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Abstract

Nicholas Pippengerand Kristin Sdleich have recertly given a combinatorial inter-
pretation for the second-ordersuper-Catalan numbers (un)n 0 = (3;2; 3;6;14; 36; :::):
they court \aligned cubic trees" on n igterior yerti&es. Here we give a combinatorial
interpretation of the recurrenceu, = ho2 *'M, 27201 2 2y, it courts these trees
by number of deep interior vertices where \deep interior" means\neither a leaf nor
adjacert to a leaf".

1 Intro duction

For xed integerm , 1, the numbers

i2m¢i2n¢
un = 2i m+r?
m
satisfy the recurrencerelation
X Mo m
up= 2nimiz LTy (1)

o 2k

and henceare integersexceptwhenm = n = O [f. We will call them suger-Catalan numkbers
of order m (although other numbersgo by this nametoo). Form = Oandn , 1,they arethe
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odd certral binomial coexcients (1;3; 10;35;:::) (Sloane'sR001700 and court lattice paths
of n upstepsandnj 1 downsteps.Form = 1andn , O0,they arethe familiar Catalan num-
bers (1;1;2,5;14,42,:::) (Sloane's)f000I0§ with numerouscombinatorial interpretations
B, Ex 6.19].

Three recent papers give combinatorial interpretations for m = 2, in terms of (i) pairs
of Dyck paths [, (i) \blossom trees" [A]], and (iii) \aligned cubic trees" [{]. In this case
the sequencss (3;2; 3;6;14; 36;:::) and is Sloane'sR00705 The object of this note is to
establisha combinatorial interpretation of the recurrence(fl) for m = 2: it courts the just
mertioned aligned cubic trees by number of verticesthat are neither a leaf nor adjacert to
a leaf.

For m = 1, () is known as Touchard's identity, and in Section2 we recall conbinatorial
interpretations of the recurrencefor the casean = 0; 1. In Section3 we de ne aligned cubic
trees and establishnotation. In Section4 we introduce con gurations courted by the right
side of ([) for m = 2, and in Section5 we exhibit a bijection from them to sizen aligned
cubic trees.

2 Recurrence for m= 0,1

For m = 0O, ([]) courts lattice paths of n upsteps(U) andni 1 downsteps(D) by number k
of DUUs where, for example, DDUUUDDUU has2 DUUs. It also courts paths of n Us
and n Dsthat start up by number 2k (necessarilyeven) of inclined twinsteps(UU or DD)
at odd locations. For example,U,U,U,D,D ;D hasfour inclined twinsteps, at locations
1;2;4 and 5, but only the rst and last are at odd locations.

Form = 1, () courts Dyck n-paths (paths of n Usand n Dsthat newver dip belov ground
level) by number k of DUUSs. It alsocourts them by number 2k of inclined twinstepsat even
locations. Seel[f], for example,for relevant bijections. Recall the standard \w alk-around"
bijection from full binary treeson 2n edgedo Dyck n-paths: a worm crawls courterclockwise
around the tree starting just west of the root and when an edgeis traversedfor the rst
time, recordsan upstepif the edgeis west-leaningand a downstepif it is east-leaning.This
bijection carries deepinterior verticesto DUUs where deepinterior means\neither a leaf
nor adjacert to a leaf'. Hencethe recurrencealso courts full binary treeson 2n edgesby
number of deepinterior vertices. The interpretation for m = 2 below is analogousto this
one.

3 Aligned cubic trees

It is well known that there are C,, (Catalan number) full binary treeson 2n edges.Considered
asagraph, the root is the only vertex of degree2 whenn , 1. Toremedythis, add a vertical
planting edgeto the root and transfer the root to the new vertex. Now ewery vertex has
degreel or 3 and, throughout this paper, we will refer to a vertex of degree3 as a node
and of degreel as a leaf. Thus our planted tree of 2n + 1 edgeshas n nodes. Leave the
root edgepointing South and align the other edgessothat all three anglesat ead node are
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120, lengthening edgesas neededto avoid self intersections. Rotate theseobjects through
multiples of 60° to get all \ro oted aligned cubic" trees on n nodes (6C,, of them, since
the edgefrom the root is no longer restricted to point South but may point in any of 6
directions). Now erasethe root on eadt to get all (unrooted) aligned cubic treeson n nodes
%Cn of them sincefor ead, a root could be placedon any of its n + 2 leaves). Thus two
drawings of an aligned cubic tree are equivalert if they di®eronly by translation and length
of edges. This is interpretation (iii) of the secondorder super-Catalan numbers mertioned
in the Introduction. For short, we will refer to an aligned cubic tree on n nodessimply as
an n-ctree (c for cubic).
More concretely a rooted n-ctree can be coded as a pair (r;u) with r an integer mod
6 and u a nonnegatiwe integer sequenceof length n + 2. The integerr givesthe angle (in
multiples of 60%) from the direction South courterclockwiseto the direction of the edgefrom
the root. The sequencau = (u;)? measuresdistance betweensuccessig leaves: traverse
the tree in preorder (a worm crawls courterclockwise around the tree starting at a point
just right of the root when looking from the root along the root edge). Then u; = v; | 2
wherev; (, 2) is the number of edgestraversedbetweenthe ith leaf and the next one. For
example, the sketched 3-ctree when rooted at A is coded by (2;(3;0; 1;1;1;0)) and when
rooted at B is coded by (1;(0;1; 1; 1; 0; 3)).
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Repeatingthi§,n+ 2 times all told rotates u badk to itself and gives\r" = 2n+ 4+
mod 6. Since in:+12 Ui isnecessarily= 2nj 2, we are,asexpected,bad to the original coding
sequence.

An ordinary (planted) full binary tree is coded by (0;u) and so there are C,, coding
sequence®f length n + 2. They can be generatedas follows. A ctree can be built up by
successigly addingtwo edgedo aleafto turn it into anode. The e®ecthis hasonthe coding
sequenceas to take two consecutie ertries u;j; Ui+1 (subscripts modulo n + 2) and replace
them by the three entries u; + 1; O; uj+; + 1. The 1-ctreehascoding sequenc€0,0,0). The 2-
ctree cading sequencesre (1,0,1,0)and (0,1,0,1),and soon. Rewersingthis proceduregives
a fast computational method to ched if a givenu is a coding sequencer not. For example,
successigly pruning the rst 0, 11210230 1120130 111030! 11020!' 1010! 000is
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indeeda coding sequence Howewer, we will work with the graphical depiction of a ctree.
The n-ctreesfor n = 0; 1;2 are shovn belonv. Note that sinceedgeshave a xed non-
horizortal direction, we can distinguish a top and bottom vertex for ead edge.

~. ‘

It is conveniert to introducesomefurther terminology. Recalla node is a vertex of degrees3.
A node is hidden, expsel, nakel or stark naked accordingasits 3 neighbors include 0; 1; 2
or 3 leaves. Thus a deepinterior vertex is just a hidden node. A O-ctreehasno nodes. Only
a l-ctree has a stark naked node, and hidden nodesdon't occur until n , 4. Forn , 2,
an n-ctree containing k hidden nodeshask + 2 naked nodesand hencenj 2k 2 exposed
nodes. The terms right and left can be ambiguous: we always useright and left relative to
travel from a speci ed vertex or edge. Thus vertex B below is left (not right!) travelling
from vertex A.

A
P

Eadh n-ctree hasa unique certer, either an edgeor a node, de ned asfollows. For n = 0, it
is the (unique) edgein the ctree. For n = 1, it is the (unique) node in the ctree. Forn , 2,
delete the leaves (and incident edges)adjacert to ead naked node, thereby reducing the
number of nodeshy at least2. Repeat until the n = 0 or 1 de nition applies. Equivalertly,
de ne the depth of a nodein a ctreeto be the length (number of edges)in the shortestpath
from the node to a naked node. Then there are either one or two nodesof maximal depth;
if one,it is the certer and if two, they are adjacert and the edgejoining them is the certer.



4 (n, k)-Con gurations

There are' ”Zik2¢2ni 2i 2k, con gurations formedin the following way. Start with a k-ctree|

Uk choices.Break a strip of nj 2 2k squares| ?2_22{i£%|in to 2k + 1 (possibly empty)
ni 2j 2k .

substrips, onefor eath of the 2k + 1 edgesin the k-ctree| i 2 M ¢ |”2‘k2¢ choices.

Mark ead squareL (= left) or R (= right)]2 "i 2 % choices.

Actually, this is not quite what we want. Perform onelittle tweaking: if there is a certer
edgeand it has an odd-length strip of squares,mark the rst squareT (= top) or B (=
bottom) instead of L or R. Soa con guration might look asfollows (n = 12, k = 2, empty
strips not shown).

ST

(B ]e]e]

N

5 Bijection
Here is a bijection from (n; k)-con gurations to n-ctrees with k hidden nodes. The
bijection producesthe correspndencesn the following table.

(n,k )-con guration n-ctree
leaf naked node
node hidden node
square exposednode

Roughly speaking, work outward from the certer, turning a strip of j labeledsquareson
an edgeAB into j exposednodeslying betweenA and B.

First, for the certer edge(if there is one), the proceduredependson whether it has an
even or odd number of squares.

Case Even Here,the certer edgebecomesan edgejoining two exposednodesasshown:
the labels again indicate the L=R status (travelling from the certer edge) of the leaves
assaiated with the exposednodes. The labels are applied from the bottom vertex subtree
(H»,) to the top one(H1).
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S Annni AN

Case Odd Here,the certer edgebecomesa leaf edge. The rst squareindicates whether
the top or bottom vertex becomesa leaf. Construct equalnumbersof exposednodeson eat
side of the non-leaf (here, top) vertex, using the L=R designationsto determine the leaves
(L=R relative to travel from the leaf and running, say, from the left branch to the right).

H>

H]_ L

coner |6 T[] ! AN
Hi

leaf

Decidethe placemen of the two subtreesH; H,, say the H originally sitting at the vertex
which is now a leaf goesat the end of the left branch from the leaf.

Next, for a non-cerer edgewith i ; 0 squaresjdentify its endpoint closestto the certer,
let Ho; H1; H, be the subtreesasillustrated (H, cortaining the certer), and insert i exposed
nodesas shovn. The labelsL; L; R apply in order from H;-H, to Hg and indicate the L=R
status (travelling from the certer) of the leavesassaiated with the exposednodes.

H1 H>

H, ~_

N NN

Hy Ho

(center)

R

Finally, turn the original leavesinto naked nodesby adding two edgesapiece.



We leave to the readerto verify that the resulting ctree hasn nodesof which k are hidden,
and that the original con guration can be uniquely recoveredfrom this n-ctree by reversing
the above procedure,working in from the leaves.
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