are non-decreasingn r and at
least one of them is strictly increasing. The result now follow by Theoremp.

2) In the proof of part 1 replacethe letter ‘M ' by V.

3) Forr = 1 we have G = Fj.; and the result is obvious. For r = 2 ead of the terms
M (r;k;j i 2k) with O- k - [j=2]is non-decreasingn j. Forj , 2 oneof theseis strictly
increasing. Sincein addition G < G{ the result follows for r = 2. Forr , 3 ead of the
terms M (r;k;j i 2k) with O - k - [j=2]is strictly increasingin j. The result now follows
by Theorem§.

4) In the proof of part 3 replacethe letter ‘G' by 'H and ‘M ' by "V;". 2
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8 Tables

Table 1: Convolved Fibonaccinumberst(r)

rnj [1]/2[3]4]5[6] 7 | 8] 9 | 10 [ 11 |
1 |1/1]2|3]| 5 8 13 21 34 55 89
2 11/2]5|10] 20| 38| 71 | 130 | 235 | 420 | 744
3 [1]3|9 (22| 51 |111| 233 | 474 | 942 | 1836 | 3522
4 |1|4]|14]40]|105|256| 594 | 1324| 2860| 6020 | 12402
5 |[1]5]20|65|190| 511 | 1295| 3130| 7285| 16435| 36122

Table 2: Convoluted convolved Fibonaccinumbers Gj(')

456 7] 8] 9 [ 10 11 |
3]/ 58] 13 ] 21 ] 34 | 55 | 89
5
7

9 | 19| 34 65 115 | 210 368

17 | 37 | 77 | 158 | 314 | 611 1174
10| 25| 64 | 146 | 331 | 710 | 1505 | 3091

38 | 102 | 259 | 626 | 1457 | 3287 | 7224
16| 51 | 154| 418 | 1098| 2726 | 6570 | 15308
20| 70 | 222| 654 | 1817| 4815 | 12265| 30217
24| 89 | 309| 967 | 2871| 8043 | 21659| 56123
28 | 115| 418 | 1396| 4367 | 12925| 36542 99385
33| 141 | 552 | 1946| 6435| 20001| 59345| 168760

-
oo~ o M w| N k|| o

olo|o|o|o|lo|o|o|o| ||+

R R R R PR R R RN

OO U1 U1 | | W W NN W
R

=
o

Table 3: Signtwisted corvoluted convolved Fibonaccinumbers Hj(”

rnj |1]/2]3]4] 5|6 7 | 8] 9 | 10 | 11 |
1 [1]1]2]3] 5] 8 13 ] 21 34 55 89

5] 11 19| 37 | 65 | 120 | 210 376

711737 77 | 1568 314 | 611 | 1174
10| 25 | 64 | 146 | 331 | 710 | 1505 | 3091
13| 38 [ 102| 259 | 626 | 1457 | 3287 | 7224
16| 54 | 154| 425 | 1098| 2743 | 6570 | 15345
20| 70 | 222 654 | 1817| 4815 | 12265| 30217
24| 89 [ 309| 967 | 2871| 8043 | 21659| 56123
28| 115 418 1396 4367| 12925| 36542 99385
33| 145] 552 | 1959| 6435| 20039| 59345| 168862

OO N[O U W N

o|o|o|o|lo|o|o|o| -
e e e e e e
No oo b~ www

=
o
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