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Abstract

We study the construction of closed meandersand systemsof closed me-
anders, using Motzkin words with four letters. These words are generatedby
applying binary operation on the set of Dyck words. The procedure is based
on the various kinds of intersection of the meandric curve with the horizontal
line.

1 In tro duction

Among various e®ortsto study and to generatemeanders,Jensen[4] has used se-
quencesrelated to the intervals betweenthe crossingpoints along the horizontal line,
Franz and Earnshaw [3] have usednoncrossingpartitions, whereasthe authors [8] as
well as Barraud et al. [1] have usedplanar permutations which follow the meandric
curve.

This paper refers to the study and construction of closedmeandersand systems
of closedmeanders,using Motzkin words.

The following de¯nitions and notation refer to notions that are necessaryfor the
development of the paper.
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A word u 2 f a; ¹ag¤ is called a Dyck word if juja = juj ¹a and for every factorization
u = pq we have jpja ¸ jpj ¹a where juja, jpja (resp. juj ¹a, jpj ¹a) denote the number of
occurrencesof a (resp. ¹a) in the words u,p.

A word w 2 f a; ¹a;x; yg¤ is called a Motzkin word if jwja = jwj ¹a and for every
factorization w = pq we have jpja ¸ jpj ¹a, or equivalently if the word obtained by
deleting every occurenceof x; y from w is a Dyck word of f a; ¹ag¤.

Let D2n denotethe set of all Dyck words of length 2n. It is well known that the
cardinality of D2n equalsto the Catalan number Cn = 1

n+1

¡ 2n
n

¢
(A000108); Panay-

otopoulosand Sapounakis [6] have presented a construction of D2n .
Let u = u1u2 ¢¢¢u2n with u 2 D2n . Two indicesi; j such that i < j , ui = a;uj = ¹a

arecalledconjugateswith respect to u if j is the smallestelement of f i+ 1; i+ 2; : : : ; 2ng
for which the subword ui ui +1 ¢¢¢uj is a Dyck word.

There exists a bijection between D2n and N2n , since for each u 2 D2n we can
determine its corresponding nestedset Su 2 N2n as follows : f i; j g 2 Su if and only
if i; j are conjugateindiceswith respect to u.

For example, the nestedset ff 1; 6g; f 2; 5g; f 3; 4g; f 7; 8g; f 9; 10gg corresponds to
the Dyck word u = a a a ¹a ¹a ¹a a ¹a a ¹a.

We also recall that if we denoteby dom S all the elements of N ¤ that belong to
somepair of a nestedset of pairs S, we say that two nestedset S1; S2 are matching
if dom S1 = dom S2 and dom A = dom B, A µ S1, B µ S2 imply that either
A = B = ; or dom A = dom S1.

Furthermore, we call B µ dom S complete if for every a 2 B with f a;bg 2 S, we
have b 2 B. We write S=B = ff a;bg 2 S : a 2 Bg. For every two nestedsetsS1; S2

with dom S1 = dom S2 that are not matching, there existsa partition B1; B2; : : : ; Bk

of dom S1 with B i complete,such that the setsS1=Bi ; S2=Bi , i 2 [k] are matching;
we then call S1; S2 k-matching [7].

Geometrically, if we draw two matching nested sets, one above and the other
underneath the horizontal axis, they form a simple, closedcurve, whereastwo k-
matching nestedsetscreatek such curves;(seeFigures1 and 2).

In section 2 we de¯ne the m-Motzkin words. To each such word corresponds a
pair of nestedsetswhich are either matching or k-matching. The set of m-Motzkin
words is partitioned into classesof either two or four elements.

In section3 we prove that there exists a bijection betweenthe set of closedme-
andersand the set of m-Motzkin words which correspond to matching nestedsets.
Using this bijection, we can generateclosedmeandersfrom m-Motzkin words.

In section4 we extend the above results to systemsof meandersand we present a
recursive generationof thesesystems.
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2 m-Motzkin words

For every pair u = u1u2 ¢¢¢u2n , u0 = u0
1u0

2 ¢¢¢u0
2n of elements of D2n , we de¯ne u±u0

to be the word w = w1w2 ¢¢¢w2n , with

wi =

8
>><

>>:

a; if ui = u0
i = a;

¹a; if ui = u0
i = ¹a;

b; if ui = a, u0
i = ¹a;

¹b; if ui = ¹a, u0
i = a.

For example, from u = a a a ¹a ¹a ¹a a ¹a a ¹a and u0 = a ¹a a a ¹a a ¹a a ¹a ¹a we
obtain u±u0 = a b a ¹b ¹a ¹b b ¹b b ¹a.

We write cW2n = f w : w = u±u0; u; u0 2 D2ng.

Prop osition 2.1 If w 2 cW2n thenw is a Motzkin word of f a; ¹a; b;¹bg¤, with jwjb = jwj¹b.

Proof : Let I 1 = f i 2 [2n] : ui = u0
i = ag, I 2 = f i 2 [2n] : ui = a;u0

i = ¹ag,
I 3 = f i 2 [2n] : ui = ¹a; u0

i = ag, I 4 = f i 2 [2n] : ui = u0
i = ¹ag.

Given that u; u0 2 D2n we have that: jI 1j + jI 2j = jI 3j + jI 4j and jI 1j + jI 3j = jI 2j + jI 4j;
so we get jI 3j = jI 2j and jI 1j = jI 4j, i.e. jwjb = jwj¹b and jwja = jwj ¹a.

Let now z be the word that we obtain by deleting every occurrenceof b;¹b in w.
Obviously jzja = jwja = jwj ¹a = jzj ¹a. In order to show that z is a Dyck word,

we must also have jsja ¸ jsj ¹a, for every factorization z = st. This is true, since if
jsja < jsj ¹a, for somesuch factorization, then for at least one of the words u; u0 we
would havea factorization pqwith jpja < jpj ¹a, contradicting the assumptionthat both
u and u0 are Dyck words. ¤

We call the elements of cW2n meandric Motzkin words (or m-Motzkin words) of
length 2n.

Let now w = w1w2 ¢¢¢w2n , with w 2 cW2n . From w we obtain two words r =
r1r2 ¢¢¢r2n , r 0 = r 0

1r 0
2 ¢¢¢r 0

2n of f a; ¹ag¤, with

r i =
½

a; if wi = a or b;
¹a; if wi = ¹a or ¹b,

r 0
i =

½
a; if wi = a or ¹b;
¹a; if wi = ¹a or b.

We call r and r 0 relatives of w.
Practically, in order to obtain r we changeeach occurrenceof b;¹b of w into a; ¹a

respectively, whereasin order to obtain r 0 we changeb;¹b into ¹a; a respectively.

Prop osition 2.2 Let w 2 cW2n with w = u±u0, u; u0 2 D2n and let r ; r 0 be its rela-
tives. Then r = u and r 0 = u0.
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Proof : Let wi = a (resp. ¹a). Then r i = a = ui and r 0
i = a = u0

i (resp. r i = ¹a = ui

and r 0
i = ¹a = u0

i ). Let now wi = b (resp. ¹b). Then r i = a = ui and r 0
i = ¹a = u0

i (resp.
r i = ¹a = ui and r 0

i = a = u0
i ).

So, we realize that in every casethe elements of r and u as well as the elements
of r 0 and u0 coincide,giving the required result. ¤

From the bijection betweenthe setsD2n £ D2n and cW2n that we have established,
we obviously get the following relation :

j cW2n j = (Cn )2 .

Notice that from the word u±u0 we immediately obtain the word u0±u, by inter-
changingthe letters band ¹b. So,in order to generatethe set cW2n it is actually enough
to construct half of its elements.

So,by the aboveprocedurewealsocreatefor each w 2 cW2n two nestedsetsSw ; S0
w

on [2n] corresponding to the words r; r 0 2 D2n .
We denotewith W2n (resp W k

2n ) the set of al the words w 2 cW2n for which Sw ; S0
w

are matching (resp. k-matching).
For example,the word w = a b a ¹b ¹a ¹b b ¹b b ¹a is an m-Motzkin word, for which

we have r = a a a ¹a ¹a ¹a a ¹a a ¹a and r 0 = a ¹a a a ¹a a ¹a a ¹a ¹a.
The corresponding nested sets Sw = ff 1; 6g; f 2; 5g; f 3; 4g; f 7; 8g; f 9; 10gg and

S0
w = ff 1; 2g;f 3; 10g; f 4; 5g; f 6; 7g; f 8; 9gg are matching.

Similarly, the word w = a a b ¹b ¹a ¹b a ¹a b ¹a is a m-Motzkin word, for which we
have r = a a a ¹a ¹a ¹a a ¹a a ¹a and r 0 = a a ¹a a ¹a a a ¹a ¹a ¹a. The corresponding nested
sets

Sw = ff 1; 6g; f 2; 5g; f 3; 4g; f 7; 8g; f 9; 10gg

and
S0

w = ff 1; 10g; f 2; 3g; f 4; 5g; f 6; 9g; f 7; 8gg

are 3-matching, with B1 = f 1; 6; 9; 10g, B2 = f 2; 3; 4; 5g and B3 = f 7; 8g, thus
determining the matching nestedsets:
Sw=B1 = ff 1; 6g; f 9; 10gg, Sw=B2 = ff 2; 5g; f 3; 4gg, Sw=B3 = ff 7; 8gg
S0

w=B1 = ff 1; 10g; f 6; 9gg, S0
w=B2 = ff 2; 3g; f 4; 5gg, S0

w=B3 = ff 7; 8gg.
It is easyto obtain the following result.

Prop osition 2.3 If w 2 W k
2n then there exist k subwords wj 2 W2sj , j = 1; 2; : : : ; k

with s1 + s2 + ¢¢¢+ sk = n which can be recognized in w.

For example, in the word w = a a b ¹b ¹a ¹b a ¹a b ¹a 2 W 3
10, we recognizethe

subwords w1 = w1w6w9w10 = a ¹b b ¹a 2 W4, w2 = w2w3w4w5 = a b ¹b ¹a 2 W4 and
w3 = w7w8 = a ¹a 2 W2.
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We continue by introducing three internal operations in the set cW2n :
For w 2 cW2n , we de¯ne the words w \, w¡ and w+ as follows:

w \
i = ¹w2n+1 ¡ i (where ¹¹wj = wj )

w¡
i =

8
<

:

wi ; if wi 2 f a; ¹ag;
b; if wi = ¹b;
¹b; if wi = b,

w+
i =

8
<

:

¹a; if w2n+1 ¡ i = a;
a; if w2n+1 ¡ i = ¹a;
w2n+1 ¡ i ; if w2n+1 ¡ i 2 f b;¹bg,

for every i 2 [2n]. Wemay call theseoperationsmirr or, overturn and mirr or-overturn
respectively.

For example,if w = a b a ¹b ¹a ¹b b ¹b b ¹a then w \ = a ¹b b ¹b b a b ¹a ¹b ¹a, w¡ =
a ¹b a b ¹a b ¹b b ¹b ¹a and w+ = a b ¹b b ¹b a ¹b ¹a b ¹a.

It is obvious that for any w 2 cW2n , the words w \, w¡ and w+ alsobelongto cW2n .
We have that w \ = w (resp. w+ = w) i® w+ = w¡ (resp. w¡ = w \) as well as that
w¡ 6= w and w+ 6= w \. We thus obtain the following result.

Prop osition 2.4 The set cW2n can be partitioned into classesof either two or four
elements.

Let A2n = f w 2 cW2n : w2 = a;w2n¡ 1 = ¹ag and B2n = f w 2 cW2n : w2 = ¹bg. By
the previousproperties of w \, w¡ and w+ we have the following proposition.

Prop osition 2.5 i) If w 2 A2n , then w \; w¡ ; w+ 2 A2n .
ii) If w =2 A2n , then at least one of the words w, w \; w¡ ; w+ belongsto B2n .

From the previous results it is clear that in order to construct cW2n it is enough
to have A2n and B2n . In order now to generateeach element w = u � u0 of A2n (resp.
B2n ), it is enoughto consideronly the words u = u1u2 ¢¢¢u2n , u0 = u0

1u0
2 ¢¢¢u0

2n of
D2n with u2 = u0

2 = a and u2n¡ 1 = u0
2n¡ 1 = ¹a (resp. u2 = ¹a, u0

2 = a).

3 Meanders

We recall that a closed meander of order n is a closedselfavoiding curve, crossingan
in¯nite horizontal line 2n times (A005315).

Let M 2n be the set of all closedmeandersof order n.
As opposedto previouspapers [1], [8], the study of meanderswill follow herethe

order of the crossingsof the horizontal line rather than the meandriccurve itself.
It is clear that if ¹ 2 M 2n , the lines above (resp. underneath) the horizontal line

uniquely de¯ne a nestedset U¹ (resp. L ¹ ) on [2n] with U¹ , L ¹ being matching and
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Figure 1: A closedmeanderof order 5

converselytwo matching nestedsetsU¹ and L ¹ uniquely de¯ne the meander¹ . This
allows us to actually identify a meander¹ 2 M 2n to a pair (U¹ ,L ¹ ) of nestedsetsof
[2n].

For example,for the closedmeander¹ of Figure 1 we have:
U¹ = ff 1; 6g; f 2; 5g; f 3; 4g; f 7; 8g; f 9; 10gg,
L ¹ = ff 1; 2g; f 3; 10g; f 4; 5g; f 6; 7g; f 8; 9gg.

To each meanderof M 2n correspondsa uniqueword of W2n . Intuitiv ely, this corre-
spondencebecomesobvious whenwe assignthe letters a; ¹a;b;¹b to the variouskinds of
intersectionopening, closing, proceeding upwards, proceeding downwards respectively,
occurring along the horizontal line.

So, the word w = a b a ¹b ¹a ¹b b ¹b b ¹a corresponds to the closedmeander of
Figure 1.

In order to develop formally theseideaswe needthe following result, obtained by
consideringall the possibleorderingsfor the elements i; j ; h of the pairs f i; j g 2 U¹

and f i; hg 2 L ¹ .
To every ¹ 2 M 2n correspondsa unique word w 2 W2n , with

wi =

8
>><

>>:

a; if i < j ; h;
¹a; if h; j < i ;
b; if h < i < j ;
¹b; if j < i < h,

wheref i; j g 2 U¹ , f i; hg 2 L ¹ .
So, from the nestedsetsU¹ ; L ¹ of the previousexamplewe createagain the word

w = a b a ¹b ¹a ¹b b ¹b b ¹a.
Conversely, to every word w 2 W2n with Sw ; S0

w matching, corresponds a unique
meander¹ 2 M 2n with U¹ = Sw , L ¹ = S0

w .
From the above, we have the following result.

Prop osition 3.1 There existsa bijection between the setsM 2n and W2n .
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In order to determineU¹ and L ¹ (and henceconstruct the meander¹ 2 M 2n ) we
usethe notion of conjugate indices of a Dyck word. So, given a word w 2 W2n , we
createits relativesr; r 0 and we ¯nd the conjugateindicesof theseDyck words, which
indicate the pairs of U¹ and L ¹ respectively.

We recall that a pair f a;bg of a nestedset S is called short pair if there is no
c 2 dom S with either a < c < b or b< c < a, [7]. We have the following result.

Prop osition 3.2 Each digram a¹a; a¹b; b¹a;b¹b (resp. a¹a; ab;¹b¹a; ¹bb) of a word w 2 W2n

corresponds to a short pair of U¹ (resp. L ¹ ) in the associated meander ¹ .

So, we can also determine the meander¹ 2 M 2n by repetitiv ely contracting the
given word w 2 W2n , using each time propositions 3.1 and 3.2.

So for w = a b a ¹b ¹a ¹b b ¹b b ¹a, we have:

w = a b a ¹b ¹a ¹b b ¹b b ¹a

1 2 3 4 5 6 7 8 9 10

a b ¹a ¹b

1 2 5 6

a ¹b

1 6
giving U¹ = ff 1; 6g; f 2; 5g; f 3; 4g; f 7; 8g; f 9; 10gg.

Similarly, we have

w = a b a ¹b ¹a ¹b b ¹b b ¹a

1 2 3 4 5 6 7 8 9 10

a ¹a

3 10
giving L ¹ = ff 1; 2g; f 3; 10g; f 4; 5g; f 6; 7g; f 8; 9gg.

We thus ¯nally get the meander¹ of Figure 1 again.

Let ¹ 2 M 2n and w 2 W2n its corresponding word. If we draw the meanders¹ \,
¹ ¡ , ¹ + that correspond to the words w \, w¡ , w+ we realizethat the above operations
de¯ne meanderssymmetric to the meander¹ that correspondsto w, with respect to
a vertical axis, to the horizontal line and to their intersection respectively.

It is easyto check that:
f i; j g 2 U¹ \ i® f 2n + 1 ¡ i; 2n + 1 ¡ j g 2 U¹ ,
f i; j g 2 L ¹ \, i® f 2n + 1 ¡ i; 2n + 1 ¡ j g 2 L ¹ ,
U¹ ¡ = L ¹ , L ¹ ¡ = U¹ ,
U¹ + = L ¹ \, L ¹ + = U¹ \.

Hence,accordingto Proposition 2.4 we have the following result.
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Prop osition 3.3 The set M 2n can be partitioned into classesof either two or four
elements.

4 Systems of meanders

We canextend the de¯nition of closedmeandersto systemsof closed meanderswith k
components(or k-meanders) by allowing con¯gurations with k disconnectedmeanders
[5]. We will denotethe set of all k-meandersof order n with M k

2n ; k 2 f 2; 3; : : : ; ng.

Figure 2: A 3-meanderof order 5

Obviously, like in the caseof meanders,a k-meanderº alsodeterminesthe corre-
sponding nestedsetsUº , L º that are now k-matching.

For example,for the 3-meanderº of Figure 2 we have:
Uº = ff 1; 6g; f 2; 5g; f 3; 4g; f 7; 8g; f 9; 10gg
L º = ff 1; 10g; f 2; 3g; f 4; 5g; f 6; 9g; f 7; 8gg.

We can still assignthe letters a; ¹a;b;¹b to the various kinds of intersection, thus
creating the corresponding word of W k

2n .
So,the word w = a a b ¹b ¹a ¹b a ¹a b ¹a correspondsto the 3-meanderof Figure 2.
It is easy to check that if we refer to meandersof M k

2n instead of M 2n , to W k
2n

instead of W2n and to k-matching instead of matching nested sets, we can apply
propositions 3.1, 3.2 and 3.3 to k-meanders.

So,similarly to proposition 3.1, there existsa bijection betweenthe setsM k
2n and

W k
2n , i.e., to every º 2 M k

2n corresponds a unique word w 2 W k
2n obtained by the

formula for wi .
Conversely, to every w 2 W k

2n with Sw ; S0
w k-matching, corresponds a unique

systemof meandersº 2 M k
2n with Uº = Sw , L º = S0

w .
P. Di Francescoet al. [2] have given formulae for the cardinality of M k

2n , for
k = n ¡ 3; n ¡ 2; n ¡ 1, whereasfor k = n we have jM n

2n j = C2n , given that W n
2n = D2n .

Similarly to proposition 3.2, we can now determine the systemof meandersº 2
M k

2n from the word w 2 W k
2n .
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Let now S be a member of the set N2n of the nested sets of pairs on [2n]; let
f a;dg; f b;cg 2 S with a < b < c < d and such that for every f e;f g 2 S with
e < b < f we have e · a; then f a;dg (resp. f b;cg) is called father (resp. child) of
f b;cg (resp. f a;dg). We call two elements f i; j g; f k; lg of S brothers if the have the
samefather, or if they have no father.

We de¯ne two operations in N2n as follows:
If f b;cg and its father f a;dg belongto S 2 N2n with a < b< c < d, then ¾(S; a;b)

is the set obtained if we replacethe pairs f a;dg and f b;cg with the pairs f a;bg and
f c;dg. It is obvious that ¾(S; a;b) 2 N2n and that f a;bg and f c;dg are brothers in
¾(S; a;b).

If f a;bg; f c;dg are brothers in S 2 N2n , with a < b < c < d, then ¿(S; a;c) is the
set obtained if we replacethe pairs f a;bg and f c;dg with the pair f a;dg and f b;cg.
It is obvious that ¿(S; a;c) 2 N2n and that f a;dg is the father of f b;cg in ¿(S; a;c).

The above de¯nitions imply that if f a;dg is the father of f b;cg in the set S 2 N2n ,
then ¿(¾(S; a;b); a;c) = S, whereasif f a;bg; f c;dg are brothers, then

¾(¿(S; a;c); a;b) = S:

We alsohave the following result.

Prop osition 4.1 Let º 2 M k
2n . If the father f a;dg and the child f b;cg (resp. the

brothers f a;bg; f c;dg) of Uº belong to the same component of º then the set U =
¾(Uº ; a;b) (resp. U = ¿(Uº ; a;c)) and L º are (k + 1)-matching, thus de¯ning a
meander» 2 M k+1

2n , whereas if they belongto di®erent componentsof º , then » belongs
to M k¡ 1

2n .

It is obvious that the above result still holds if we interchangeL with U.

Proposition 4.1 is important sinceit enablesus to recursively construct the sets
M k

2n ; k = j + 1; j + 2; : : : ; n if the set M j
2n is known for somej 2 [n ¡ 1].

For example,if ¹ 2 M 10 is the meanderof Figure 1, we have that the setsUº = U¹

and L º = ¿(L ¹ ; 6; 8) = ff 1; 2g; f 3; 10g; f 4; 5g; f 6; 9g; f 7; 8gg determine a meander
º 2 M 2

10; a secondapplication of proposition 4.1 givesU» = Uº and

L» = ¿(L º ; 1; 3) = ff 1; 10g; f 2; 3g; f 4; 5g; f 6; 9g; f 7; 8gg

which determinethe meander» 2 M 3
10 of Figure 2.
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