(X2, Journal of Integer Sequences, Vol. 7 (200:
% g Article 04.1.2
(1)

Meanders and Motzkin Words

A. Panayotopoulosand P. Tsikouras
Deptartment of Informatics
University of Pireaus
Karaoli & Dimitriou 80
18534Pireaus
Greece

. —
BT i.II: 55@ “.I ".|:_| ]

Abstract

We study the construction of closed meandersand systemsof closed me-
anders, using Motzkin words with four letters. These words are generatedby
applying binary operation on the set of Dyck words. The procedureis based
on the various kinds of intersection of the meandric curve with the horizontal
line.

1 Intro duction

Among various e®ortsto study and to generatemeanders,Jensen(f]] has used se-
guencegelated to the intervals betweenthe crossingpoints alongthe horizortal line,
Franz and Earnshaw [[J] have usednoncrossingpartitions, whereasthe authors [f] as
well as Barraud et al. [fl] have usedplanar permutations which follow the meandric
curve.

This paper refersto the study and construction of closedmeandersand systems
of closedmeanders,using Motzkin words.

The following de nitions and notation refer to notions that are necessaryor the
dewelopmern of the paper.
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A word u 2 fa;ag” is calleda Dyck word if juj, = jujy and for every factorization
u = pgwe have jpja ., jpja Wherejuja, jpja (resp. juja, jpja) denotethe number of
occurrencesof a (resp. &) in the words u,p.

A word w 2 fa;&;x;yg" is called a Motzkin word if jwj, = jwj, and for every
factorization w = pg we have jpja , jpja, Or equivalertly if the word obtained by
deleting every occurenceof x; y from w is a Dyck word of f a; &ag°.

Let D,, denotethe set of all Dyck words of length 2n. Iti isqueII known that the
cardinality of D2, equalsto the Catalan number C, = —- 2n” (ROO0OTO0Y; Panay-
otopoulosand Sapounakis [{] have presetied a construction of D,.

Let u = uyu; ¢¢CUy, with u 2 Dy,. Twoindicesi;j sudthat i < j,u; = a;u; = &

for which the subword u;u;., ¢¢¢u; is a Dyck word.

There exists a bijection betweenD,, and N,,, sincefor eath u 2 D,, we can
determineits correspnding nestedset S, 2 N,, asfollows: fi;jg2 S, if and only
if i; ) are conjugateindiceswith respectto u.

For example, the nestedset ff 1;6g;f2;5g;f3;4g;f7;8g;f9;10gg correspnds to
theDyck wordu=aaaadabaataa

We alsorecall that if we denoteby dom S all the elemens of N © that belongto
somepair of a nestedset of pairs S, we say that two nestedset S;; S, are matching
if domS; = dom S, anddom A = domB, A p S, B u S, imply that either
A=B =:; ordomA = dom§S;.

Furthermore, we call B p dom S completeif for every a2 B with fa;bg2 S, we
haveb2 B. We write S=B = ff a;bg2 S: a2 Bg. For every two nestedsetsS;; S,

of dom S; with B; complete, sud that the setsS,=B;; S,=B;, i 2 [k] are matching;
we then call S;; S, k-matching [[]].

Geometrically, if we draw two matching nested sets, one above and the other
underneath the horizontal axis, they form a simple, closedcurve, whereastwo k-
matching nestedsetscreatek suc curves;(seeFiguresfl] and [i).

In section] we de ne the m-Motzkin words. To eath suc word correspnds a
pair of nestedsetswhich are either matching or k-matching. The set of m-Motzkin
words is partitioned into classesof either two or four elemerts.

In sectionf we prove that there exists a bijection betweenthe set of closedme-
andersand the set of m-Motzkin words which correspnd to matching nestedsets.
Using this bijection, we can generateclosedmeandersfrom m-Motzkin words.

In section] we extend the above resultsto systemsof meandersand we presert a
recursive generationof thesesystems.
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2 m-Motzkin words

For every pair u = uju, ¢¢u,,, u®= ulul ¢eeud, of elemerts of Dy,, we de ne u+u®
to be the word w = wyw, ¢¢<w\/2n, with

a; if u=u=a

W= & if u=u=g
! B b; if U =4a u O=a
b, if u=a uP:a

For example,fromu = aaaadabaababandu’= ahaababadawe
obtainutui®’=abababbbba
We write Wy, = fw:w= u+u® u;u’2 Dy,Q.

Prop osition 2.1 If w 2 W, thenw is a Motzkin word of f a; &; b;bg", with jwj, = Jwjy,.

Proof : LetI;=fi2[2n]:u; = u’= ag, |, =fi 2 [2n]:u; = a;u’= &g,
ls=fi2[2n]:u;= &ul=ag, I,=fi 2 [2n]:u; = u?= &g.
Giventhat u;u®2 Dy, we havethat: jl1j+ jloj = jlaj+ jlaj andjlj+ jlaj = jloj+ jlaij;
sowe getjlsj = jloj and jlqj = jl4j, i.e. jwjp = jwjp and jwja = jwja.
Let now z be the word that we obtain by deleting every occurrenceof b;bin w.
Obviously jzj, = jwja = jWja = jzja. In order to show that z is a Dyck word,
we must also have jsj, , jSja, for ewvery factorization z = st. This is true, sinceif
jSia < jsja, for somesud factorization, then for at least one of the words u; u® we
would have a factorization pgwith jpja < jpja, contradicting the assumptionthat both
u and u® are Dyck words. o

We call the elemens of W,, meandric Motzkin words (or m-Motzkin words) of
length 2n.
Let now w = w1w2 ¢edw,,, with w 2 W,,. From w we obtain two wordsr =
rirs 60ro,, ro= rfrdeeerd, of fa;ag®, with
1 _ 1 _
coo & ffw=aorh o o a ifw= aorb
' y ifw;=aorb & ifw, = aorb
We call r and r°relatives of w.
Practically, in order to obtain r we changeead occurrenceof b;b of w into a;&
respectively, whereasin order to obtain r°we changeb;b into &; a respectively.

Prop osition 2.2 Letw 2 Wy, with w = u+u® u;u®2 Dy, andlet r;r°ke its rela-
tives. Thenr = uandr®= u®



Proof : Let w; = a (resp. &). Thenr; = a= u; andr’= a= uf (resp. r; = &= u;
andr®= &= u). Let noww; = b(resp. b). Thenr; = a= u, andr®= &= u? (resp.
ri==a=u andr’= a= u.

So, we realizethat in ewvery casethe elemens of r and u aswell asthe elemens
of r®and u® coincide, giving the required result. o

From the bijection betweenthe setsD,, £ D,, and W5, that we have established,
we ohviously get the following relation :

jWanj = (Cn)z-

Notice that from the word u+u® we immediately obtain the word u%u, by inter-
changingthe letters band b. So,in orderto generatethe setW,, it is actually enough
to construct half of its elemerts.

So, by the above procedurewe alsocreatefor eath w 2 W,, two nestedsetsS,,; SO
on [2n] correspnding to the wordsr;r°2 Dy,.

We denotewith W5, (resp Wz"n) the set of al the wordsw 2 W, for which S,,; S
are matching (resp. k-matching).

For example,thewordw = a b a b & b b b b &is an m-Motzkin word, for which
wehaver = aaahahababandr’=ahdaababadh

The correspnding nested sets S,, = ff 1;69;f2;5g;f3;49;f7;8g;f9;10gg and
S8 = ff1; 2y;f 3; 1@; f 4; 59; f 6; 7g; f 8; 9gg are matching.

Similarly, thewordw = a a b b & b a & b & is a m-Motzkin word, for which we
haver = aaahdbbdababandr’= aahahaahaa The correspnding nested
sets

Sw = ff 1,69;f2;5g;f3;4g;f7,8g;f9; 10gg
and
S = ff 1;10g;f2; 3g;f4;50;6;9g;f 7, 899

are 3-matching, with B; = f1;6;9;10g, B, = 2;3;4;59 and B3 = f7;8g, thus
determining the matching nestedsets:
Sw=B1 = ff 1,69;f9;10gg, Sy=B, = ff 2,5g;f 3;499, Sy=Bs = ff 7,899
S0=B, = ff 1;10g;6;999, SO=B, = ff 2;3g;f4;59g, S2=B; = ff 7;8gg.
It is easyto obtain the following result.

Prop osition 2.3 If w2 W, then there existk subwodsw! 2 Wy, j = 1;2;::1;K
with s; + s, + ¢¢¢+ s = n which can be recognizel in w.

For example,in the word w = aabbabaaba2 W2, we recognizethe
subwords w! = wiWgWoWio = @ b b &2 Wy, w2 = wowawaws = a b b &2 W, and
we = wywg = a &2 Wo.



We cortinue by introducing three internal operationsin the set Wy, :
For w 2 W,,, we de ne the wordsw' wi and w* asfollows:

W|\= W2n+1i i (WhEIe Wj = Wj)

8
< w;; ifw; 2 fa;ag; < & if Wons1;i = &
w = b; if w,=b W= if Wans1 ;i = &
b; if wy = b, T Wons1iis I Wonep;i 2 fbw

for everyi 2 [2n]. We may call theseoperationsmirr or, overturn and mirr or-overturn
respectively.

Forexample,if w=abababbbbathenw'=abbbbababaw =
abababbbbaandw  =abbbbababa

It is obvious that for any w 2 W,,, the wordsw' wi and w* alsobelongto Wa,.
We have that w'= w (resp. w* = w) i®w* = wi (resp. wi = w) aswell asthat
wi 8 wandw* 6 w! We thus obtain the following result.

Prop osition 2.4 The set W, can be partitioned into classesof either two or four
elements.

Let Agn = fw 2 Wy, Wy = ajWop; 1 = &g and By, = fw 2 Wy, 1w, = bg. By
the previous properties of w} wi and w* we have the following proposition.

Prop osition 2.5 i) If w2 A, thenw'wi ;w* 2 A,,.
i) If w2 Ay, then at least one of the wordsw, w'wi ;w* belongsto Bs,.

From the previousresultsit is clear that in order to construct W,, it is enough
to have A,, and By,. In order now to generateeat elemen w = u u®of A,, (resp.
Bon), it is enoughto consideronly the words u = uju, ¢¢¢u,,, u® = uug ¢eeud, of
Don with u; = ud = aand ug,; 1 = ug, ; = & (resp. u; = &, ud = a).

3 Meanders

We recall that a closel meander of order n is a closedselfavoiding curve, crossingan
in nite horizortal line 2n times (R00531H.

Let M,, be the set of all closedmeandersof order n.

As opposedto previous papers[fl], [H], the study of meanderswill follow herethe
order of the crossingsof the horizortal line rather than the meandric curve itself.

It is clearthat if 1 2 M,,, the lines above (resp. underneath) the horizortal line
uniguely de ne a nestedset U. (resp. L.) on [2n] with U., L. being matching and
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Figure 1: A closedmeanderof order 5

converselytwo matching nestedsetsU. and L. uniquely de ne the meander! . This
allows us to actually idertify a meandert 2 M,, to a pair (U.,L.) of nestedsetsof
[2n].

For example,for the closedmeander! of Figure [l we have:
U. = ff 1;6q;f2;5g;f3;4qg;f7;8g;f9; 1099,
L. = ff 1;2g;f3;10g; f 4; 59g; f 6; 7g; f 8; 990.

To eatr meanderof M ,, correspndsa uniqueword of W,,,. Intuitiv ely, this corre-
spondencebecomehbvious whenwe assignthe letters a; &; b;bto the variouskinds of
intersectionopening, closing proceeding upwarids, proceeding downwads respectively,
occurring along the horizontal line.

So,the word w = abababbbba correspnds to the closed meander of
Figure [I.

In orderto dewelop formally theseideaswe needthe following result, obtained by
consideringall the possibleorderingsfor the elemens i; j; h of the pairsfi;jg2 U

andfi;hg2 L..
Toewry?! 2 M,, corresppndsa unique word w 2 W5, with
g a, if i<j;h;
W= & it hyj<i;
'3 by if h<i<j;
b if j<i<h,

wherefi;jg2 U. ,fi;hg2 L..

So, from the nestedsetsU. ;L. of the previousexamplewe create again the word
w=abababbbba

Conversely to every word w 2 W,, with S,,; S matching, correspndsa unique
meander? 2 M, with U: = S, L. = S2.

From the above, we have the following result.

Prop osition 3.1 There existsa bijection between the setsM,, and W5,.



In order to determineU. and L. (and henceconstruct the meandert 2 M,,) we
usethe notion of conjugate indices of a Dyck word. So, given a word w 2 W5,, we
createits relativesr;r®and we nd the conjugateindicesof theseDyck words, which
indicate the pairs of U. and L. respectively.

We recall that a pair fa;bg of a nestedset S is called short pair if there is no
c2 dom S with eithera< c< borb< c< a, [[{]. We have the following result.

Prop osition 3.2 Each digram a&; ab; ba; bb (resp. a&; ab;bi; ho) of a word w 2 W,
correspndsto a short pair of U. (resp.L:) in the ass@iated meander?® .

So, we can also determine the meander! 2 M, by repetitively cortracting the
givenword w 2 W5, using eat time propositions 3] and B-2.
Soforw=abababbbba wehave:

w= a bla b|a b|b b|b &
1 2/3 4|5 6|7 89 10
abﬂb
1|2 5|6
a b
1 6

giving U. = ff 1;6q;f2;59;f3;4g;f7;8g;f9; 1090.
Similarly, we have

w=|a bla|/b a|b b|b b| a
1 2/3/4 5|6 7|8 9|10
a a
3 10

giving L. = ff 1;2g;f3;10g; f 4;59g; f6; 79; f 8; 990.
We thus nally getthe meandert of Figure [l again.

Let 1 2 My, and w 2 W, its correspnding word. If we draw the meanderst |
1i 1* that correspnd to the wordsw' wi , w* we realizethat the above operations
de ne meanderssymmetric to the meander! that correspndsto w, with respect to
a vertical axis, to the horizortal line and to their intersectionrespectively.

It is easyto ched that:
fi;jg2 U\i®f2n+ 1 i;2n+1j jg2 U,
fi;jg2 L. i®f2n+ 1 i;2n+ 1j jg2 L.,

U, = Ll, L.: = Ul,
U+ = L. \ Liv = Ui
Hence,accordingto Proposition P-4 we have the following result.
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Prop osition 3.3 The set M, can be partitioned into classesof either two or four
elements.

4 Systems of meanders

We can extendthe de nition of closedmeanderso systemsof closel meanderswith k
components (or k-meanders) by allowing con gurations with k disconnectedneanders
[B]. We will denotethe set of all k-meandersof order n with MX ;k 2 £2;3;:::;ng.

Figure 2: A 3-meanderof order 5

Obviously, like in the caseof meanders,a k-meander® alsodeterminesthe corre-
sponding nestedsetsU., L. that are now k-matching.

For example, for the 3-meander® of Figure ] we have:

U = ff 1;6q;f2;50;f3;4qg;f7;8g;f9; 1099
L. = ff 1;10g;f2; 3g;f 4; 5g; f 6; 9g; f 7; 8gg.

We can still assignthe letters a;&;b;b to the various kinds of intersection, thus
creating the corresmpnding word of WX .

So,thewordw=aabbabaab & corresndsto the 3-meanderof Figure .

It is easyto ched that if we refer to meandersof MX instead of My,, to WX,
instead of W,, and to k-matching instead of matching nested sets, we can apply
propositionsB-], B-2 and B3 to k-meanders.

So, similarly to proposition -], there exists a bijection betweenthe setsM X, and
WX, i.e., to every © 2 MX correspnds a unique word w 2 WX obtained by the
formula for w;.

Conversely to every w 2 WX with S,;S2 k-matching, correspnds a unique
systemof meanders® 2 MX with U. = S, Lo = S0.

P. Di Francescoet al. [F] have given formulae for the cardinality of MX,, for
k=nj 3nj 2nj 1, whereasfor k = n wehaveMj j = Cy,,, giventhat W3, = Dj,.

Similarly to proposition B.3, we can now determine the systemof meanders® 2
MX from the word w 2 WX, .



Let now S be a member of the set N,, of the nested sets of pairs on [2n]; let
fa;dg;fb;cg 2 S with a < b < ¢ < d and sud that for every fe;fg 2 S with
e< b< f wehavee- a;thenfa;dg (resp. fb;cg) is called father (resp. child) of
fb;cg (resp. fa;dg). We call two elemerts fi; | g;fk;lg of S brothers if the have the
samefather, or if they have no father.

We de ne two operationsin N, asfollows:

If fb;cg and its father f a;dg belongto S 2 N, with a< b< c< d, then 3S; a; b)
is the set obtained if we replacethe pairs f a;dg and f b;cg with the pairs f a; bg and
fc;dg. It is obvious that ¥S;a;b) 2 N,, and that fa;bg and f c;dg are brothers in
¥S; a;b).

If fa;bg;fc;dg are brothersin S 2 N,,, with a< b< c< d, then ¢(S;a;c) is the
set obtained if we replacethe pairs fa;bg and f c;dg with the pair fa;dg and f b;cg.
It is obviousthat ¢(S;a;c) 2 N,, and that fa;dg is the father of f b;cg in ¢(S; a;c).

The above de nitions imply that if fa;dg is the father of f b;cg in the setS 2 N,
then ¢(3%4S; a;b); a;c) = S, whereasif fa;bg; f c;dg are brothers, then

(S ai0);ab) = S
We also have the following result.

Prop osition 4.1 Let° 2 MX . If the father fa;dg and the child fb;cg (resp. the
brothers f a; bg; f c;dg) of U. belongto the same component of © then the setU =
¥U.;a;b) (resp. U = ¢(Us;a;¢)) and L. are (k + 1)-matching, thus de ning a
meander» 2 MX™ whesasif they belongto di®erent componentsof ©, then » belongs

to MXi L,
It is obvious that the above result still holdsif we interchangelL with U.

Proposition .7 is important sinceit enablesus to recursively construct the sets

For example,if 1 2 My, is the meanderof Figure I, we have that the setsU. = U:
and L. = ¢(L.;6;8) = ff 1;2g;f3;10g;f4;5g;f6;9g;f7;8gg determine a meander
© 2 M2;; a secondapplication of proposition f.] givesU, = U. and

L, = ¢(Le;1;3) = ff 1,109; 2 3g;f4;59;f6;99; f 7, 899

which determinethe meander» 2 M3, of Figure J.
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