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Abstract

Many results appear in the literature involving partitions of an integer n into parts
which are certain polygonal numbers(such astriangular numbersor squares). Howeer,
few results appear which deal with partition functions that exclude speci ¢ polygonal
numbers as parts. We consider sudh functions in this note, and prove two families of
partition identities.

1 Intro duction

A partition | of the nonnegatiw integern is a sequenceof nonnegatiwe integers, 1, 2,
¢ce, ,, with .+, ,+ ¢¢+ , = n: Each value ,;; 1 - i - r;is calleda part of the
partition. In this note, we considerpartitions of n with parts related to k-gonalnumbersfor
some xed integerk , 3:

Various works have appearedinvolving partitions into polygonal parts. For example,M.
D. Hirschhorn and the author have written a number of paperson partitions into a speci ed
number of triangular numbers or squares[F{[H]. Also, Andrews [}, Theorem 4.1] considers
partitions into an unlimited number of triangular numbers. (Seweral sequenceselated to
suc partitions appear in Sloane'sOnline Encyclopedia of Integer Sequencedf]], including
[FOUTTSE RO0Z63% FU0Z63F and ROU729%)

In cortrast, few results appearin the literature in which polygonal numbersare exclude
as parts. Andrews [[, Corollary 8.5] highlights one sud instance when he considersthe
number of partitions of n with no squareparts. Interestingly enough, Sloane[ff] recerly
publishedthis sequenceof values([A08715) in August 2003.

Our goal hereis two-fold. First, we considerAndrews' result above and extend it to all
2k-gonsfor k , 2: Afterwards, we prove a similar result for 2k + 1-gons.
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Somebrief commerts on polygonal numbers, or k-gons,are in order. For a xed integer
k. 3;the n™ k-gonal number is given by
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So, for example,the 3-gonalnumbers, or triangular numbers (R0002T)), are given by
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while the 4-gons,or squares([A00029)), are given by

“ai 2", Magad
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2 Partitions Excluding 2k{gons as Parts

We now state Andrews' result [[l, Corollary 8.5].

Theorem 2.1. Let py(n) be the numker of partitions of n wherin each part i appears at
mosti j 1times and let po(n) be the numker of partitions of n with no squae parts. Then,
for all nonngyative integersn; pi(n) = pa(n):

Beforeproving this result, which involvesa straightforward generatingfunction argumen,
we considerone exampleto con rm our result. The partitions of the integer 6 (with no
restrictions on the parts) are given by

6 5+ 1 4+ 2 4+ 1+ 1 3+ 3, 3+2+ 1 3+1+1+1 2+ 2+ 2

2+ 2+ 1+ 1 2+ 1+1+1+1 and 1+ 1+ 1+ 1+ 1+ 1

Note that those partitions above with no squareparts are
6,3+ 3; and2+ 2+ 2,
while thosewhereinead part i appearsat mosti j 1timesare
6,4+ 2, and 3+ 3:

Thus, p1(6) = p(6) = 3
We now turn to a generatingfunction proof of Theorem[P1l.

Proof. First, it is clearthat
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Next, we note that ead of the ratios in the product above can be rewritten as a nite

geometricseriesthanks to the following fact:
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Hence,we seethat p2(n)g" can be written as
n=0
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This is the generatingfunction for p;(n), which yields the result.
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What fundamentally drivesthe proof above is the fact that i ji? for ead positive integer
i, asthis allows for the useof ([l) in our proof. This insight allows usto extend Theorem[]

in a natural fashion.

Theorem 2.2. Letk , 2 be a xed integer. Let ps(n; k) be the numkber of partitions of n
wheein each part i appears at most (kj 1)(i j 1) times and let p4s(n; k) be the numker of
partitions of n wherein no 2k{gons can be usal as parts. Then, for all nonneggative integers

n; pa(n; K) = pa(n; K):
Note that TheoremP.] is just a corollary of TheoremP.J upon setting k = 2:

Proof. As above, the proof we provide hereis simply a generatingfunction manipulation.

From () we seethat
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This last in nite product is, by de nition, the generatingfunction for ps(n; k); which proves

the theorem.
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3 Partitions Excluding 2k + 1{gons as Parts

One may naturally ask whether a similar result exists for partitions of n which contain no
2k + 1{gonsasparts. Unfortunately, a perfectanaloguedoesnot exist, becausat is not the

casethat i divides
Hoke1i 20, Moke1g 4l

[
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for all positive integersi: Howewer, it is the casethat sud divisibility occurswheni is odd.

Indeed,
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sothat 2j | 1 dividesthe (2j j 1)st 2k + 1{gon. This obsenation leadsto the following
result.

Theorem 3.1. Let ps(n; k) be the numkber of partitions of n wheein thepart 2ij 1 (i, 1)
appears at most (2k j 1)(i i 1) times (and the frequencyof the evenparts is untoundel).
Let ps(n; k) be the numker of partitions of n wherin no odd{subscriptal 2k + 1{gons can be
usal as parts. Then, for all nonnggative integersn; ps(n; k) = ps(n; k):

An examplemay be bene cial before proving Theorem[B-]. We considerthe casewhere
n = 10and k = 1. The partitions enumerated by ps(10; 1) are those wherein no 1s and at
most one 3, two 5s, and three 7s can appear as parts (and even parts can appear with no
restrictions on their number of occurrences).Thesepartitions are as follows:

16, 8+ 2, 7+ 3, 6+ 4; 6+ 2+ 2, 5+ 5
5+ 3+ 2, 4+ 4+ 2, 4+ 2+ 2+ 2; and 2+ 2+ 2+ 2+ 2

On the other hand, thosepartitions enumeratedby ps(10; 1) arethosein which odd{subscripted

Thesepartitions are asfollows:
10, 8+ 2; 7+ 3; 5+ 5, 5+ 3+ 2, 4+ 4+ 2;

4+ 3+ 3, 4+2+2+ 2, 3+3+2+2, and 2+ 2+ 2+ 2+ 2
Hence,ps(10; 1) = ps(10; 1):

Proof. It is clearthat
X A !
. Y 1 q(zkg_ﬂ)(zi; 1?2 (Z1i4) @i 1)
ps(n; K)q" = S

n=0 i=1




This can be manipulated to yield
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This last in nite product is the generatingfunction for ps(n; k); which completesthe proof
of Theorem[B-1. O

4 Closing Though ts

Seweral thoughts are tting aswe close. First, for those dissatis ed with the concisegener-
ating function proofs given above for Theoremsp], .3, and B.], we o®era combinatorial
proof of Theorem ] which is generalizableto proofs of TheoremsP.2 and B-]

Combinatorial Proof of Theorem 1. We provide a bijection betweenthe partitions courted
by pi(n) and those courted by p,(n): The bijection is descriked as follows. Let , be a
partition courted by p»(n); and assumethat the part ,; appearsin , exactly *; times. If
i <, i;then we map these™; occurrencesof | ; to themseles. Next, we considerthose parts
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,i sudh that *; , ,i: This meansthat we can sum many of thesecopiesof ,; to obtain at
least one copy of , 2 We build asmany copiesof , 2 as possiblein this fashion. If there are
some\lefto ver" copiesof , ; which could not be usedto build an additional copy of , 2; then
thesecopiesof | ; are simply mapped to themseles. Now we iterate the process.If there are
fewer than , ? copiesof , 2 at this stage,then we map them to themselhes. Howe\er, if there
are at least , ? copiesof , Z; then we sum them to obtain as many copiesof , # as possible.
We cortinuein this iterativ e fashionuntil it is no longerpossibleto createadditional squares
of the form , 7. The result is the correspnding partition courted by p;(n):

The inverse of this function is straightforward. Namely, the nonsquareparts in the
partition | ® courted by p;(n) are mapped to themsehes. Then eat of the squareparts in
, 7 arereduced(via squareroots) in an iterativ e fashionuntil no squaresare presert. The
result is the original partition courted by p,(n): O

An exampleof this bijection may prove useful. First, note the following partitions of the
integer 36:
2+ 2+ 2+ 2+ 2+ 2+ 2+ 2+2+2+2+2+2+2+2+2+2+2
3+3+3+3+3+3+3+3+3+3+3+3
6+6+6+6+6+6



All three of these partitions are courted by p,(36): Their correspnding partitions via

the above bijection are

16+ 16+ 4; 9+ 9+ 9+ 9; and 36

respectively. Moreover, it is clear from the proof given above that thesethree partitions
courted by p;(36) are mapped badk to the appropriate partitions via the inversemap de-

scribed.

As a more complete example, we provide a list of some of the partitions courted by
p:1(18) and p,(18): Note that those partitions courted by p;(18) which do not corntain any
squareparts are simply mapped to themseles, so these partitions have beenomitted from
this table. In the left{hand column below, we presen the 22 partitions courted by p;(18)
which contain at least one squarepart, and we write thesein lexicographicalorder. In the
right{hand column we presen the correspnding partitions courted by p,(18) as generated

by the bijection described above.
16+ 2

14+ 4

12+ 4+ 2

11+ 4+ 3

10+ 4+ 4
9+ 9

9+ 7+ 2

9+ 6+ 3

9+ 5+ 4

9+ 4+ 3+ 2
8+ 6+ 4

8+ 4+ 4+ 2
8+4+3+3
7T+ 7+ 4

7+ 5+ 4+ 2
7+ 4+ 4+ 3
6+ 6+ 4+ 2
6+ 5+ 4+ 3
6+ 4+ 4+ 4
6+ 4+ 3+ 3+ 2
5+5+4+ 4
5+ 4+ 4+ 3+ 2

2+ 2+ 2+ 2+2+2+2+2+2
14+ 2+ 2

12+ 2+ 2+ 2

11+ 3+ 2+ 2

10+ 2+ 2+ 2+ 2

3+ 3+ 3+ 3+3+3
7+ 3+ 3+3+2

6+ 3+ 3+3+3

5+ 3+ 3+ 3+ 2+ 2
3+ 3+3+3+2+2+2
8+ 6+ 2+ 2

8+ 2+ 2+ 2+ 2+ 2
8+ 3+ 3+ 2+ 2

T+ 7+ 2+ 2

7+ 5+ 2+ 2+ 2

7+ 3+2+2+2+2
6+6+2+2+ 2

6+ 5+ 3+2+ 2

6+ 2+2+2+2+2+2
6+ 3+ 3+ 2+ 2+ 2
5+ 5+ 2+ 2+ 2+ 2
5+ 3+ 2+ 2+ 2+ 2+ 2

We closeby noting that Andrewstreats Theorem] as a special caseof a broadertheorem
on partition ideals of order one. Indeed, all the theoremsin this paper fall into this genre,
sothat they can be proven with his technique as well.
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