X2\, Journal of Integer Sequences, Vol. 7 (200:
C OIS Article 04.3.3

®® @6

Acyclic Digraphs and Eigenvalues of
(0; 1){Matrices

Brendan D. McKay, Departmert of Computer Science Australian National University,
Canberra, ACT 0200,AUSTRALIA
pdm@cs.anu.edu.a
FrédBrique E. Oggier[] Dgpartemen de Math§matiques,
Ecole Polytechnique F&d§rale de Lausanne,1015Lausanne, SWITZERLAND
frederique.oggier@epil.ch ]

Gordon F. Royle, Departmernt of Computer Science& Software Engineering,University of
Western Australia, 35 Stirling Highway, Crawley, WA 6009, AUSTRALIA
pordon@csse.uwa.edu.all
N. J. A. Sloanef] Internet and Network SystemsResearb Departmert, AT&T Shannon
Labs,
180Park Averue, Florham Park, NJ 07932{0971USA
hjas@research.aff.com ]
lan M. Wanless,Departmert of Computer Science Australian National University,
Canberra, ACT 0200,AUSTRALIA
Imw@cs.anu.edu.all
Herbert S. Wilf, Mathematics Departmert, University of Pennsyhania,
Philadelphia, PA 19104{6395USA
wilt@math.upenn.eduj

Abstract

We shaw that the number of acyclic directed graphswith n labeledverticesis equal
to the number of n £ n (0; 1){matrices whoseeigervaluesare positive real numbers.

1. Weisstein's conjecture

Last year Eric W. Weissteinof Wolfram Researh, Inc., computedthe numbersof realn £ n
matrices of 0's and 1's all of whoseeigervaluesare real and positive, for n = 1;2;:::;5. He
obsened that the resulting sequenceof values,viz.,
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1 This work was carried out during F. E. Oggier's visit to AT&T Shannon Labs during the summer of
2003. Shethanks the Fonds National Suisse,Bourseset Programmesd' fichange for support.
2 To whom correspondenceshould be addressed.
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coincidedwith the beginningof sequencgt00302%}in [H], which courts acyclic digraphswith
n labeled vertices. Weissteinconjecturedthat the sequencesverein fact idertical, and we
prove this here.

Notation: a\digraph” meansa graph with at most oneedgedirected from vertexi to vertex
j,forl- i- n;1- j - n. Loopsand cyclesof length two are permitted, but parallel edges
are forbidden. \Acyclic" meansthere are no cyclesof any length.

Theorem 1.1. For eachn = 1;2;3;:::, the numler of acyclic directed graphswith n lakeled
verticesis equalto the numker of n£ n matricesof 0's and 1's whoseeigenvaluesare positive
real numkers.

Pro of. Supposewe are given an acyclic directed graph G. Let A = A(G) be its vertex
adjacencymatrix. Then A hasonly 0's on the diagonal, elsecyclesof length 1 would be
presen. Sode ne B = | + A, and note that B is alsoa matrix of O's and 1's. We claim B
has only positive eigervalues.

Indeed, the eigervalueswill not changeif we renumber the vertices of the graph G con-
sistertly with the partial order that it generates. But then A = A(G) would be strictly
upper triangular, and B would be upper triangular with 1's on the diagonal. Henceall of
its eigervaluesare equalto 1.

Conversely let B bea (0; 1){matrix whoseeigervaluesareall positive real numbers. Then
we have

1 .
1, ﬁTrace(B) (sinceall B;; - 1)
1
= ﬁ(,1+,2+¢¢¢+,n)
N G n)nl (by the arithmetic-geometric meaninequality)
= (detB)n
.1 (since detB is a positive integer):. Q)

Sincethe arithmetic and geometricmeansof the eigervaluesare equal, the eigervaluesare
all equal,andin fact all , {(B) = 1.
Now regard B asthe adjacencymatrix of a digraph H, which hasa loop at ead vertex.

Since
xXn xn

TracgB¥) = k= 1=n;
i=1 i=1
for all k, the number of closedwalks in H, of eat length k, is n.

Sincethe trace of B is equalto n, all diagonalentries of B are 1's. Thus we accour for
all n of the closedwalks of length k that exist in the graph H by the loops at ead vertex.
There are no closedwalks of any length that usean edgeof H other than the loops at the
vertices.

Put A= B |I. Then A is a (0; 1){matrix that is the adjacencymatrix of an acyclic
digraph. 2
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Remark. We found only two related resultsin the literature. D. M. Cvetkovi$, M. Doob
and H. Satis [[{, p. 81] shav that a digraph G cortains no cycleif and only if all eigervalues
of the adjacencymatrix are 0. Nicolson [{] shaws that for a nonnegative matrix M the
following four conditions are equivalert: (a) there exists a permutation matrix P sud that
PM PCis strictly upper triangular; (b) there is no positive cyclein M (i.e. in the weighted
digraph there is no cycle whoseedgesall have positive weigh); (c) permanen(M + 1) = 1,
and (d) M is nilpotent.

2. Corollaries.

() Let B bea (0; 1){matrix whoseeigervaluesare all positive real numbers. Then the eigen-
valuesare in fact all equalto 1. The only symmetric (0; 1){matrix with positive eigervalues
is the idertit y.

(i) Let B be an n £ n matrix with integer ertries and TraceB) - n. Then B hasall
eigervaluesreal and positive if and only if B = | + N, whereN is nilpotert.

(i) If a digraph cortains a cycle of length greaterthan 1, then its adjacencymatrix has
an eigervalue which is zero, negative, or strictly complex. In fact, a more detailed argumert,
not given here, shaws that if the length of the shortest cycleis at least 3, then there is a
strictly complexeigervalue.

(iv) The eigervaluesof a digraph consistof nj k O'sand k 1'sif and only if the digraph
is acyclic apart from k loops.

(v) De ne two matricesB1, B, to be equivalentif there is a permutation matrix P sud
that PB,P = B,. Then the number of equivalenceclassesof n £ n (0,1){matrices with
all eigervaluespositive is equalto the number of acyclic digraphswith n unlabeledvertices.
(These numbers form sequencgr003087in [H].)

Proof. Two labeled graphs G;, G, with adjacency matrices A(G;), A(G;) correspnd
to the same unlabeled graph if and only if there is a permutation matrix P sud that
POA(G))P = A(G,). The result now follows immediately from the theorem. 2

(vi) Let B beann £ n (j 1;+1){matrix with all eigervaluesreal and positive. Then
n=1andB = [1].

Proof. The argumert that led to ([l still appliesand shaws that all the eigervaluesare 1,
detB = 1 and Trace®) = n. By adding or subtracting the rst row of B from all other
rows we can clearthe rst column, obtaining a matrix

_ 1 =
¢ = 0O D
whereO isacolumnof Osand D isannj 1£ nj 1 matrix with entries j 2;0;+2 and
detD = detC = detB = 1. Hence2"i ! divides 1, son = 1. 2
It would be interesting to investigate the connectionsbetween matrices and graphsin

other cases{forexampleif the eigervaluesare required only to be real and nonnegatie (see
sequence§\08651() F08748Bin [{] for the initial values), or if the ertries are j 1, 0 or 1

(ROS550).
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3. Bibliographic remarks

Acyclic digraphswere rst courted by Robinson[f, [], and independerily by Stanley [{]: if
R, is the number of acyclic digraphswith n labeledvertices,then

Iin‘ﬂ
Rn - (| 1)k+1 ‘ 2k(ni k)Rni K
k=1
forn, 1,with Rp= 1, and
A XN hs XN #ia
Rnni = (l 1)n n
o 20 2G)n!
The asymptotic behavior is
2(3)
R, » n!Mpn ;

wherep= 1:488.:: and M = 0:474.:..

The asymptotic behavior of R(n; g), the number of thesegraphsthat have g edges,was
found by Bender et al. [fI, @], and the number that have speci ed numbers of sourcesand
sinks has beenfound by Gessel[f].
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