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Abstract

ger whose baseb represenation is the concatenation of the baseb represenations of
Aq; i1 At. In this paper, we prove that if (un)n o Is @ binary recurrent sequenceof
integers satisfying somemild hypotheses,then for every xed integert , 1, there are
at most nitely many nonnegative integersny;:::;n; suc that jup,j ¢¢¢juntj(b) is a
member of the sequencegjunj)n, 0. In particular, we compute all sud instancesin the
special casethat b= 10,t = 2, and u, = F; is the sequenceof Fib onacci numbers.

1 Intro duction

A result of Sengeand Straus[P4, PT] assertsthat if by; b, , 2 are multiplicativ ely independen
integers,there are at most nitely many positive integerswith the property that the sum of
the digits in ead of the two basesh; and b, lies below any prescribed bound. An e®ectie
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versionof this statemert is due to Stewart [Pg], who gave a lower bound on the overall sum
of the digits of n in baseb, and in baseb,. A somewhatmore generalversionof Stewart's
result has beenobtained by Luca [[[g].

A variety of arithmetical questionsabout integers whose baseb digits satisfy certain
restrictions has beenconsideredby many authors; see,for example,[[l, @ B, f [} B O L7,
2 3 4, 3 1 @8 8 L9 P17 and the referencescortained therein. Here, we consider
integers whose baseb digits are formed by concatenating (absolute values of) terms in a
binary recurrert sequence.

Let (un)n, o be a binary recurrent sequene of integers;i.e., a sequenceof integerssatis-
fying the recurrencerelation

Un+2 = lUp+1 + SUp (n, 0) (1)

wherer and s are nonzerointegerswith r? + 4s 6 0. It is well known that if ® and ~ are
the roots of the equationx?j rxj s= 0,thenu, = c® + d " holdsfor all n , 0, wherec
and d are constarts given by

i Ut U ®ugj Uy,
c= ® - and d= ®
Throughout the paper, we assumethat (u,)n o is nondegeneante (i.e., ®= is not a root of
1, and ® cd 6 0). Reorderingthe roots if necessarywe can further assumethat j® , | j
and j§ > 1.
Let b, 2 be a xed integer base. Given positive integers Ay;:::;A;, we denote by
A; CCCA,(, the integer whosebaseb represemation is equalto the concatenation(in order)

that A; < b, we have
A1 CCCA () = 2t ClA, + et ClA, + 000+ YA 1+ Ay

We always assumethat A; 6 0, and in the special casethat b= 10, we omit the subscript
to simplify the notation.
In this paper, we study the setof positiveintegersju,j, where(un)n o isabinary recurrert

We show that if t | 2is xed, then there are only nitely many instancesof the equality
junj = jun,j CCGUL,j (p

provided that the sequencéu,), o Satis escertain mild hypotheses.Note that someassump-
tions are clearly neededin order to rule out certain obvious counterexamples;for instance,
the result doesnot hold for the sequencaus, = B'j 1,n, O, sincethe concatenationof any
two or more terms producesanother term of the samesequence.

Theorem 1. Letu, = c® + d " be a nondegenente binary recurrent sequene of integers,
andlet b, 2 bea xed integer base. Assumethat dimzHog®; log ; logh , 2. Then for
every xed integert , 2, there are at most nitely many positive integers n for which the

equality
jUnj = jun,] P_‘%E@?junzj P_?E@? ¢edjun, j P_?E@? (b) (2)
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Here, log(9 standsfor any xed determination of the natural logarithm function, and
dimzHog®; log ; logh denotesthe rank of (the free part of) the additive subgroupof C
generatedby flog®; log ; loghg.

Although our proof of Theorem(l is ine®ectiw, this result can be seenas an extensionof
the aforemerioned results of Sengeand Straus [74, 2]

In somespecial casesone can employ e®ective methods to completely determine all the
solutionsto an equationsud as(f). Perhapsthe bestknown exampleof a binary recurrert
sequencas the Fibonaci sequene (Fn)npo_, whereFy = 0 and F; = 1, and () holds with
r = s= 1. In this case,onehas®= (1+ 5)=2,” = | ® 1, ¢= 15®; ), andd= j c. For
this special sequenceye obtain the following computational result:

Theorem 2. If (m;n;k) isgn ordered triple of nonnegative integerswith m > 0 and such
that F,F, = Fy, thenF, 2 13;21;55g.

Throughout the paper, we usethe Vinogradov symbols¢, and A , aswell asthe Landau
symbol O, with the understandingthat the implied constaris are computable and depend
at most on the given data.

2 Preliminaries

Let L be an algebraicnumber eld of degreeD over Q. Denoteby O, the ring of algebraic
integersand by M | the set of places. For a fractional ideal I of L, let Nm_(l ) be the
usual norm; we recall that Nm_ (1 ) = #( O.=l) if | is anideal of O, and the norm map is
extendedmultiplicativ ely (using unique factorization) to all of the fractional idealsof L.
For a prime ideal P, we denote by ordp (x) the order at which P appearsin the ideal
factorization of the principal ideal [x] generatedby x in L.
For aplace®! 2 M | and a number x 2 L, we de ne the absolutevalue jxj. asfollows:

(i) jxj: = j¥4x)j*P if ¢ correspndsto areal enbedding¥: L ! R;

(i) jxj: = j¥4x)j>P = j%x)j*P if 1 correspndsto somepair of complex conjugate em-
beddings¥%%:L ! C;

(ii ) jxj: = Nm_(P)i °dr (=D jf 1 correspndsto a nonzeroprime ideal P of O, .

In the case(i) or (ii), we say that ! is real in nite or complexin nite , respectively; in the
case(iii ), we say that * is nite .
The set of absolutevaluesare well known to satisfy the following product formula:

Y
jXj» = 1; forall x 2 L*: (3)

12M |

One of our principal toolsis the following simpli ed versionof a result of Schlickewei [P7,
P, which is commonly known asthe Subspoe Theorem:



Theorem 3. Let L be an algebaic numbker eld of degree D. Let S be a nite setof plaes

of L containing all the in nite ones.LetflL.;:::;Ly2gfor® 2 S belinearly independent
setsof linear forms in N variableswith coetcients in L. Then, for every xed 0< " < 1,
the set of solutionsx = (X1;:::;Xn) 2 LNnfOg to the inequality
Y \N . . . . . T
jLiz (X)j: - (maxfjxij :i=1:::;Ng)’ 4)
12s i=1

is contained in “nitely many proper linear subspaesof LN.

Let S be a nite subsetof M | cortaining all the in nite places. An elemen x 2 L is
calleda S-unit if jxj. = 1for all * 62S. An equation of the form

aixj = 0; (5)

whereead a 2 L7, is called an S-unit equation if ead X; is an S-unit; it is said to be
nondegenearte if no proper subsumof the left hand side vanishes. It is clear that if x =

“nitely many equivalene classesof nondayeneate solutions (x1;:::;Xn). Moreover, the
numler of suchequivalene classess boundel by a constant that degendsonly on N and the
cardinality of S.

S-unit equation (), then the ratios x;=x for 1- i <j - N canassumeonly nitely many
values.
We shall also need someestimatesfrom the theory of lower bounds for linear forms in
logarithms, both in the complexand the p-adic cases.
Let ® and ®, be algebraicnumbers. Put L = Q[®,;®,], and let D be the degreeof L
over Q. Let A; and A, be two positive integerssud that
1/2 ?/4

_ .jlog®j. 1
logA; , max h(®); D D

(i=12): (6)

Here, for an algebraicnumber ® whoseminimal polynomial over Z is aQidz1 (X i &), we
write h(®) for the logarithmic he~igh of ®, which is given by

A » !

i ¢
logjaj +  log' maxf 1;j@&"jg

i=1

h(®) =

[oRN

Let b, and b, be positive integers,and put @ = b, log®, i b, log®,. Finally, let

_ by N b |
DlogA, DlogA;’

4



The following result is Corollaire 2 on page288of [P{], which givesan e®ectie lower bound
on the sizeof logjoj:

Theorem 5. Assumethat ® and ®, are real, positive, and multiplicatively independent.
Then U b Y41,

logjaj, i 2434D* max logh’+ 0:14 251% logA; logAs:

We alsoneeda p-adic lower bound on &, that is, an upper bound on the order at which a
primeideal P canappearin the factorization of the principal idealgeneratedby &, = ®Eli ®§Z
inside O . For this, let p bethe prime number suc that P jp (i.e.,pZ = P\ Z), andlet f be
sud that the Tnite "eld O =P hasp’ elemers. Let g be the smallestpositive integer suc
that P dividesboth ® j 1 and @) 1. Assumefurther that A; satis esthe inequality ([
as well asthe inequality logA; , f (logp)=D, for i = 1;2. The following result is an easy
consequencef Corollaire 2 on page315 of [

Theorem 6. Assumethat ® and ®, are multiplicatively independent. Then

24pgD>®

orde (1) oy 1)logp)®
VI Y%

10 lo ek
£ max logh’+ loglogp+ 0:4; Tgp;lo logA;logA;:

3 Proof of Theorem [

Our proof of Theorem[l] alsotreats the (slightly more general)casein which we allow t = 1,
but in this casewe add the additional hypothesisthat m; , 1 (clearly, this condition is
neededto insure that the number of solutionsto (f) is nite).

Since®= is not a root of unity, at most one elemen of the sequencgu,), o is equalto
0. Hence,if u,, = 0 for somei in (), then n; is uniquely determined. Note that i 6 1. If
this happens,then equation (f) can be viewed as an equation of the sameform, but with t
replacedby t j 1 (and with only 2t j 1 unknowns). Thus, to prove the theorem, it sutces

Let L = Q[®; ], andlet S be the setof all in nite placesof L and all nite placesthat
divide sb= j ® b. For a positive integerm, let “,(m) denotethe number of the digits in the
baseb represemation of m.

Equation (f)) is equivalert to

Xt
junj = junji; (7)
i=1
where
Xt Xt
Si = m; + “(jun; ) (i=12:::;1):
j=i j=i+l



We remark that, if n = n; for somei, it follows that t = 1 (since eadh u, 6 0) and
s; = my = 0 (sinceb, 2), which cortradicts our assumptionthat m; , 1 whent = 1.

Xt
(@A) = (e d ) ®

i=1

Suppose rst that n; > nj - for somei 2 f1;:::;tg, where- , 0 is a constarn to
be speci ed later. From ([]), we have that ju,j , junjb¥. It is known that the estimate
junj = j@M*Clogm) holds for all positive integersm , 2 (see Theorem 3.1 on page 64
in [EZ4]). Moreover, if ®is real, then j& > j~j, and one hasthe estimate juy,j = j@Mm* W,
Therefore,sincej® > 1, the following bound holdsif n; > nj

Yo

A , 1 if ®2 R;
maxini i n;sig ¢ logn; if ®62R (i.e., ®= "): ©)
Next, we show that if n; - nj - for everyi = 1;:::;t, then there exists an index

maxfni ni;sig¢ 1L (20)

To do this, we rst obsenethat (f) is an S-unit equationwith N = 2t + 2 terms, coe+-

If the S-unit equation(f) is nondegeneratethen x,=x, = (®= )" canassumeonly “nitely
many values;since®= is not aroot of unity, it followsthat n cantake at most nitely many
values.

On the other hand, if the S-unit equation (g) is degeneratejet E; and E, be two (not
necessarilydistinct) nondegeneratesubequationsof (f) that cortain the unknownsx; = "(®"
andx, = "o ", respectively. Clearly, E; and E, canbe chosenin at most nitely many ways.
The precedingargumert shownsthat n canassumeonly nitely many valuesif the unknowns
X1 and x, both lie in E; or both lie in E,. Therefore, we may assumethat E; does not
corntain x,, and E, doesnot cortain x;. We now distinguish the following cases:

(i) E; contains an unknown of the form Xx,.; = "i®"b® for somei , 1 and E, contains
an unknownof the form x5 = "; " ¥ for somej , 2.

In this case,both X;=xp+1 = §®" "b S and x,=xy = § " " b S canassumeonly
“nitely many values. SincedimzHog®;log ;logh , 2, it follows that either the pair
(®; b) or the pair (" ;b) is multiplicativ ely independen; thus, either maxfnij n;;sig¢ 1
ormaxtni nj;sig¢ 1.

(i) E; contains only unknownsof the form x5 = "; b with i , 2 (exceept for x;) and
E, contains only unknownsof the form x5+, = ";® b with j | 1 (exceptfor x,).
For ead choice of the indicesi and j, both x;=x;; = §®" i1 " S and X,=Xy4+1 =
§ "® " S can have at most nitely many values. Sincewe may assumethat n
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(iii )

takesin nitely many values(otherwise,there is nothing to prove), it followsthat there
exist numbersn®, nf, n?, si, and s; suc that both relations

@ inps = @ iy S
— - . . . —na . a . o (11)
n®|njb|sJ: n®njbsj;

hold for arbitrarily large valuesof n. Among all possiblechoicesfor the quintuple
(n*;nf;n?; st s7) of such numbers,we x onefor which ni* is assmall aspossible;thus,
ni , n; wheneser the relations (L) hold.

Since there are only nitely many possibilities for E; and E, and (once these are
“xed) for the indicesi and j, we obtain in this way a nite list of such quintuples
(n*;ni’;nj’; st s7). Hencethe constart - canbeinitially chosensud that the inequality
- > maxfn®j n;n"j njgholdsin all cases.

Now let E;, E,, i, andj be xed, and supposethat the relations ([[1) hold with n > n®.
Taking logarithms, we obtain that

(nj n%)log® = (nii ni)log + (sii s)logb;
(nj n%log (nj i n)log®+ (s; i s)logh:

Letvi = (nii nf)=(ni n®)andvz = (n; i n)=(ni n®), and note that both numbers
are rational. Sincewe are assumingthat n; - nj - fori = 1;:::;t, it follows that

n"i nf<- - nj ng;

which implies that v; < 1. Similarly, v, < 1. Sincen; , n/ by our choice of the
quintuple (n% ni’;n’; s7; 57), we alsoseethat vy, 0. Thesestatements together imply
that v,v, 6 1, which is all we need. From the precedingrelations, we obtain that

log®= vilog  + wylogb= v;(v,log®+ w,logh) + w; logb;

wherew; = (sij s)=(ni n°) and w, = (s i s)=(ni n%) are rational num-
bers. Sincev,v, 6 1, this implies that log®=logb is rational. Similarly, we see
that log =logb is rational. But these statemens cortradict our hypothesis that
dimzHog®;log ;loghi , 2; therefore, n is bounded, and it follows that n;, n;j, sj,
and s; are boundedaswell.

The remaining cases
For the remaining casesthere are only two possibilities:
2 E; contains an unknown of the form X+, = " ®b* for somei , 1 and E;
contains only unknownsof the form X1 = ";®b¥ with j | 1 (exaeeptfor X»).
2 E, contains only unknownsof the form x5 = "; "k with i | 2 (except for x;)
and E, contains an unknownof the form x5 = "; "M b for somej , 2.



We treat only the rst case,asthe secondcaseis similar.

We note that the ratio Xx;=Xj+; = 8§ ®" "ib S assumewnly nitely many values. If ®
and b are multiplicativ ely independen, it followsthat both nj n; and s; are bounded,
and we aredone. On the other hand, if nj n; isnot bounded,it followsthat log®=loghb
isrational. If j issudthat Xy41 2 E, thenx,=X+1 = § "® " S cantake at most
“nitely many values. Since® and b are multiplicativ ely dependeri, ~ and b must be
multiplicativ ely independen, and it follows that n cantake only nitely many values.
But this is impossibleif nj n; is unbounded.

The analysis above completesour proof that ([[0) holds for somei in the casethat
ni- nj - foralli=1;:::;t. Combining (f) and ([LJ), we seethat the bound

Yo

o 1 if ®2 R;
madini MESgL o0n. feER (e, ®= ) (12)
holdsfor somei 2 f1;:::;tg in every case.
We now selecti sudh that ([I7J) holds and rewrite () in the form
c®+d "+ Ab%i 1+ c®b" +d; "B+ B=0; (13)
wherec, = j "i"oC, di = j "i"od,
X1 _ Xt
A= "j"oUn, b S and B = "i"oUn, b
j=1 j=i+l
Since

i1 jUn-j j®ni+0(log ni) — j®n+0(log n);

we seethat A = exp(O(logn)). Similarly, sinceb® | B, it followsthat B = exp(O(logn)).
Assume rst that both nj n; and s; are bounded (this is the case,for instance,if L is
real). In this case,A and B are boundedas well; hence,we can assumethat they are xed.
Here, ([[3) becomes
C1®] + Dl_n + Ab¥it+ B = 0; (14)

whereC,; = c+®"i "andD; = d+d; " " canalsoberegardedas xed numbers. The case
A=B=C;=D;=0leadstoi=t=1,®i " =jcdl=81land """ =;dd'= §1;
therefore,t = 1, n = ny;, and my = 0, which cortradicts our assumptionthat m; , 1
whent = 1. Consequetly, the equation ([[4) is nontrivial. If any two of the coetcients
A; B; C;; D, arezero,then either n or s;, ; is bounded,and this leadsto at most nitely
many possibilitiesfor n. A similar argumen basedon Theoremf] can be usedif one of the
coetcients A; B; Cy; Dy is zero,or if ABC;D; 6 0, to show that there are at most nitely
many possibilitiesfor n.

Thus, from now on, we can supposethat either nj n; or s; is unboundedover the set of
solutionsto ([[J). In this case,® and  are complexconjugates.

Assume rst that B 6 0in equation ([[3). Supposealsothat A 6 0. We apply Theorem
g with N = 5, the linear forms L;.(x) = x; for eah j = 1;:::;5, and?* 2 S, except
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whenj = 1 and?! is in nite, in which casewe take L1 (X) = cxg + dXp + X3 + C1X4 +
d;xs (note that, asL is complex quadratic, there is only onein nite place). We ewaluate
the double product appearing in Theorem § for our system of forms and the points x =
(®; ™ AbSi ;@b ; "), Clearly,
Y
jLiz(x)j=1 (15)
12S

if j 2 f2;4;5g, sincex,, X4 and X5 are S-units. Moreover,

Y
jLax ()i - A = exp(O(logn)): (16)

128

Finally, sincex; is an S-unit, it follows from the product formula (F) that

RV R S (17)
s iNm_(@)] @
1 Tnite
while by equation ([[3), we have
Y
jL1: (x)j: = B2 - exp(O(logn)): (18)
12§
1 is in nite
Multiplying the estimates([[3), (L8), (L7 and (L[3), we derive that
Y Y ABZ
Lz ()i -~z exp(i nlog®+ O(logn)): (19)

j=112s

example,with " = 1=2 and n > n.), imply that there exist nitely many proper subspaces
of LN cortaining all solutionsx. Thus, the relation

C,® + D, "+ C;®b + D3 "B + EAb®il=10 (20)

holds for some xed coezcients C,, D,, C3, D3 and E in L, which are not all equalto zero.
If A = 0, then the sameargumert with N = 4 alsoyields an idertity of the shape (E0).
Finally, if B = 0, then ([L3J) is the sameas (20) with C, = ¢, D, = d, C3 = ¢, D3 = dy,
and E = 1. Clearly, we may assumethat C, and D, are conjugate (over L), that Cz; and
D3 are conjugate (over L), and that E 2 Z (if not, we can conjugate (Z0) and subtract the
result from (P0) to obtain a \shorter" nontrivial equation of the sametype with the desired
properties).

If E = 0, then (E0) is a S-unit equation. If it is nondegenerateywe seethat ® ' " can
take only nitely many values;since®= is not a root of unity, there are at most nitely
many possibilities for n. If the S-unit equation is degeneratethen either C, = D, = 0, in
which casen; cantake only nitely many values(and sincejnj n;j ¢ logn, it follows that
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n is boundedaswell), or C,D, 6 0 but C3 = D3 = 0, in which casen can again take only
“nitely many values,or C,C3D,D3 6 0. In the last case,either @i "ib S and "i " S can
take only nitely many values,or ® 1 "b S and "® "ib S can take only nitely many
values;but theseare caseghat have already beenconsidered.

Finally, we are left with the possibility that E 6 O, in which casewe can assumethat
E = 1. We now rewrite (£0) in the form

C4®] + D4_n = Ab® o (21)

whereC, = C,+ C3®"i " and D4 = D, + D3 "i "B, SinceC4 and D4 are conjugatedin
L, it follows that they are simultaneously zero or nonzero.
Assume rst that C, = D4 = 0. Then both relations

Co=j (:3(@’]i Ni [ and D, = j Dg_ni o (22)

hold. If C, = 0then C3 = 0 (by (E9)), D, = 0 (becauseC, and D, are conjugated), and
therefore D3 = 0 (by (£2)); together with equation (P0), theseleadto E = 0, which is a
corntradiction. Thus, C, 6 0, and the precedingargumert implies that C,C3;D,D3; 6 O.
Now, equation (P7) together with our hypothesisthat dimghHog®;log ;loghi , 2 lead to
the conclusionthat both nj n; and s; are bounded,which is a casealready treated.

We now assumethat C4,D4 6 0. Let * = gcd(r?;s), wherer and s are the coexcients of
the recurrence(fl). Set®, = ®="; ~; = ~2=". Applying LemmaA.10 on page20in [Pq], we
seethat ®, and ; are algebraicintegersand that the principal idealsthey generatein L are
coprime. Clearly, ® and ; are complexconjugates,and j®;j > 1. Write n = 2m + %, where
+2 f0;1g. Put (Cs;Ds) = (C4;Dy) if £= 0and (Cs;Ds) = (®Cy; Dy) if £= 1. Dividing
both sidesof equation (F1) by "™, we seethat the expression

Cs®" + D5 "

is a rational number sud that ewvery prime factor of its numerator or denominator divides

set consistingof all of theseprimes, and write

Y
Cg,@yn + D5_m = p:(i:

i=1

We now bound the order r; of p;. Let % be someprime ideal of L lying above p;. If %4j®,
then ord,,(®") , m, n=2; 1. On the other hand, it is clearthat

maxfj ordy, (Cs)j;jordy, (Ds)jg ¢ maxfini nij;sig¢ logn:
Thus, for large n, we get that
ordy, (Cs@' + Ds ") = ordy, (Ds 1) = ordy,(Ds) ¢ logn; (23)

since®, and ; are coprime. A similar analysiscan be usedif %j ;. Assumenow that %
doesnot divide ® ;. Then

ri = ordy, (Cs®]"' + D5 ') = ordy,(Cs 1') + ordy, (&= 1)" i (i Ds=G)):

10



Certainly,
ordy, (Cs ") = ordy, (Cs) ¢ logn;

while from Theorem[, we deducethat

ordy, (®&="1)"i (i Ds=GCs)) ¢ (logn)?jlogjCsjj ¢ (logn)®:

Thus,
ordy, (Cs@' + Ds ') ¢ (logn)® (24)
in this case.Comparinginequalities (23) and (£4), we seethat inequality (£4) always holds.
Sincethis is true for all i = 1;:::;v, we concludethat
- — . xv 3
logjCs@' + Ds 7' - rilogpi ¢ (logn)*: (25)

i=1
On the other hand, we have
logjCs@)" + Ds 1'j = logjCsj + mlogj®j + logjl+ (DsCLY("1® ")™j:
Clearly, .
logjCsj A | logn; (26)
and using Theoremf, we get that

logj1+ (DsC{')(T1® H™j A i (logn)?j logjCsij: (27)

Putting together inequalities (29), (E8), (79, and using the fact that m A n and j®,j > 1,
we obtain that
n¢ (logn)’;
which shows that n cantake only nitely many values.
This completesthe proof of Theoremfl.

4 Pro of of Theorem g

Beforeproceedingto the proof of Theoremf, we gather a few usefulfacts about the Fib onacci
sequence.

We rst recall the following special caseof the Primitive Divisor Theorem, which is due
to Carmichael [H]:

Lemma 7. For all n , 13 there existsa prime factor p of F, suchthat p doesnot divide
Fn, for any positive integer m < n. Furthermore, any suchprime p satisesp” 81 mod n.

Next, we record the following estimate for the function “(n) = "1o(Fn), which givesthe
number of digits in the decimal expansionof F:

11



Lemma 8. For all n, 1, we have

(nj 2)Iog®< “(n) - (nj 1)Iog®+ 1
log10 log 10
Proof. By induction onk, it is easyto seethat ®i 2. F, - ®i! holdsfor all k , 1. Since
* (k) is the unique integer for which 10i 1. F, < 10®, the result follows. O

We keep the notation used in the proof of Theoremfll. In particular, L = Q(IO 5),
OL =Z[®], and D = 2 is the degreeof L over Q. Notice that O, is a UFD. We also put
$ = 5andP = [$]; then [p] = [5] = P2 andf = 1. We needthe following elemetary
lemma:

Lemma 9. If r , 2, we have

2log(r=4) N

ordp (® j 1) - B

1:

The sameinequality holdswith ® replaed by .

Proof. The inequality for — follows from the one for ® by conjugation. Note that the right
hand side of the stated inequality is positive for all r | 2. Since

p_
1+ .
®= 5 > 201 (mod $);
it followsthat ordp (® j 1) = 0if 4-r; hence,it suxcesto assumethat 4jr in what follows.
Since p_
5+3 5
®i 1= ——;

it follows that ords (®* | 1) = 1. Thus, we may write ® = 1+ $ u, whereu is coprimeto
$.If s, lisanintegerand5-s, then

X1 X1
@i 1=(@ i1 & =%u @+%$u)  $us (mod$);

j=0 i=0

which shaws that ords (®*° | 1) = 1 aswell. One cheds similarly that if s, 1and5 - s,
then ordp (®7% | 1) = 3.
We now claim that, forallt, Oands, 1sud that 5-s, we have

orde (&% | 1)= 2t + 1 (28)

To prove this, we useinduction on the parametert. Sincethe claim is true fort = 0 or 1,
let us supposethat t, 2. Then,

4
@F | 1 = (&% 1)X @I’

i=0

X4
= 5@ 1+ (@ 1) (@97 1y

j=1

12



By the induction hypothesis,we have
3

orde 5(@S® ' 1) = 2+ (2(tj 1)+ 1)= 2t + 1;

while

~

A 4 !

| X o
orde (®®' " 1) (@I%F | 1) | 2(2ti 1)+ 1) =4t 2> 2t+ 1L
j=1

and (g9 follows.
Finally, writing r in the form r = 4s¢5', wheret , 0,s, 1,and5-s, we have

2log(r=4s) 1. 2log(r=4) .1

ordp (® j 1)=2t+ 1= 095 095 ;

which nishes the proof. O

Lemma 10. If (m;n; k) is an ordered triple of positive integerssuchthat F,F, = Fi, and
(m;n; k) 6 (1;4;7) or (2,4,7), thenm , 3andkij n, 4

Proof. Supposethat n, 13. First, supposethat m = 1 orm = 2. Then 10 + F, = Fy;
hence,2F, - Fy - 11F,, which (by simple estimates)impliesthat n+ 2- k- n+ 5. Since
n, 13,wehavethat (n), 3,andthus,

Fn~ Fx (mod 8):

An analysisof the sequenceof Fibonaccinumbers modulo 8 shaws that this congruenceis
not possiblewhenk = n+ 4 or k = n+ 5; therefore,k = n+ 2ork=n+ 3. If k=n+ 2,
then 10(™ = F.;, while for k = n + 3, we have 10(™ = 2F,;. Howewer, by Lemmal[j,
there existsa prime p, n dividing Fn.;, which is not possiblein our cases.Consequetly, if
m - 2, wemust haven - 12. Chedking the remaining possibilities, the only solutionsfound
are(1;4;7) and (2;4;7).

Assumingnow that F,F, = F¢, n, 15,andk - n+ 3, we then have

8 .
< Fni1; ifk=n+1;

Fm¢10™ = Fyi Fn=  Fpu; ifk=n+2; (29)
o 2Fna fk=n+ 3

Moreover, m< nj 1, for otherwise

Fi = Fm ¢10™ + Fy > 100G, 1 > Fras;
cortradicting our assumptionthat k - n+ 3. Using Lemma[] again, we seethat there exist
primespjF,, 1 and qj Fn+1 with ged(pg Fr,) = 1 and minfp;qg, 13, which is not possible

in view of (£9). Hence,if k - n+ 3, we must have n - 14, and thusk - 17. Examining
thesepossibilities revealsno solutions other than the two found in the previouscase. O
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Lemma 11. If r, 1is even,then
® i1

= 1=i®;

whileif r , 5is odd, thenthe numbkers (® j 1)=( "j 1) and ® are multiplicatively indepen-
dent.

Proof. The rst statemern is trivial since® = j 1. For the secondstatemert, we note that
if r is odd then u 1

®i1 ®i 1

i1 @+l

We now obsenethat if D isthe commondivisorin O, of ® j 1and® + 1,thenD j 2. Since2
isinert in O, it followsthat D 2 f1;2g. The above argumerts show that if (& j 1)=( "j 1)
and ® are multiplicativ ely dependen, then soare (® j 1)=® + 1) and ®. Using the fact
that O, is a UFD and the computation of D, it follows that & | 1 is either a unit, or it is
an asseiate of 2. Hence,we get an equation of the form

@i l1=82&

with integers, 2 f0;1g andt. Sincer > 3, it followsthat ® | 1> ® 1> 2; hence,
the sign in this equation is positive, andt , 1. Clearly, t < r. Thus,® j 1= 2 ®. By
conjugation, we alsohave " j 1= 2 '. Subtracting thesetwo equationsand dividing the
result by ®; , weobtain that F, = 2 F,. If r , 13, this equation is impossiblein view
of Lemmal]. The fact that F, = 2 F, is alsoimpossiblefor 5. r - 13 can be cheded by
hand, and the result follows. O

We are now ready to embark on the proof of Theoremf. For this, let (m; n; k) be a xed
triple of nonnegatiwe integersfor which F,F, = Fy holds. We note that n > 0, sincefor
n = 0 we have 10F,, = Fy, which hasno positive integer solutions (m; k) (by Lemmal[j, for
example). Put r = kj n, and assumethat k > 1°. By Lemmall(, we can further suppose
that m, 3andr, 4. Since = 1= we have

Fn¢10™W=Fyei Fy = $TY@ G 7 @+ ")

— il . .oTngr .
=8O = 1 G@Y
Consequetly,
M T l
orde (Fm) + 2°(n) = j 1+ ordp (" j 1)+ orde  =— AL ®@3" :  (30)
|

Assume rst that r is odd. We apply Theoremf with the choices®, = (® | 1)=( " 1),
® = ®2 b = 1, and b, = n. The condition that ® and ®, are multiplicativ ely
independert is satis ed by Lemmal[l] because , 5. Furthermore, note that

h(@) - 3(ogj(® i 1)(""i 1)+ logj®j) - 3log®" = rlog®;
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and h(®,) = log®. Sincer , 5, we canchooseA; = ® and A, = $; hence,

1 L _n 1 L 3n
"~ log5 2rlog® 2log® 10log® 4log®

Finally, as® " =~ (mod $), andords(® j 1) = ordp (" "j 1) = 0 (by Lemmaf), it follows
that P divides®, j 1. Moreover, noting that { ® 2° 1 (mod $), it follows that P also
divides®, i 1. Thus, we cantake g= 1. By Theoremf, we obtain the bound

My 1 l
®i1 .
ordp _r; A
L% Y.
M@“max 2Io n+ lo " 3|og5ﬂ + 0:4;10 i
(log5)3 g g 4log® o

. 56r (maxflogn + 2;10g)*:

Next, considerthe casethat r is even; then

®&il1l . 1 +
_r; 1| (® Z)n: i ®'| (I ®2)n: (I 1)n 1® 2n(®< n§ 1)’
and the last expressiondivides ®*?" ; 1in O_; hence,by Lemmaf, we obtain that
HH T 1
oty AL @y . 2log(k+n=2)
"o MY log5 '

Substituting the estimatesabove into (B0), and applying Lemmasf and [, we derive that

(nj 2)log® . 2log(r=4) _ 2
2Iog—10 < (n) “log5 + 56r (maxflogn + 2;109)°; (32)
if r is odd, and
(nj 2)log® . 2log(r=4) 2log((k + n)=2) )
2 log10 < () log5 ¥ log5 tL (32)
if ris even.
From the equality F,F, = Fi, we alsoseethat
@ ¢10M; @& =""¢10™M; @+ " K (33)
and, since10(™ < 10F, and m , 3, we have
j@mike10™ i =@ me0™; @+ " 7Y
(34)

. @ KA0TjPF + @ + 2) < 4@ "
Sincem , 3, both sidesof (B3J) are negative, and sincer ;| 4, we have 4® " < g; thus,
Z<@iker0™ < 1

15



It follows that \
j@Mike10™M 1) > Zj(ki m)log®; “(n)log1Q: (35)

We now apply Theoremf with the choicesa = (ki m)log®; "(n)logl10,®; = 10,®, = ®,
b = "(n), andb, = ki m. Here,h(®,) = logl0and h(®,) = %Iog@, hence,we can choose
A; = 10,and A, = ®?, and

(M, kim_ o (M , k.

b= = ;
4log® 20 4log® 20

Using Theorem i, we get that
3

j(ki mlog®; “(n)loglQ ., exp i 864(maxflogh®™+ 0:14 105g)° :

Combining the above estimates,we derive the bound

logl0 864
r < + —

0 .12 2.
0g® * Tog ®(maxf logh™+ 0:14;10:50) : (36)

Now, if k > 2n, then, by Lemmaf}, we have

o (n) k nji 1 1 k (k=2)j 1 1 Kk
= + — + + — < + + —
4log® 20 4logl0 4log® 20 4log10  4log® 20

andr = ki n > k=2; hence,the inequality (Bg) is not possiblefor k > 500000.0n the other
hand, if k - 2n, then

o_ ‘(n)+£_ ni1+ 1 L
4log® 20 4logl0 4log® 10

Whenr is even, estimate (B7) gives

(nj 2)log® < log(n=4) N log(3n=2) N 1
log10 log5 log5 2'
which impliesthat n < 20; hence k < 40. Whenr is odd, by conmbining the inequalities (EJ),
and (Bg), we obtain a cortradiction unlessn - 1:1£ 10" andk - 2n - 2:2£ 10",
Although the preceding argument shows that there are only nitely many solutions
(m; n; k) to the equation F,F, = F, it would be computationally infeasibleto seart for
solutions over the ertire rangek - 2:2£ 10'. In order to reducethe range further, we use
a standard technique involving the corntinued fraction expansionof (log 10)=(log ®).
Supposethat n - 1L:1£ 10 andr , 56. By (B9) and (BY), we have

Jog10 (ki m)=_ 10 1
log® ' " (n) ® (n) 2?2

Here, the last inequality is equivalert to 20°(n) - ®, which holds (by Lemmaf) for this
choice of parameters. By well known properties of cortinued fractions, it follows that the
fraction (k i m)="(n) is a corvergen of (log 10)=(log®). Writing (ki m)="(n) = p;=q for
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somej , 0, wherep;=g denotesthe jth corvergert to (log10)=(log®), and using Lemmaf
againto bound “(n) for n in our range, we seethat ¢ - “(n) - 2:3£ 10%, which implies
that | - 23. Noting that

108 " > j*(n)log10j (ki m)log@®j _min jq log10; p log® > 1:6£ 10
. J.

we concludethat r - 57. Substituting this estimateinto (BJ), we derive the more tractable
upper boundn - 2:1£ 1CF.

At this point, we turn to the computer. Note that if n , 74, onehas (n) , 15;
therefore, if F,F,, = Fy, it followsthat F, © F, (mod 10'°). Howewer, a computer seart
quickly revealsthat there is no solution to this congruencewith 74- n - 21£ 10° and
k - n+57. Thus,it remainsonly to seard for solutions(m; n; k) with n - 73andk - n+57,
and oneobtains only solutionswith k = 7, 8 or 10;that is Fy 2 13 21;55.

This completesthe proof of Theorem[.
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