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Abstract

Given a grid graph G of size mn, we study the number i(m; n) of independen
setsin G, as well as b(m;n), the number of maximal such sets. It turns out that
the initial casesb(1;n) and b(2;n) lead to a Padovan and a Fib onacci sequence.To
determine b(m; n) for m > 2 we presert an adaptation of the transfer matrix method,
well known for calculating i(m; n). Finally, we apply our method to obtain explicit
valuesof b(m; n) for m = 3; 4,5 and provide the corresponding generating functions.

1 Intro duction
Let Gn.n = (V; E) bethe grid graph of size mn with vertex set
V=1f@j):2-i- ml-j- ng

and edgeset

E=ff(i;j):(%%:jii i+ i9=1g
A setl p V is calledan independentsetif no two of its elemerts are joined by an edge. We
let | ., denotethe collection of independert setsin Gn,., and i(m; n) the total number of
sud sets. A maximal independentsetB in Gn,., (maximal with respect to set-inclusion)is
calleda basis Again, By, represeis the collection of basesin G,., and b(m; n) is the total
number of sud sets. We are interestedin calculating i(m; n) and b(m; n) for any m;n 2 N



together with the assaiated generating functions. The study of i(m; n) is closelyrelated
to the \hard-square model" asit is usedin statistical physics. Of particular interest is the
so-called\hard-square ertropy constant” de ned to be limpy.,i1  i(m;n)¥™ (seeBaxter et
al. [1]). Applications alsoinclude tiling and, more recerily, excient coding schemesin data
storage (seeRoth et al. [5]). A basic referencefor work on i(m;n) is Calkin and Wilf
[3]. More recerily, Burstein et al. [2] have erumeratedindependen setsassaiated with sev-
eral classe®f (almost) regular graphsand calculatedthe correspnding generatingfunctions.

Whereasthis study of b(m; n) is new, distinguishing basesfrom independen setsis quite
common:just think of matroid theory or weighted independern setproblemsover graphswith
non-negativeweights onthe vertices. The questionfor the true valueof lim,.,;;  b(m; n)=m",
howewer, is open. We recerily learned(seeWeigt and Hartmann [9]) that maximal indepen-
dent setsmay be asseiated with meta-stableliquid states of certain hard-core lattice gas
models under compaction.

The main questionwe will answer in this paper is that of calculating b(m; n) for m;n > 2
by a proper adaptation of the \transfer matrix method" as designedby Engel [4] for the
calculation of i(m;n). The initial casesb(1;n) and b(2;n) turn out to produce a Padovan
and a Fibonaccisequencerespectively. Padovan sequencesave little history; their study
goes badk only to the beginning of the last certury. In the 1990'sthe architect Richard
Padovan popularizedthesesequencesand somecloselyrelated conceptssud asthe \plastic
constart”, the Padovan-analogueto the golden number. We refer the interested readerto
Stewart's recreationalarticle [8] for further details. Sincei(m; n) is alsocalledthe Fibonaci
numter of Gn,., we think that, this analogyin mind, it would be cornveniert to call b(m; n)
the Padovannumkber of G, .

This paper is organisedas follows: the next sectionis dewted to the Fibonaccinumber
i(m;n). We review the transfer matrix method for the calculation of i(m; n) and the results
obtained for m = 1;2; 3;4. Section3 addresseshe combinatorial structure of By, and By,
aswell astheir respective cardinalities. In section4 we presen the new method to calculate
b(m; n), and in section5 we apply our method to explicitly descrike b(m;n) for m = 3;4;5.
Whene\er corveniert, we indicate the assaiated generating functions that we calculated
using Maple. We concludewith a discussionof open problems.

2 The transfer matrix metho d for the calculation of
i(m; n)

Let usstart with the notion of \orthogonality". Thej-th column G/ = (VI;E}) of G, isthe

collection of independert sets. If now, for j1;j2 2 f1;:::ing, | = f(i1;j1);::::(ip;j1)g and
K = f(ki;j2);:: (Kgrj2)g aremenmbersof 1 't and | 12, respectively, we say that | is orthogo-
nalto K, I ? K, whenewerfiy;:::;ipo\ fke; i kqg= A. Moreover,forany | 2 |1 wede ne



we will alsohave to court the number of independer setsin Gp,x, whoseintersection with
VK equalsa given set |, a number that we represen by i(m;k;1). The basicidea of the
transfer matrix methal (due to Engel [4], seealso Stanley [7]) is to start with the values
i(m;L;1)=1forl 211, andto calculate,fork = 1;2;:::;nj 1,

X
i(mk+ 1;J) = i(m;k;1)8J 2%, (1)

121 kandi?J
in orderto nally obtain

X
i(m;n) = i(m;n;l): (2)
121 n
Equations (1) and (2) can be formulated as matrix-vector products by introducing the
following matrix T 2 f0; 1gTm+2£Fm+2

8J12ItsetT;; =1i®J? I:

X
i(mk+ 1;J) = Ty ¢i(m;k;1)8J 2 1k?

121 k
and at the endi(m;n) = 1T"i 11,

What really happenswith this method is the following: at any stagek, | n is partitioned
into a xed number of F,,, classesgadh of which is represemed by a unique independent
setin GX. During the following stagesonly the sizeof the classess increasing,and a simple
summationat the endyieldsi(m; n). Onemay think of proceedingthe sameway to calculate
b(m; n). Howewer, asthe examplewith m = n = 3 shaws, not only do we losethe integrality
of the transfer matrix. After a few stepswe get fractional valuessupposedto represem the
cardinalities of the classes.What we really needis to re ne our partition, and this will be
the subject of section4.

What are the results we can obtain for small valuesof m? It is well known that i(1;n)
equalsF,.,, the (n + 2)nd Fibonaccinumber. Other recurrenceformulas are available for
m = 2; 3;4 (seeSloane[6]). In the following we just resumethe related sequencesogether
with their generatingfunctions:

(i(1;M)n2n = (2;3,5;8,13,21,34,55,: 1)
with
X 2x + X2

i1;n)x"= ———
(7) 1iXiX2’
n,1



(1(2;M)nan = (3;7;17,41;,99, 239577 1393 ::2)

with
X 3x + X2
H 2 n - .
(Zin)x 1j 2xj x?'
n,1
(i(3;n))non = (5;17,63,227. 8272999 1089739561 : ::)
with
X 5 + 7x%j x3j x*
: . n — .
@t = 1j 2xj 6x2+ x4’
n, 1
and nally
(i(4;n))n2n = (8;41; 227 1234 6743 367872007981095851: : 1)
with
X i(4;n)x" = B + 9° iz ° i3 3x4: x° =
- 1i 4xj 9%+ 5x3+ 4x%j X

If we work \backwards", i.e., from columnn to column 1 of G.,, we are ableto express
i(m;n) by a generalformula, which for its \sum of products-form" might be interesting in
its own. For this and any | 2 |1, we denotewith s(m; 1) the number of independen sets
in 11, that are orthogonal to |. Using the fact that i(m;1) = F..» and assumingthat

s(m; 1) = Fijsa Fiyyigen GOCF; ;i 141 Fmp g2t
We will not usethis explicit form of s(m; 1) further but, instead, shav how to represen
i(m; n) asa function of s(m; 1)'s. We start with n = 2. Clearly,

X
i(m;2) = i(m;2;J):
J21 2

But i(m; 2;J) is just the number of thosesetsin | 1, that are orthogonalto 1(J); therefore,

X
i(m;2) = s(m; 1):
1211
For n = 3, we have again X
i(m;3) = i(m;3;J):
J21 3
But X
i(m;3,J) = i(m; 2,K);
K2l 2andk 2 J
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thus, X
i(m;3) = s(m; I(K))i(m; 2,K);

K2l 2
which equals X
(s(m; 1))
1211
For n = 4, we have
X X X
i(m;4) = i(m;4;J) = i(m;3;K)
Jar 4 J21 k21 3andk 23
0 1
X X X
= s(mI(K)i(m3K)=  s(m;l(K)) @ i(m;2,L)A
K2l 3 K2l 3 L21 zandL?k
which equals 0 1
X X
s(m;1) @ s(m; J)A :
121t Ja2r rands2
Finally, for n = 5 we obtain
X X X
i(m;5) = i(m;5;J) = i(m; 4,K)
Jar s J21 * k21 4andk 23
0 0 11
X X X X
= smIK)i(m4K)=  s(m;l(K)) @ @ s(m; I(M)AA ;
K214 K2l 4 L21 3andL?k M2 zandm 2L
which equals
0 0 11
X X X
s(m;1) @ @ s(m; J)AA
121t k2 tandk?1  J2i tandi?k
Sincein this last expressionany s(m;J) is courted s(m;| [ J) times,
X
i(m;5) = s(m;1)s(m;1 [ J)s(m;J):
1;J211

We proceedthe sameway for any n > 5 to obtain the following result.

Theorem 2.1 We have

o . P e P
(i) i(m; 1) = Fyuo, (i) i(m;2)= |, cs(m;l), (iii)) i(m;3)= |, 1(s(m; 1))?,



o P iP ¢

(iv) i(m;4)=" 5 :s(M 1) ;5 1ands2 S(MJ)
P

(V) i(m;5) = | 55 2s(m;1)s(m;1 [ J)s(m;J).

More geneaslly, for p, 3,
3

.....

P P
(Vi) i(m;2p) = .y o S(M;Ta)s(m; o] 12) 668s(m; 1 o[ 1 1) 20 1andi2 iy, | s(m;J) ,

(vi) i(m;2p+ 1) = > 12l 1 S(m;I)s(m; e[ 12) ¢ees(m; 1y 1 [ [p)s(m;1y).

l1;0,

3 Bain, and By, their structure and cardinalit y

Let m = 1 and Gy, be the correspnding grid graph, a path of length n; also,let B be a
maximal independert setin Gy, (an exampleis depictedin Figure 1).

e—O—oO —O e - 6—OCO—0

(1) (12 13 (14 (@5 (19 (1,n-2) (1,n-1) (1,n)

Obviously, B cannot cortain two consecuti\e vertices on this path, nor can the com-
plemert of sud a set contain three sud vertices. How can we obtain b(1;n + 1)? We
take a basis B from Bi.,+1 and considerthe elemerts it can have in common with the
setfnj 2nj 1,n;n+ 1g. There are four possibilities for this intersection: fnj 2;ng,
fnji L,n+ 1g,fng,andfnj 2;n+ 1g. The rst two possibilitieslead to a total number of

b(1;n+ 1)=Db1;nj 1)+ b1;nj 2)forn, 3 3)
(with b(1;1) = 1;b(1;2) = b(1;3) = 2):

But (3) is nothing but the de nition of a Padovan sequence(see Stewart [3]), whose
explicit form is

(B(L;n)n2n = (1,2,2,3,4,5,7,9,12 16,::2) ;
and whosegeneratingfunction is given by

X X+2X2+X3
In)x"= ———":
nlb( ) 1j x2j x3

Now let usturn to m = 2 and considera basisB 2 B,., (seeFigure 2 for an example).



11 12 @3 @4 @b @) (1,n-2) (1,n-1) (1,n)
L LT T

21 22 (23) (24 (25 (2.6) 2,n-2) (2,n-1) (2,n)

Figure 2: A basisfor m = 2.

Either (1;n) 2 B or (2;n) 2 B, in which casewe canaugmen B by the vertex (2;n+ 1) or
(1;n+ 1), respectively, to obtain b(2; n) many baseswithin B,.,+; . Moreover, if the vertices
(23;n) and (2;nj 1) arein B, B nf(1;n)g[ f(1;n+ 1)gwill bein B,.,+1, and the sameholds
for B nf(2;n)g[ f(2;n+ 1)gin casethat (2;n) and (1;nj 1) areelemerts of B. We herely
obtain the remaining b(2;n j 1) many basesof B,.,.; sothat altogether

b(2;n+ 1)=b2;n)+ b2;nj 1)forn,6 2 4)
(with b(2;1) = b(2;2) = 2);

or more explicitly,
(0(2; N)n2n = (2,2,4,6;10,16, 26,4268 110 :::) ;
which is nothing but a Fibonaccisequencevith generatingfunction
X 2x

2;n)x" = ——
nlb(’) 1i xj x2

4 Bsn and the general case

To calculateb(m; n) for m; n > 2 we maintain the basicideasunderlying the transfer matrix
method for the determination of i(m; n):

1. Creation of a partition of Bn,., that is valid at any stage.

2. Construction of a transfer matrix T re°ecting the cortribution of a classat stagek to
any other oneat stagek + 1.

3. Determination of b(m; n) by meansof T and the cardinality of the classes.

To create our partition it will be corveniert to analysethe baseswith respect to their
structure within the last two columns (Recallthat in the independert setcasel ., had been
separatedinto Fn,., many classesvhoseelemeits had an idertical structure within the last
column). We rst needto generateB,; from By,.,, for which the following, generalresult
will be useful:



denotethe setf(s;;n+ 1);:::;(Sp; n+ 1)g. Then By, 41 is the collection of all maximal sets
within fB°:B°=BnlI [ r(I);for B2 By, and | 2 1 "g.

Proof: Let B 2 B, and C = V nB its complemen with respectto V. Then C is a
minimal coverof E, i.e., C cortains at leastoneelemen from all the edgesand C is minimal
with respect to this property. We let G,., denote the collection of all these covers. Now
considerthe setof edgese™ that we add to Gy,., to obtain Gp.n+1. Obviously,

It is easyto verify that the collection C* of minimal coversof E* is the following:

C=fC=1[r(H):121™F=V"nlg:

By minimality, sud a cover C cannot cortain two consecutie vertices(i; n); (i + 1;n) 2

of minimal covers of the edgesof Gn.n+1 We simply have to form the setsC | c’ for any
C 2 Gun; C’2 C' and to retain the minimal ones. By complemetiation we get Byp+1 .

It is clear that generatingBn.,+1 this way will produce a large number of non-minimal
covers. For n = 2 a thorough analysisof the basesin By,.,, however, will allow us to keep
this e®ortat a minimum level.

What is the structure of a basisB 2 B,.,? For an answer we considertwo elemens of
B that are consecutie within the rst column,i.e., which canbe at distance2, 3, 4, respec-
tively, together with the position of the rst or last elemen of B in that column (Figure 3
illustrates the four cases):

hasto bein B, too.
Case ii) (s;1)and(s+ 3;1) arein B: but then either (s+ 1;2) or (s+ 2;2) must bein B.
Case iii) (s;1) and(s+ 4;1) arein B: then (s+ 2;2) hasto bein B.

Caseiv) If (s;1)2B fors=2o0ormj 1(orif(s;1)2B fors=3o0ors=mj 2,and(1;1)
or (m; 1) 2 B, respectively), then (1;2) or (m; 2), respectively, hasto bein B.

Casei) givesrise to the de nition of an alternating path AP asinduced by a maximal
alternating sequencen column 1:

8



(S, 1) .76

(s1) —O
(S,l) .40 f (112)
(s+1,2) —@ (s+2,2)
—@ (s+2,2) j
(s+2,1) (s,1)
(S+37l) .*\)
(s+4,1) @—O
Case i) Case i) Case iii) Case iv)
Figure 3: Substructuresof a basisB 2 B, »:
with

We now cometo the proper generationof By,.3. Again, let B be a basisin B,.,. It is our
aim to descrite all independent setsl 2 | 2 for which B"= B nl [ r(l) (seeTheorem?2) is
a menber of By,.3. To this end we start with | := A and chek column 2 of B from top to
bottom with respect to the substructuresstudied above within column 1: wheneer we nd
an alternating path AP we modify | accordingto the following rule:

Rule i) ReduceAP \ B to those vertices(v; 2), for which v = 1 or v = m, or for which
both (v 1;1) and (v+ 1;1) are contained in B; chooseamongthe remaining onesan

and setl = | [ W. Also, wheneer the vertex (s;2) or (s+ 2t;2) (with s > 2,
s+ 2t < mj 1) hasbeenchosento bein BL, add vertex (sj 2;2) or (s+ 2t + 2;2)
to |, respectively.

We are now left with a secondched of column 2 with respect to substructuresii), iii), iv):

for thosenot yet treated in rule 1 we have to selectl or 2 elemerts accordingto the following
rules:

Rule ii) Choosevertex (s+ 1;2) or (s+ 2;2) andaddit to |.

Rule iii) Choosevertex (s+ 2;2) (or vertices(s+ 1;2) and (s+ 3;2) if (s+ 2;1) isin B)
and add it (them) to I.



Rule iv) Choose(1;2) or (m;2)if (2;2) or (mj 1;2)isin B nl, respectively, and add it to
| ;if (3;2)isthe rst, or (mj 2;2)the last elemen in B, then chooseoneof (1;2); (2; 2)
or (mj 1,2);(m;2), respectively, and add it to | .

Set!| hasbeenconstructed not only to be a member of | ,: the set B° will always be a
maximal independert set, i.e., a member of B,,.3. On the other hand, any sud maximizing
| appearsas a particular caseof our construction so that altogether we generatethe com-
plete family Bp.3. Also obsene that due to the di®eren possibilities to choosea set BL
and a white vertex in the other cases,ewery basisin B, generatesa number of basesin
Bm:3, Which equalsa power of 2. Finally, our construction allows to partition Bp,.3 into p
equivalenceclassestwo basesbeing consideredequivalert if they have the sameintersection
with V2[ V3. Any sud intersection can be represeted by a representinggraph Pp,,.» (see
Figure 4 for an illustration of the casem = 3).

Figure 4: Generationof By,.3 from By,., and the 8 represeting graphsPp,.2:

If we now proceedto the generationof B,.4 from B,.3, we can be sureto terminate with
the samecollection of represeting graphsPn,.» (and this is true for any stage): the collection
of independert setsrepreseted by the Py,.,'s contains By,.», for any represeted J thereis a
basisB from By,., sud that J p B and B nJ cortains only verticesof the rst column.

What is still missingis an answer to the following question: what are the classef stage
k that produce (via Theorem2) a given classat stagek + 1? For an answer let us say that
classi contributes to classj if for some(this is suxcient!) B in classi thereisan | in |3
sudh that B nl [ r(l) is an elemen of (Bn,.4 and) class;j .

We are now ready to introducethe notion of a \transfer matrix": let p be the number of
classeobtained from partitioning By,.3, and let T 2 f0; 1g°£P be de ned as follows:

T; = 1i®classj cortributes to classi .
Then we get the following

10



Prop osition 4.1 If for k=3,4,5,..., ¢ denotesthe cardinality of classi at stagek, the ¢

cl‘“l—xpT--#fori—l d b(m; =
=T for i=L,. ..,p, andb(m;k + 1) =

j:]_ i=1

To concludethis sectionwe just mertion that the initial sizeof matrix T can be reduced
asfollows: mergetwo classesnto onewhene\er their represeting graphsare (upside down)
symmetric (note: T may then cortain entries ; 2), or if they cortribute to the sameclasses
in the sameway. Theseaspects will be further clari ed in the next section, where a full
solution of the casesn = 3;4;5 will be presened.

5 The casesm= 345

Let us start with m = 3. We have already seenhow to generateB,. 3 from B,.», asdepicted
in Figure 4. If we merge\symmetric" classesve comeup with 6 classeswhoserepreseting
graphsare resumedin Figure 5:

nononnd

class 1 class 2 class 3 class 4 class 5 class 6

Figure 5: Represeting graphsfor m = 3.

Now obsene that classes$ and 6 cortribute to the sameclassesn the sameway, namely
classl, sothat we can mergethem into onenewclassb. The correspnding transfer matrix is

2
TE) = g

which allows us, by application of Proposition

OFR NPRFR O

or oo Oo

© poroo

coor
cooo
3NN

[EEN
=
o

b
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classesn=3 |4| 5| 6| 7 8 9| 10
1 1 4| 7113|30| 59| 117 246
2 1 1| 4| 7(13| 30| 59| 117
3 4 | 6|14|28|54|114| 232 | 466
4 1 |2 5/11|20| 43| 89| 176
5 3 5| 8(19]39| 74| 157| 321

aswell asthe nal valuesof (3;n) for n > 3, herely producing the sequence

(b(3;n))n2n = (2; 4,10, 18,38, 78,156 320 654 1326 :::) ;
whosegeneratingfunction is
X X+ 22+ 4x3 | 24| 25

3;n)x" = :
] 1b( ) 1i Xij x2j 3x3+ x4+ x°

For m = 4 the partition of B4, is represeted by the following graphs:

class 1 class 2 class 3 class 4 class 5 class 6

Figure 6: Represeting graphsfor m = 4.

As above, we can mergeclasses and 7 to obtain the transfer matrix:

2 3
111010
00O0O0OOI1
000100

T@) = 110001
100000
101200

together with the assaiated classcardinalities:

12
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Il
w

classes n
1

20| 50| 128| 324| 820| 2078
12| 32| 82|204| 520| 1316
101 26| 64| 164 | 4141048
26| 64| 164 | 414 | 1048| 2656

8120 50|128| 324| 820
32|82| 204|520 1316| 3330

NNO PO OOMS

OO, WN
ONBENDNDDN
[EnN

[ERN

We obtain the sequence:

(b(4;n))non = (3;6;18 42 108 274 692 17544442 11248:::) ;

whosegeneratingfunction is

X 3+ 3%+ 33 x4 AP X0+ x|

4;n)x" =
] 1b( ) 1i xj 3x2j 3x3+ x4+ 2x5+ x6

For m = 5, nally, we comeup with 17 represeting graphs:

i

class 1 class 2 class 3 class 4 class 5 class 6 class 7 class 8

CHHEHANHE

class 9 class 10 class 11 class 12 class 13 class 14 class 15 class 16 class 17

Figure 7: Represeting graphsfor m = 5.
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We can mergeclasses$ and 11, 9 and 15, 14 and 16 to obtain a 14£ 14 transfer matrix:

2O 0010001100010
1000000O0OO0OO0O0O0OO0OO
0000O0O0O0O100O0OO0OO0OO0OO0O
11100000000O0O0O
0000011 0001000
00020112101000

T(5) = 20101000010000
0000O0OO0OO0OOOOOO1O00O0
00001010010000
201000000O0O0O0OO0C0O0
0000O1000O0OO0OO0O0OO0?2
100010000O0O0O0OO0TI1
00010000O0OO0OO0O0OO0T1
1010000000O0O1O00O

and the correspnding classcardinalities:

classes n=3 | 4| 5 6 7 8 9 10
1 1 8(21| 61|218| 677|2097| 6814
2 1 1| 8| 21| 61| 218| 677| 2097
3 2 6(22| 66|206| 676|2124| 6692
4 1 4|15| 51|148| 485| 1571| 4898
5 4 141 40| 134 | 414 | 1340| 4200| 13426
6 6 22| 66| 206| 676| 2124 | 6692 | 21476
7 4 |10|40| 126| 386 | 1244 | 4012| 12548
8 1 4| 7| 29| 82| 267| 841| 2708
9 4 | 10| 28| 102|324 | 988| 3226| 10242
10 2 4122 64| 188| 642| 2030, 6318
11 4 8|28| 82| 278| 832| 2722| 8588
12 4 7129| 82|267| 841|2708| 8491
13 2 3111| 36| 123| 357| 1176| 3765
14 2 7021 72]209| 691|2194| 6929

which producethe sequence

(b(5; N))n2n = (4; 10,38 108 358 1132 3580 1138236270114992: ::) ;

with generatingfunction

X
b(5; n)x" =

n, 1

14



4x + 6x2+ 123 10x*j 18°+ 2x8j 20"+ 20x® | 50x° + 3810 18k + 2x12+ 6x13+ 2x14
1i Xj 4x2j 10x3j 4x%+ 20x5j x84+ 2x7j 2x8+ 16x°% 4x10; x1s '

We may want to comparethis sequencewith the correspnding onefor the independen
set case(taken from Sloane[6]):

(i(5:n))n2n = (13,99, 827, 6743 554474543853729091305846872509161312058249165 : 3):

The conclusionwith respect to their growth is immediate.

6 Conclusion

In this paper we have introduceda new classof integer sequencesver grid graphsgeneral-
izing both Padovan and Fibonaccisequenceshut still maintaining the essetial property of
independence.Counting the basesof a grid graph (or other graph families along the same
line) and analysing their structure should therefore still be attractiv e for the applications
mertioned in the introduction: tiling (our basesmay have a very regular structure), excient
coding schemes(when closelyrelated to the hard-squaremodel) and statistical physics (in
particular, the questionof the true value of limy,,;  b(m; n)¥=m"),
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