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Abstract

Given a grid graph G of size mn, we study the number i (m; n) of independent
sets in G, as well as b(m; n), the number of maximal such sets. It turns out that
the initial casesb(1; n) and b(2; n) lead to a Padovan and a Fibonacci sequence.To
determine b(m; n) for m > 2 we present an adaptation of the transfer matrix method,
well known for calculating i (m; n). Finally, we apply our method to obtain explicit
valuesof b(m; n) for m = 3; 4; 5 and provide the corresponding generating functions.

1 In tro duction

Let Gm;n = (V; E) be the grid graph of sizemn with vertex set

V = f (i; j ) : 1 · i · m; 1 · j · ng

and edgeset
E = ff (i; j ); (i 0; j 0)g : ji ¡ i 0j + jj ¡ j 0j = 1g:

A set I µ V is called an independentset if no two of its elements are joined by an edge.We
let I m;n denote the collection of independent sets in Gm;n and i (m; n) the total number of
such sets. A maximal independentset B in Gm;n (maximal with respect to set-inclusion) is
calleda basis. Again, Bm;n represents the collection of basesin Gm;n and b(m; n) is the total
number of such sets. We are interestedin calculating i (m; n) and b(m; n) for any m; n 2 N
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together with the associated generating functions. The study of i (m; n) is closely related
to the \hard-square model" as it is usedin statistical physics. Of particular interest is the
so-called\hard-square entropy constant" de¯ned to be limm;n !1 i (m; n)1=mn (seeBaxter et
al. [1]). Applications also include tiling and, more recently, e±cient coding schemesin data
storage (see Roth et al. [5]). A basic referencefor work on i (m; n) is Calkin and Wilf
[3]. More recently, Burstein et al. [2] have enumeratedindependent setsassociated with sev-
eral classesof (almost) regulargraphsand calculatedthe correspondinggeneratingfunctions.

Whereasthis study of b(m; n) is new, distinguishing basesfrom independent setsis quite
common: just think of matroid theory or weighted independent setproblemsover graphswith
non-negativeweights on the vertices. The questionfor the true valueof limm;n !1 b(m; n)1=mn ,
however, is open. We recently learned(seeWeigt and Hartmann [9]) that maximal indepen-
dent sets may be associated with meta-stable liquid states of certain hard-core lattice gas
modelsunder compaction.

The main questionwe will answer in this paper is that of calculating b(m; n) for m; n > 2
by a proper adaptation of the \transfer matrix method" as designedby Engel [4] for the
calculation of i (m; n). The initial casesb(1; n) and b(2; n) turn out to produce a Padovan
and a Fibonacci sequence,respectively. Padovan sequenceshave little history; their study
goes back only to the beginning of the last century. In the 1990's the architect Richard
Padovan popularizedthesesequencesand somecloselyrelated conceptssuch as the \plastic
constant", the Padovan-analogueto the golden number. We refer the interested reader to
Stewart's recreationalarticle [8] for further details. Sincei (m; n) is alsocalled the Fibonacci
number of Gm;n we think that, this analogy in mind, it would be convenient to call b(m; n)
the Padovannumber of Gm;n .

This paper is organisedas follows: the next section is devoted to the Fibonaccinumber
i (m; n). We review the transfer matrix method for the calculation of i (m; n) and the results
obtained for m = 1; 2; 3; 4. Section3 addressesthe combinatorial structure of B1;n and B2;n

aswell as their respective cardinalities. In section4 we present the new method to calculate
b(m; n), and in section5 we apply our method to explicitly describe b(m; n) for m = 3; 4; 5.
Whenever convenient, we indicate the associated generating functions that we calculated
using Maple. We concludewith a discussionof open problems.

2 The transfer matrix metho d for the calculation of
i (m; n)

Let usstart with the notion of \orthogonalit y". The j-th column Gj = (V j ; E j ) of Gm;n is the
subgraphinducedby the vertex set f (1; j ); (2; j ); : : : ; (m; j )g with I j denoting the associated
collection of independent sets. If now, for j 1; j 2 2 f 1; : : : ; ng, I = f (i 1; j 1); : : : ; (i p; j 1)g and
K = f (k1; j 2); : : : ; (kq; j 2)g aremembersof I j 1 and I j 2 , respectively, we say that I is orthogo-
nal to K, I ? K , whenever f i 1; : : : ; i pg\ f k1; : : : ; kqg = Â. Moreover, for any I 2 I j wede¯ne
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the set l(I ) = f (i 1; 1); : : : ; (i p; 1)g, which again is a member of I 1. For any k 2 f 1; : : : ; ng,
we will alsohave to count the number of independent setsin Gm;k , whoseintersectionwith
V k equalsa given set I , a number that we represent by i (m; k; I ). The basic idea of the
transfer matrix method (due to Engel [4], seealso Stanley [7]) is to start with the values
i (m; 1; I ) = 1 for I 2 I 1, and to calculate, for k = 1; 2; : : : ; n ¡ 1,

i (m; k + 1; J ) =
X

I 2I k andI ? J

i (m; k; I ) 8 J 2 I k+1 ; (1)

in order to ¯nally obtain

i (m; n) =
X

I 2I n

i (m; n; I ): (2)

Equations (1) and (2) can be formulated as matrix-vector products by introducing the
following matrix T 2 f 0; 1gFm +2 £ Fm +2 :

8 J; I 2 I 1 set TJ I = 1 i® J ? I :

Clearly, for k = 1; : : : ; n ¡ 1;

i (m; k + 1; J ) =
X

I 2I k

TJ I ¢i (m; k; I ) 8 J 2 I k+1

and at the end i (m; n) = 1Tn¡ 11.

What really happenswith this method is the following: at any stagek, I m;k is partitioned
into a ¯xed number of Fm+2 classes,each of which is represented by a unique independent
set in Gk . During the following stagesonly the sizeof the classesis increasing,and a simple
summationat the endyields i (m; n). Onemay think of proceedingthe sameway to calculate
b(m; n). However, asthe examplewith m = n = 3 shows, not only do we losethe integrality
of the transfer matrix. After a few stepswe get fractional valuessupposedto represent the
cardinalities of the classes.What we really needis to re¯ne our partition, and this will be
the subject of section4.

What are the results we can obtain for small valuesof m? It is well known that i (1; n)
equalsFn+2 , the (n + 2)nd Fibonacci number. Other recurrenceformulas are available for
m = 2; 3; 4 (seeSloane[6]). In the following we just resumethe related sequencestogether
with their generatingfunctions:

(i (1; n))n2 N = (2; 3; 5; 8; 13; 21; 34; 55; : : :)

with

X

n¸ 1

i (1; n)xn =
2x + x2

1 ¡ x ¡ x2
;
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(i (2; n))n2 N = (3; 7; 17; 41; 99; 239; 577; 1393; : : :)

with

X

n¸ 1

i (2; n)xn =
3x + x2

1 ¡ 2x ¡ x2
;

(i (3; n))n2 N = (5; 17; 63; 227; 827; 2999; 10897; 39561; : : :)

with

X

n¸ 1

i (3; n)xn =
5x + 7x2 ¡ x3 ¡ x4

1 ¡ 2x ¡ 6x2 + x4
;

and ¯nally

(i (4; n))n2 N = (8; 41; 227; 1234; 6743; 36787; 200798; 1095851; : : :)

with

X

n¸ 1

i (4; n)xn =
8x + 9x2 ¡ 9x3 ¡ 3x4 + x5

1 ¡ 4x ¡ 9x2 + 5x3 + 4x4 ¡ x5
:

If we work \backwards", i.e., from column n to column 1 of Gm;n , we are able to express
i (m; n) by a generalformula, which for its \sum of products-form" might be interesting in
its own. For this and any I 2 I 1, we denote with s(m; I ) the number of independent sets
in I 1, that are orthogonal to I . Using the fact that i (m; 1) = Fm+2 and assumingthat
I = f i 1; : : : ; i pg with i 1 < i 2 < ¢¢¢< i p, s(m; I ) can be written as follows:

s(m; I ) = Fi 1+1 Fi 2 ¡ i 1+1 ¢¢¢Fi p ¡ i p¡ 1+1 Fm¡ i p +2 :

We will not usethis explicit form of s(m; I ) further but, instead, show how to represent
i (m; n) as a function of s(m; I )'s. We start with n = 2. Clearly,

i (m; 2) =
X

J 2I 2

i (m; 2; J ):

But i (m; 2; J ) is just the number of thosesetsin I 1, that are orthogonal to l(J ); therefore,

i (m; 2) =
X

I 2I 1

s(m; I ):

For n = 3, we have again
i (m; 3) =

X

J 2I 3

i (m; 3; J ):

But
i (m; 3; J ) =

X

K 2I 2 andK ? J

i (m; 2; K );
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thus,
i (m; 3) =

X

K 2I 2

s(m; l(K )) i (m; 2; K );

which equals X

I 2I 1

(s(m; I ))2:

For n = 4, we have

i (m; 4) =
X

J 2I 4

i (m; 4; J ) =
X

J 2I 4

X

K 2I 3 andK ? J

i (m; 3; K )

=
X

K 2I 3

s(m; l(K )) i (m; 3; K ) =
X

K 2I 3

s(m; l(K ))

0

@
X

L 2I 2 andL ? K

i (m; 2; L)

1

A ;

which equals
X

I 2I 1

s(m; I )

0

@
X

J 2I 1 andJ ? I

s(m; J )

1

A :

Finally, for n = 5 we obtain

i (m; 5) =
X

J 2I 5

i (m; 5; J ) =
X

J 2I 5

X

K 2I 4 andK ? J

i (m; 4; K )

=
X

K 2I 4

s(m; l(K )) i (m; 4; K ) =
X

K 2I 4

s(m; l(K ))

0

@
X

L 2I 3 andL ? K

0

@
X

M 2I 2 andM ? L

s(m; l(M ))

1

A

1

A ;

which equals

X

I 2I 1

s(m; I )

0

@
X

K 2I 1 andK ? I

0

@
X

J 2I 1 andJ ? K

s(m; J )

1

A

1

A :

Sincein this last expression,any s(m; J ) is counted s(m; I [ J ) times,

i (m; 5) =
X

I ;J 2I 1

s(m; I )s(m; I [ J )s(m; J ):

We proceedthe sameway for any n > 5 to obtain the following result.

Theorem 2.1 We have

(i) i (m; 1) = Fm+2 , (ii) i (m; 2) =
P

I 2I 1 s(m; I ), (iii) i (m; 3) =
P

I 2I 1 (s(m; I ))2,
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(iv) i (m; 4) =
P

I 2I 1 s(m; I )
¡P

J 2I 1 andJ ? I s(m; J )
¢
,

(v) i (m; 5) =
P

I ;J 2I 1 s(m; I )s(m; I [ J )s(m; J ).

More generally, for p ¸ 3,

(vi) i (m; 2p) =
P

I 1 ;:::;I p 2I 1 s(m; I 1)s(m; I 1[ I 2) ¢¢¢s(m; I p¡ 2[ I p¡ 1)
³ P

J 2I 1 andJ ? I p¡ 1
s(m; J )

´
,

(vii) i (m; 2p + 1) =
P

I 1 ;:::;I p 2I 1 s(m; I 1)s(m; I 1 [ I 2) ¢¢¢s(m; I p¡ 1 [ I p)s(m; I p).

3 B1;n and B2;n, their structure and cardinalit y

Let m = 1 and G1;n be the corresponding grid graph, a path of length n; also, let B be a
maximal independent set in G1;n (an exampleis depicted in Figure 1).

(1,1) (1,3) (1,4) (1,5)

. . . .

(1,n-2) (1,n-1) (1,n)(1,2) (1,6)

Figure 1: The basisB = f (1; 1); (1; 4); (1; 6); : : : ; (1; n ¡ 2); (1; n)g for m = 1.

Obviously, B cannot contain two consecutive vertices on this path, nor can the com-
plement of such a set contain three such vertices. How can we obtain b(1; n + 1)? We
take a basis B from B1;n+1 and consider the elements it can have in common with the
set f n ¡ 2; n ¡ 1; n; n + 1g. There are four possibilities for this intersection: f n ¡ 2; ng,
f n ¡ 1; n + 1g, f ng, and f n ¡ 2; n + 1g. The ¯rst two possibilities lead to a total number of
b(1; n ¡ 1), the secondto b(1; n ¡ 2) basesover f 1; : : : ; n + 1g, i.e.,

b(1; n + 1) = b(1; n ¡ 1) + b(1; n ¡ 2) for n ¸ 3 (3)

(with b(1; 1) = 1; b(1; 2) = b(1; 3) = 2):

But (3) is nothing but the de¯nition of a Padovan sequence(seeStewart [8]), whose
explicit form is

(b(1; n))n2 N = (1; 2; 2; 3; 4; 5; 7; 9; 12; 16; : : :) ;

and whosegeneratingfunction is given by

X

n¸ 1

b(1; n)xn =
x + 2x2 + x3

1 ¡ x2 ¡ x3
:

Now let us turn to m = 2 and considera basisB 2 B2;n (seeFigure 2 for an example).
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(1,2)(1,1) (1,3) (1,4) (1,5) (1,6) (1,n-2) (1,n-1) (1,n)

. . . .

(2,1) (2,2) (2,3) (2,4) (2,5) (2,6) (2,n)(2,n-1)(2,n-2)

Figure 2: A basisfor m = 2.

Either (1; n) 2 B or (2; n) 2 B, in which casewecanaugment B by the vertex (2; n+ 1) or
(1; n + 1), respectively, to obtain b(2; n) many baseswithin B2;n+1 . Moreover, if the vertices
(1; n) and (2; n ¡ 1) are in B , B nf (1; n)g[ f (1; n + 1)g will be in B2;n+1 , and the sameholds
for B nf (2; n)g [ f (2; n + 1)g in casethat (2; n) and (1; n ¡ 1) are elements of B . We hereby
obtain the remaining b(2; n ¡ 1) many basesof B2;n+1 so that altogether

b(2; n + 1) = b(2; n) + b(2; n ¡ 1) for n ¸ 2 (4)

(with b(2; 1) = b(2; 2) = 2);

or more explicitly,

(b(2; n))n2 N = (2; 2; 4; 6; 10; 16; 26; 42; 68; 110; : : :) ;

which is nothing but a Fibonaccisequencewith generatingfunction

X

n¸ 1

b(2; n)xn =
2x

1 ¡ x ¡ x2
:

4 B3;n and the general case

To calculateb(m; n) for m; n > 2 we maintain the basicideasunderlying the transfer matrix
method for the determination of i (m; n):

1. Creation of a partition of Bm;n that is valid at any stage.

2. Construction of a transfer matrix T re°ecting the contribution of a classat stagek to
any other oneat stagek + 1.

3. Determination of b(m; n) by meansof T and the cardinality of the classes.

To create our partition it will be convenient to analysethe baseswith respect to their
structure within the last two columns. (Recall that in the independent setcaseI m;n had been
separatedinto Fm+2 many classeswhoseelements had an identical structure within the last
column). We ¯rst needto generateBm;3 from Bm;2, for which the following, generalresult
will be useful:
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Theorem 4.1 Given Bm;n and a set of vertices S = f (s1; n); : : : ; (sp; n)g µ V n let r (S)
denotethe set f (s1; n + 1); : : : ; (sp; n + 1)g. Then Bm;n +1 is the collection of all maximal sets
within f B

0
: B

0
= B n I [ r (I ); f or B 2 Bm;n and I 2 I ng.

Proof: Let B 2 Bm;n and C = V n B its complement with respect to V. Then C is a
minimal cover of E, i.e., C contains at leastoneelement from all the edgesand C is minimal
with respect to this property. We let Cm;n denote the collection of all these covers. Now
considerthe set of edgesE + that we add to Gm;n to obtain Gm;n +1 . Obviously,

E + = ff (i; n); (i; n + 1)g : i = 1; : : : ; mg [ ff (i; n + 1); (i + 1; n + 1)g : i = 1; : : : ; m ¡ 1g:

It is easyto verify that the collection C+ of minimal coversof E + is the following:

C+ = f C = I [ r ( ¹I ) : I 2 I n ; ¹I = V n n I g:

By minimalit y, such a cover C cannot contain two consecutive vertices(i; n); (i + 1; n) 2
V n with i 2 f 1; : : : ; m ¡ 1g, and any edgef (i; n); (i; n + 1)g with i 2 f 1; : : : ; mg not covered
by (i; n) has to be covered by (i; n + 1), theselatter vertices covering at the sametime all
edgesf (i; n + 1); (i + 1; n + 1)g with i 2 f 1; : : : ; m ¡ 1g. Now to obtain the collection Cm;n +1

of minimal covers of the edgesof Gm;n +1 we simply have to form the sets C [ C
0

for any
C 2 Cm;n ; C

0
2 C+ and to retain the minimal ones.By complementation we get Bm;n +1 .

It is clear that generatingBm;n +1 this way will produce a large number of non-minimal
covers. For n = 2 a thorough analysisof the basesin Bm;2, however, will allow us to keep
this e®ortat a minimum level.

What is the structure of a basisB 2 Bm;2? For an answer we considertwo elements of
B that are consecutive within the ¯rst column, i.e., which can be at distance2, 3, 4, respec-
tiv ely, together with the position of the ¯rst or last element of B in that column (Figure 3
illustrates the four cases):

Case i) (s;1) and (s + 2; 1) are in B for s 2 f 1; : : : ; m ¡ 2g: then, by maximality, (s + 1; 2)
has to be in B, too.

Case ii) (s;1) and (s + 3; 1) are in B : but then either (s + 1; 2) or (s + 2; 2) must be in B.

Case iii) (s;1) and (s + 4; 1) are in B : then (s + 2; 2) has to be in B.

Case iv) If (s;1) 2 B for s = 2 or m ¡ 1 (or if (s;1) 2 B for s = 3 or s = m ¡ 2, and (1; 1)
or (m; 1) =2 B, respectively), then (1; 2) or (m; 2), respectively, has to be in B.

Casei) gives rise to the de¯nition of an alternating path AP as induced by a maximal
alternating sequencein column 1:

AP = f (s;1); (s + 1; 1); : : : ; (s + 2t ¡ 1; 1); (s + 2t; 1)g
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(s+2,1)

(s+1,2)

(s+3,1)

(s,1)

(s,1)

(s,1)

(s+4,1)

(s+2,2)

(1,2)

(s,1)

Case i) Case ii) Case iii) Case iv)

(s+2,2)

Figure 3: Substructuresof a basisB 2 Bm;2:

with
f (s;1); (s + 2; 1); : : : ; (s + 2t ¡ 2; 1); (s + 2t; 1)g µ B:

In such a case,the vertices(s + 1; 2); (s + 3; 2); : : : ; (s + 2t ¡ 1; 2) have to be in B, too.

We now cometo the proper generationof Bm;3. Again, let B be a basisin Bm;2. It is our
aim to describe all independent setsI 2 I 2 for which B

0
= B n I [ r (I ) (seeTheorem 2) is

a member of Bm;3. To this end we start with I := Â and check column 2 of B from top to
bottom with respect to the substructuresstudied above within column 1: whenever we ¯nd
an alternating path AP we modify I accordingto the following rule:

Rule i) ReduceAP \ B to those vertices (v; 2), for which v = 1 or v = m, or for which
both (v ¡ 1; 1) and (v + 1; 1) are contained in B; chooseamongthe remaining onesan
arbitrary set BL = f (b1; 2); : : : ; (bp; 2)g and set I := I [ BL. Within AP n B, choose
the set

W = f (s+ 1; 2); : : : ; (b1 ¡ 3; 2); (b1 + 3; 2); : : : ; (b2 ¡ 3; 2); (b2 + 3; 2); : : : ; (s+ 2t ¡ 1; 2)g

and set I := I [ W. Also, whenever the vertex (s;2) or (s + 2t; 2) (with s > 2,
s + 2t < m ¡ 1) has beenchosento be in BL, add vertex (s ¡ 2; 2) or (s + 2t + 2; 2)
to I , respectively.

We are now left with a secondcheck of column 2 with respect to substructuresii), iii), iv):
for thosenot yet treated in rule 1 we have to select1 or 2 elements accordingto the following
rules:

Rule ii) Choosevertex (s + 1; 2) or (s + 2; 2) and add it to I .

Rule iii) Choosevertex (s + 2; 2) (or vertices(s + 1; 2) and (s + 3; 2) if (s + 2; 1) is in B)
and add it (them) to I .
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Rule iv) Choose(1; 2) or (m; 2) if (2; 2) or (m ¡ 1; 2) is in B nI , respectively, and add it to
I ; if (3; 2) is the ¯rst, or (m¡ 2; 2) the last element in B , then chooseoneof (1; 2); (2; 2)
or (m ¡ 1; 2); (m; 2), respectively, and add it to I .

Set I has beenconstructed not only to be a member of I 2: the set B
0

will always be a
maximal independent set, i.e., a member of Bm;3. On the other hand, any such maximizing
I appearsas a particular caseof our construction so that altogether we generatethe com-
plete family Bm;3. Also observe that due to the di®erent possibilities to choosea set BL
and a white vertex in the other cases,every basis in Bm;2 generatesa number of basesin
Bm;3, which equalsa power of 2. Finally, our construction allows to partition Bm;3 into p
equivalenceclasses,two basesbeing consideredequivalent if they have the sameintersection
with V 2 [ V 3. Any such intersection can be represented by a representinggraph Pm;2 (see
Figure 4 for an illustration of the casem = 3).

Figure 4: Generationof Bm;3 from Bm;2 and the 8 representing graphsPm;2:

If we now proceedto the generationof Bm;4 from Bm;3, we can be sureto terminate with
the samecollectionof representing graphsPm;2 (and this is true for any stage): the collection
of independent setsrepresented by the Pm;2's contains Bm;2, for any represented J there is a
basisB from Bm;2 such that J µ B and B n J contains only verticesof the ¯rst column.

What is still missingis an answer to the following question: what are the classesof stage
k that produce(via Theorem2) a given classat stagek + 1? For an answer let us say that
class i contributes to class j if for some(this is su±cient!) B in classi there is an I in I 3

such that B n I [ r (I ) is an element of (Bm;4 and) classj .

We are now ready to introducethe notion of a \transfer matrix": let p be the number of
classesobtained from partitioning Bm;3, and let T 2 f 0; 1gp£ p be de¯ned as follows:

Tij = 1 i® classj contributes to classi .

Then we get the following
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Prop osition 4.1 If for k=3,4,5,. . . , ck
i denotesthe cardinality of classi at stagek, the c3

i
being given for i = 1; : : : ; p; then

ck+1
i =

pX

j =1

Tij ck
j for i=1,. . . ,p, and b(m; k + 1) =

pX

i =1

ck+1
i :

To concludethis sectionwe just mention that the initial sizeof matrix T can be reduced
as follows: mergetwo classesinto onewhenever their representing graphsare (upsidedown)
symmetric (note: T may then contain entries ¸ 2), or if they contribute to the sameclasses
in the sameway. These aspects will be further clari¯ed in the next section, where a full
solution of the casesm = 3; 4; 5 will be presented.

5 The cases m = 3; 4; 5

Let us start with m = 3. We have already seenhow to generateBm;3 from Bm;2, asdepicted
in Figure 4. If we merge\symmetric" classeswe comeup with 6 classes,whoserepresenting
graphsare resumedin Figure 5:

class 1 class 2 class 3 class 4 class 5 class 6

Figure 5: Representing graphsfor m = 3.

Now observe that classes5 and 6 contribute to the sameclassesin the sameway, namely
class1, sothat wecanmergethem into onenewclass5. The corresponding transfer matrix is

T(3) =

2

6
6
6
6
4

0 0 0 1 1
1 0 0 0 0
2 0 1 0 0
1 1 0 0 0
0 0 1 1 0

3

7
7
7
7
5

which allowsus,by application of Proposition 1, to calculatethe classsizescn
i for i = 1; : : : ; 5:
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classes n=3 4 5 6 7 8 9 10
1 1 4 7 13 30 59 117 246
2 1 1 4 7 13 30 59 117
3 4 6 14 28 54 114 232 466
4 1 2 5 11 20 43 89 176
5 3 5 8 19 39 74 157 321

as well as the ¯nal valuesof b(3; n) for n > 3, hereby producing the sequence

(b(3; n))n2 N = (2; 4; 10; 18; 38; 78; 156; 320; 654; 1326; : : :) ;

whosegeneratingfunction is

X

n¸ 1

b(3; n)xn =
2x + 2x2 + 4x3 ¡ 2x4 ¡ 2x6

1 ¡ x ¡ x2 ¡ 3x3 + x4 + x5
:

For m = 4 the partition of B4;n is represented by the following graphs:

class 1 class 2 class 3 class 4 class 5 class 6 class 7

Figure 6: Representing graphsfor m = 4.

As above, we can mergeclasses6 and 7 to obtain the transfer matrix:

T(4) =

2

6
6
6
6
6
6
4

1 1 1 0 1 0
0 0 0 0 0 1
0 0 0 1 0 0
1 1 0 0 0 1
1 0 0 0 0 0
1 0 1 2 0 0

3

7
7
7
7
7
7
5

together with the associated classcardinalities:
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classes n=3 4 5 6 7 8 9 10
1 2 8 20 50 128 324 820 2078
2 2 6 12 32 82 204 520 1316
3 2 4 10 26 64 164 414 1048
4 4 10 26 64 164 414 1048 2656
5 2 2 8 20 50 128 324 820
6 6 12 32 82 204 520 1316 3330

We obtain the sequence:

(b(4; n))n2 N = (3; 6; 18; 42; 108; 274; 692; 1754; 4442; 11248; : : :) ;

whosegeneratingfunction is

X

n¸ 1

b(4; n)xn =
3x + 3x2 + 3x3 ¡ 3x4 ¡ 3x5 ¡ 2x6 + x7

1 ¡ x ¡ 3x2 ¡ 3x3 + x4 + 2x5 + x6
:

For m = 5, ¯nally , we comeup with 17 representing graphs:

class 3 class 4 class 5 class 6 class 7 class 8

class 9 class 10 class 11 class 12 class 13 class 14 class 15 class 16 class 17

class 1 class 2

Figure 7: Representing graphsfor m = 5.
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We can mergeclasses6 and 11, 9 and 15, 14 and 16 to obtain a 14£ 14 transfer matrix:

T(5) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 0 0 1 0 0 0 1 1 0 0 0 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 1 0 0 0 1 0 0 0
0 0 0 2 0 1 1 2 1 0 1 0 0 0
2 0 1 0 1 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 1 0 0 1 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 2
1 0 0 0 1 0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0 0 0 0 0 0 1
1 0 1 0 0 0 0 0 0 0 0 1 0 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

and the corresponding classcardinalities:

classes n=3 4 5 6 7 8 9 10
1 1 8 21 61 218 677 2097 6814
2 1 1 8 21 61 218 677 2097
3 2 6 22 66 206 676 2124 6692
4 1 4 15 51 148 485 1571 4898
5 4 14 40 134 414 1340 4200 13426
6 6 22 66 206 676 2124 6692 21476
7 4 10 40 126 386 1244 4012 12548
8 1 4 7 29 82 267 841 2708
9 4 10 28 102 324 988 3226 10242
10 2 4 22 64 188 642 2030 6318
11 4 8 28 82 278 832 2722 8588
12 4 7 29 82 267 841 2708 8491
13 2 3 11 36 123 357 1176 3765
14 2 7 21 72 209 691 2194 6929

which producethe sequence

(b(5; n))n2 N = (4; 10; 38; 108; 358; 1132; 3580; 11382; 36270; 114992; : : :) ;

with generatingfunction

X

n¸ 1

b(5; n)xn =

14



4x + 6x2 + 12x3 ¡ 10x4 ¡ 18x5 + 2x6 ¡ 20x7 + 20x8 ¡ 50x9 + 38x10 ¡ 18x11 + 2x12 + 6x13 + 2x14

1 ¡ x ¡ 4x2 ¡ 10x3 ¡ 4x4 + 20x5 ¡ x6 + 2x7 ¡ 2x8 + 16x9 ¡ 4x10 ¡ x13
:

We may want to comparethis sequencewith the corresponding one for the independent
set case(taken from Sloane[6]):

(i (5; n))n2 N = (13; 99; 827; 6743; 55447; 454385; 3729091; 30584687; 250916131; 2058249165; : : :):

The conclusionwith respect to their growth is immediate.

6 Conclusion

In this paper we have introduceda new classof integer sequencesover grid graphsgeneral-
izing both Padovan and Fibonaccisequences,but still maintaining the essential property of
independence.Counting the basesof a grid graph (or other graph families along the same
line) and analysing their structure should therefore still be attractiv e for the applications
mentioned in the introduction: tiling (our basesmay have a very regular structure), e±cient
coding schemes(when closelyrelated to the hard-squaremodel) and statistical physics (in
particular, the questionof the true value of limm;n !1 b(m; n)1=mn ).
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