
23 11

Article 05.2.3
Journal of Integer Sequences, Vol. 8 (2005),2

3

6

1

47

A Com binatorial In terpretation of the
Num bers 6(2n)! =n! (n + 2)!

Ira M. Gessel1 and Guoce Xin
Department of Mathematics

BrandeisUniversity
Waltham, MA 02454-9110

USA
gessel@brandeis.edu
guoce.xin@gmail.com

Abstract

It is well known that the numbers (2m)! (2n)!=m! n! (m + n)! are integers, but in
general there is no known combinatorial interpretation for them. When m = 0 these
numbers are the middle binomial coe±cients

¡ 2n
n

¢
, and when m = 1 they are twice

the Catalan numbers. In this paper, we give combinatorial interpretations for these
numbers when m = 2 or 3.

1 In tro duction

The Catalan numbers

Cn =
1

n + 1

µ
2n
n

¶
=

(2n)!
n! (n + 1)!

arewell-known integersthat arisein many combinatorial problems. Stanley[11, pp. 219{229]
gives66 combinatorial interpretations of thesenumbers.

In 1874Catalan [3] observed that the numbers

(2m)! (2n)!
m! n! (m + n)!

(1.1)

are integers, and their number-theoretic properties were studied by several authors (see
Dickson [4, pp. 265{266]). For m = 0, (1.1) is the middle binomial coe±cient

¡ 2n
n

¢
, and for

m = 1 it is 2Cn .
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Except for m = n = 0, theseintegersare even, and it is convenient for our purposesto
divide them by 2, so we considerthe numbers

T(m; n) =
1
2

(2m)! (2n)!
m! n! (m + n)!

:

Someproperties of thesenumbersare given in [5], wherethey are called \super Catalan
numbers". An intriguing problem is to ¯nd a combinatorial interpretation to the super
Catalan numbers. The following identit y [5, Equation (32)], together with the symmetry
property T(m; n) = T(n; m) and the initial value T(0; 0) = 1, shows that T(m; n) is a
positive integer for all m and n.

X

n

2p¡ 2n

µ
p

2n

¶
T(m; n) = T(m; m + p); p ¸ 0: (1.2)

Formula (1.2) allows us to construct recursively a set of cardinality T(m; n) but it is di±cult
to give a natural description of this set. Shapiro [10] gave a combinatorial interpretation to
(1.2) in the casem = 1, which is the Catalan number identit y

X

n

2p¡ 2n

µ
p

2n

¶
Cn = Cp+1 :

A similar interpretation works for the casem = 0 of (1.2) (when multiplied by 2), which is
the identit y

X

n

2p¡ 2n

µ
p

2n

¶µ
2n
n

¶
=

µ
2p
p

¶
:

Another intriguing formula for T(m; n), which doesnot appear in [5], is

1 +
1X

m;n =1

CmCnxmyn =
µ

1 ¡
1X

m;n =1

T(m; n)xmyn

¶ ¡ 1

; (1.3)

which can easilybe proved using the the generatingfunction for 2T(m; n) given in formulas
(35) and (37) of [5]. Although (1.3) suggestsa combinatorial interpretation for T(m; n) based
on a decomposition of pairs of objects counted by Catalan numbers,we have not found such
an interpretation.

In this paper, we give a combinatorial interpretation for T(2; n) = 6(2n)! =n! (n + 2)! for
n ¸ 1 and for T(3; n) = 60(2n)! =n! (n + 3)! for n ¸ 2. The ¯rst few valuesof T(m; n) for
m = 2 and m = 3 are as follows:

mnn 0 1 2 3 4 5 6 7 8 9 10
2 3 2 3 6 14 36 99 286 858 2652 8398
3 10 5 6 10 20 45 110 286 780 2210 6460

We show that T(2; n) counts pairs of Dyck paths of total length 2n with heights di®ering
by at most 1. We give two proofs of this result, onecombinatorial and oneusing generating
functions. The combinatorial proof is basedon the easily checked formula

T(2; n) = 4Cn ¡ Cn+1 (1.4)
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which we interpret by inclusion-exclusion.
Our interpretation for T(3; n) is more complicated, and involves triples of Dyck paths

with height restrictions. Although we have the formula T(3; n) = 16Cn ¡ 8Cn+1 + Cn+2

analogousto (1.4), we have not found a combinatorial interpretation to this formula, and
our proof usesgeneratingfunctions.

Interpretations of the number T(2; n) in terms of trees, related to each other, but not,
apparently, to our interpretation, have beenfound by Schae®er[9], and by Pippengerand
Schleich [7, pp. 34]. A combinatorial interpretation of (1.2) for m = 2, using Pippengerand
Schleich's interpretation of T(2; n), hasbeengiven by Callan [2].

2 The main theorem

All paths in this paper have steps(1; 1) and (1; ¡ 1), which we call up stepsand down steps.
A step from a point u to a point v is denoted by u ! v. The level of a point in a path
is de¯ned to be its y-coordinate. A Dyck path of semilengthn (or of length 2n) is a path
that starts at (0; 0), endsat (2n; 0), and never goesbelow level 0. It is well-known that the
number of Dyck paths of semilengthn equalsthe Catalan number Cn . The height of a path
P, denotedby h(P), is the highest level it reaches.

Every nonempty Dyck path R can be factored uniquely as UPDQ, where U is an up
step, D is a down step, and P and Q are Dyck paths. Thus the map R 7! (P; Q) is a
bijection from nonempty Dyck paths to pairs of Dyck paths. Let B n be the set of pairs of
Dyck paths (P; Q) of total semilengthn. This bijection gives jB n j = Cn+1 , so by (1.4), we
have T(2; n) = 4Cn ¡ jB n j.

Our interpretation for T(2; n) is a consequenceof the following Lemma2.1. We give two
proofsof this lemma,onecombinatorial and the other algebraic. The algebraicproof will be
given in the next section.

Lemma 2.1. For n ¸ 1, Cn equals the number of pairs of Dyck paths (P; Q) of total
semilengthn, with P nonemptyand h(P) · h(Q) + 1.

Proof. Let D n be the set of Dyck paths of semilengthn, and let En be the set of pairs of
Dyck paths (P; Q) of total semilengthn, with P nonempty and h(P) · h(Q) + 1. We ¯rst
establisha bijection from En to D n .

For a given pair (P; Q) in En , sinceP is nonempty, the last step of P must be a down
step, say, u ! v. By replacingu ! v in P with an up step u ! v0, we get a path F1. Now
raising Q by two levels, we get a path F2. Thus F := F1F2 is a path that endsat level 2
and never goesbelow level 0. The point v0 belongsto both F1 and F2, but we treat it as a
point only in F2, even if F2 is the empty path. The condition that h(P) · h(Q) + 1 yields
h(F1) < h(F2), which implies that the highest point of F must belong to F2. SeeFigure 1
below.

Now let y be the leftmost highest point of F (which is in F2), and let x ! y be the step
in F leading to y. Then x ! y is an up step. By replacingx ! y with a down step x ! y0,
and lowering the part of F2 after y by two levels,we get a Dyck path D 2 D n . SeeFigure 2
below.
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Figure 1: First step of the bijection
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Figure 2: Secondstep of the bijection

With the following two key observations, it is easyto seethat the above proceduregives
a bijection from En to D n . First, x in the ¯nal Dyck path D is the rightmost highestpoint.
Second,u in the intermediatepath F is the rightmost point of level 1 in both F and F1.

Theorem 2.2. For n ¸ 1, the number T(2; n) counts pairs of Dyck paths (P; Q) of total
semilengthn with jh(P) ¡ h(Q)j · 1.

Proof. Let F be the set of pairs of Dyck paths (P; Q) with h(P) · h(Q) + 1, and let G
be the set of pairs of Dyck paths (P; Q) with h(Q) · h(P) + 1. By symmetry, we seethat
jFj = jGj. Now we claim that the cardinality of F is 2Cn . This claim follows from Lemma
2.1 and the fact that if P is the empty path, then h(P) · h(Q) + 1 for every Q 2 D n .

Clearly we have that F [ G = B n , and that F \ G is the set of pairs of Dyck paths
(P; Q), with jh(P) ¡ h(Q)j · 1. The theoremthen follows from the following computation:

jF \ Gj = jFj + jGj ¡ jF [ Gj = 4Cn ¡ jB n j = 4Cn ¡ Cn+1 :
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3 An algebraic pro of and further results

In this sectionwe give an algebraicproof of Lemma 2.1. Although not as simple or elegant
as the proof given in section2, this proof generalizesto a larger classof paths with bounded
height, while the combinatorial proof of Lemma 2.1 doesnot seemto generalizeeasily.

Let c(x) be the generatingfunction for the Catalan numbers,so that

c(x) =
1X

n=0

1
n + 1

µ
2n
n

¶
xn =

1 ¡
p

1 ¡ 4x
2x

:

Then c(x) satis¯es the functional equation c(x) = 1 + xc(x)2. Let C = xc(x)2 = c(x) ¡ 1
and let Gk be the generatingfunction for Dyck paths of height at most k. Although Gk is a
rational function, and explicit formulas for it asa quotient of polynomialsare well-known, a
formula for Gk in terms of C will be of more useto us. An equivalent formula can be found
in [1, Equation (16)].

Lemma 3.1. For k ¸ ¡ 1,

Gk = (1 + C)
1 ¡ Ck+1

1 ¡ Ck+2
: (3.1)

Proof. Let P be a path of height at most k ¸ 1. If P is nonempty then P can be factoredas
UP1DP2, whereU is an up step, P1 is a Dyck path of height at most k ¡ 1 (shifted up one
unit), D is a down step,and P2 is a Dyck path of height at most k. Thus Gk = 1+ xGk¡ 1Gk ,
so Gk = 1=(1 ¡ xGk¡ 1). Equation (3.1) clearly holds for k = ¡ 1 and k = 0. Now suppose
that for somek ¸ 1,

Gk¡ 1 = (1 + C)
1 ¡ Ck

1 ¡ Ck+1
:

Then the recurrence,together with the formula x = C=(1 + C)2, gives

Gk =
·
1 ¡ x(1 + C)

1 ¡ Ck

1 ¡ Ck+1

¸ ¡ 1

=
·
1 ¡

C
1 + C

1 ¡ Ck

1 ¡ Ck+1

¸ ¡ 1

=
·

1 ¡ Ck+2

(1 + C)(1 ¡ Ck+1 )

¸ ¡ 1

= (1 + C)
1 ¡ Ck+1

1 ¡ Ck+2
:

We can prove Lemma 2.1 by showing that
P 1

n=0 Gn+1 (Gn ¡ Gn¡ 1) = 1 + 2C; this is
equivalent to the statement that the number of pairs (P; Q) of Dyck paths of semilength
m > 0 with h(P) · h(Q) + 1 is 2Cm .

Theorem 3.2.
1X

n=0

(Gn ¡ Gn¡ 1)Gn+1 = 1 + 2C:
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Proof. Let

ª k =
1X

n= k

Cn

1 ¡ Cn
:

Thus if j < k then

ª j =
k¡ 1X

n= j

Cn

1 ¡ Cn
+ ª k :

We have

GnGn+1 = (1 + C)2 1 ¡ Cn+1

1 ¡ Cn+3

and

Gn¡ 1Gn+1 = (1 + C)2 (1 ¡ Cn )(1 ¡ Cn+2 )
(1 ¡ Cn+1 )(1 ¡ Cn+3 )

:

Let

S1 =
1X

n=0

µ
1 ¡ Cn+1

1 ¡ Cn+3
¡ 1

¶

and

S2 =
1X

n=0

µ
(1 ¡ Cn )(1 ¡ Cn+2 )

(1 ¡ Cn+1 )(1 ¡ Cn+3 )
¡ 1

¶
:

Then
P 1

n=0 (Gn ¡ Gn¡ 1)Gn+1 = (1 + C)2(S1 ¡ S2). We have

1 ¡ Cn+1

1 ¡ Cn+3
¡ 1 = ¡

(1 ¡ C2)Cn+1

1 ¡ Cn+3
;

so S1 = ¡ (1 ¡ C2)C¡ 2ª 3, and

(1 ¡ Cn )(1 ¡ Cn+2 )
(1 ¡ Cn+1 )(1 ¡ Cn+3 )

¡ 1 = ¡
(1 ¡ C)Cn

(1 + C)(1 ¡ Cn+1 )
¡

(1 ¡ C3)Cn+1

(1 + C)(1 ¡ Cn+3 )
;

so

S2 = ¡
1 ¡ C
1 + C

C¡ 1ª 1 ¡
1 ¡ C3

1 + C
C¡ 2ª 3:

Therefore

S1 ¡ S2 =
1 ¡ C
1 + C

C¡ 1ª 1 +
µ

1 ¡ C3

1 + C
¡ (1 ¡ C2)

¶
C¡ 2ª 3

=
1 ¡ C
1 + C

C¡ 1(ª 1 ¡ ª 3)

=
1 ¡ C
1 + C

C¡ 1

µ
C

1 ¡ C
+

C2

1 ¡ C2

¶
=

1 + 2C
(1 + C)2

:

Thus (1 + C)2(S1 ¡ S2) = 1 + 2C.
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By similar reasoning,we could prove Theorem 2.2 directly: The generatingfunction for
pairs of paths with heights di®eringby at most 1 is

1X

n=0

(Gn ¡ Gn¡ 1)(Gn+1 ¡ Gn¡ 2);

wherewe take G¡ 1 = G¡ 2 = 0, and a calculation like that in the proof of Theorem3.2 shows
that this is equal to

1 + 2C ¡ C2 = 4c(x) ¡ c(x)2 ¡ 2 = 4c(x) ¡
c(x) ¡ 1

x
¡ 2

= 1 +
1X

n=1

(4Cn ¡ Cn+1 )xn = 1 +
1X

n=1

T(2; n)xn :

Although the fact that the seriesin Theorem3.2 telescopesmay seemsurprising,we shall
seein Theorem 3.4 that it is a special caseof a very generalresult on sumsof generating
functions for Dyck paths with restricted heights.

In the following lemma, the fact that C = c(x) ¡ 1 is not used,and in fact C may be
completely arbitrary, as long as the seriesinvolved converge.

Lemma 3.3. Let R(z; C) be a rational function of z and C of the form

zN (z; C)
Q m

i=1 (1 ¡ zCai )
;

where N (z; C) is a polynomial in z of degree lessthan m with coe±cients that are rational
functions of C, and the ai are distinct positive integers. Let L = ¡ limz!1 R(z; C). Then

1X

n=0

R(Cn ; C) = Q(C) + Lª 1;

where Q(C) is a rational function of C, and ª 1 =
P 1

n=1 Cn=(1 ¡ Cn ).

Proof. First we show that the lemma holds for R(z; C) = z=(1 ¡ zCa). In this case,L =
¡ limz!1 R(z; C) = C¡ a and

1X

n=0

R(Cn ; C) =
1X

n=0

Cn

1 ¡ Cn+ a
= C¡ a

1X

n= a

Cn

1 ¡ Cn
= ¡

a¡ 1X

n=0

Cn¡ a

1 ¡ Cn
+ C¡ aª 1:

Now we considerthe generalcase.SinceR(z; C)=z is a proper rational function of z, it
hasa partial fraction expansion

1
z

R(z; C) =
mX

i =1

Ui (C)
1 ¡ zCai
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for somerational functions Ui (C), so

R(z; C) =
mX

i =1

Ui (C)
z

1 ¡ zCai
:

The generaltheoremthen follows by applying the special caseto each summand.

Theorem 3.4. Let i 1; i 2; : : : ; i m be distinct integersand let j 1; j 2; : : : ; j m be distinct integers.
Then

1X

n=0

(Gn+ i 1 Gn+ i 2 ¢¢¢Gn+ i m ¡ Gn+ j 1 Gn+ j 2 ¢¢¢Gn+ j m ) (3.2)

is a rational function of C.

Proof. By (3.1),
Gn+ i 1 Gn+ i 2 ¢¢¢Gn+ i m

(1 + C)m
¡ 1 = R(Cn ; C);

where

R(z; C) =
1 ¡ zC i 1+1

1 ¡ zC i 1+2
¢¢¢

1 ¡ zC i m +1

1 ¡ zC i m +2
¡ 1:

Then by Lemma 3.3,
1X

n=0

µ
Gn+ i 1 Gn+ i 2 ¢¢¢Gn+ i m

(1 + C)m
¡ 1

¶

is a rational function of C. Similarly,

1X

n=0

µ
Gn+ j 1 Gn+ j 2 ¢¢¢Gn+ j m

(1 + C)m
¡ 1

¶

is a rational function of C, and the result follows easily.

4 A combinatorial in terpretation for T(3; n)

It is natural to askwhether the super Catalan numbesT(m; n) for m > 2 have combinatorial
interpretations similar to that of Theorem2.2. Usingthe partial fraction proceduredescribed
in the proof of Lemma3.3, it is straightforward (with the help of a computeralgebrasystem)
to evaluate as rational functions of C the sums that count k-tuples of paths with height
restrictions when Theorem 3.4 applies. By rationalizing the denominator, we can express
any rational function of C in the form

A(x) + B(x)
p

1 ¡ 4x; (4.1)

where A(x) and B(x) are rational functions. Such a formula can be related to the super
Catalan numberswith the help of the following formula.
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Lemma 4.1.

(1 ¡ 4x)m¡ 1=2 =
m¡ 1X

k=0

(¡ 4)k

µ
m ¡ 1=2

k

¶
xk + 2(¡ 1)m

1X

n=0

T(m; n)xm+ n : (4.2)

Proof. It is easily veri¯ed that T(m; n) = 1
2(¡ 1)n4m+ n

¡ m¡ 1=2
m+ n

¢
. Thus

(1 ¡ 4x)m¡ 1=2 =
m¡ 1X

k=0

(¡ 4)k

µ
m ¡ 1=2

k

¶
xk +

1X

k= m

(¡ 4)k

µ
m ¡ 1=2

k

¶
xk

=
m¡ 1X

k=0

(¡ 4)k

µ
m ¡ 1=2

k

¶
xk +

1X

n=0

(¡ 4)m+ n

µ
m ¡ 1=2
m + n

¶
xm+ n

=
m¡ 1X

k=0

(¡ 4)k

µ
m ¡ 1=2

k

¶
xk + 2(¡ 1)m

1X

n=0

T(m; n)xm+ n :

Thus if in (4.1) we expand the numerator of B1(x) in powers of 1 ¡ 4x, we will get an
expressioninvolving rational functions and generatingfunctions for super Catalan numbers.

For example,the sum

1X

n=0

(Gn ¡ Gn¡ 1)(Gn+2 ¡ Gn+1 )(Gn+4 ¡ Gn+3 ) (4.3)

counts triples of paths whoseheights are n, n + 2, and n + 4 for somen. It can easily be
expressedin terms of sumsto which Theorem3.4 applies,and we ¯nd that (4.3) is equal to

C6(1 + C2)(1 + 2C2 + C4 ¡ C5 + C6 ¡ 2C7 + C8)
(1 + C2)2(1 + C + C2)(1 + C + C2 + C3 + C4)2

=
(1 ¡ 3x)(1 ¡ 13x + 63x2 ¡ 140x3 + 142x4 ¡ 56x5 + 6x6)

2(1 ¡ x)2(1 ¡ 2x)2(1 ¡ 3x + x2)2

¡
(1 ¡ 4x)5=2

(1 ¡ x)(1 ¡ 2x)(1 ¡ 3x + x2)
: (4.4)

The rational functions that appearin (4.4) canbesimpli¯ed by partial fraction expansion,
andwecanwrite down an explicit formula involving T(3; n) for the coe±cients of (4.4). What
we obtain is far from a combinatorial interpretation of T(3; n), but the computation suggests
that perhapssomemodi¯cation of this set of paths might lead to the desiredinterpretation.
We note also that sumswith m paths instead of three empirically give similar expressions
with (1 ¡ 4x)m¡ 1=2 instead of (1 ¡ 4x)5=2.

Our strategy for ¯nding a combinatorial interpretation for T(3; n) is to considermore
general paths that give us counting formulas that generalize(3.1), in the hope that this
additional generality may lead us to a combinatorial interpretation for T(3; n). In this we
are partially successful:we do ¯nd in Theorem4.3 a set of triples of paths, not too di®erent
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from the setcounted by (4.3) whosegeneratingfunction is
P 1

n=0 T(3; n+ 1)xn plus a rational
function, and moreover we can interpret the coe±cients of the rational function in terms of
paths. Although the set of paths is not very natural, the result does suggestthat there
is somehope for this approach to give a nice combinatorial interpretation of T(3; n) and
perhapseven for T(m; n).

For our interpretation of T(3; n), we need to considerpaths that end at levels greater
than 0. Let us de¯ne a ballot path to be a path that starts at level 0 and never goesbelow
level 0.

In the previous sectionall our paths had an even number of steps,so it was natural to
assigna path with n stepsthe weight xn=2. We shall continue to weight paths in this way,
even though someof our paths now have odd lengths.

Let G(j )
k be the generatingfunction for ballot paths of height at most k that end at level

j .

Lemma 4.2. For 0 · j · k + 1 we have

G(j )
k = C j =2(1 + C)

1 ¡ Ck¡ j +1

1 ¡ Ck+2
(4.5)

Proof. The casej = 0 is Lemma 3.1. Now let W be a ballot path counted by G(j )
k , where

j > 0, so that W is of height at most k and W endsat level j . Then W can be factored
uniquely as W1UW2, where W1 is a path of height at most k that endsat level 0 and W2

is a path from level 1 to level j that never goes above level k nor below level 1. Usingp
x =

p
C=(1 + C)2 =

p
C=(1 + C), we obtain

G(j )
k = Gk

p
xG(j ¡ 1)

k¡ 1 = (1 + C)
1 ¡ Ck+1

1 ¡ Ck+2
¢

p
C

1 + C
¢G(j ¡ 1)

k¡ 1 =
p

C
1 ¡ Ck+1

1 ¡ Ck+2
G(j ¡ 1)

k¡ 1 ;

and (4.5) follows by induction on j .

We note an alternative formula that avoids half-integer powersof C,

G(j )
k = x j =2(1 + C) j +1 1 ¡ Ck¡ j +1

1 ¡ Ck+2
;

which follow easily from (4.5) and the formula
p

x =
p

C=(1 + C).
There is a similar formula for the generatingfunction G(i;j )

k for paths of height at most
k that start at level i , end at level j , and never go below level 0: for 0 · i · j · k + 1 we
have

G(i;j )
k = C(j ¡ i )=2(1 + C)

(1 ¡ C i +1 )(1 ¡ Ck¡ j +1 )
(1 ¡ C)(1 ¡ Ck+2 )

; (4.6)

with G(i;j )
k = G(j ;i )

k for i > j . Although we will not use (4.6) in this paper, it may be
helpful in further applications of this method. We have not found (4.5) or (4.6) in the
literature, although they may be derived from the known rational generating function for
G(i;j )

k described below.
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We note two variants of (4.6), alsovalid for 0 · i · j · k + 1:

G(i;j )
k = x(j ¡ i )=2(1 + C) j ¡ i +1 (1 ¡ C i +1 )(1 ¡ Ck¡ j +1 )

(1 ¡ C)(1 ¡ Ck+2 )
;

= x¡ 1=2C(j ¡ i +1) =2 (1 ¡ C i +1 )(1 ¡ Ck¡ j +1 )
(1 ¡ C)(1 ¡ Ck+2 )

:

It is well known that G(i;j )
k is x(j ¡ i )=2 times a rational function of x, and it is useful to

have an explicit formula for it as a quotient of polynomials. (SeeSato and Cong [8] and
Kratten thaler [6].) Let us de¯ne polynomials pn = pn (x) by

pn (x) =
X

0· k· n=2

(¡ 1)k

µ
n ¡ k

k

¶
xk :

The ¯rst few valuesare

p0 = 1

p1 = 1

p2 = 1 ¡ x

p3 = 1 ¡ 2x

p4 = 1 ¡ 3x + x2

p5 = 1 ¡ 4x + 3x2

p6 = 1 ¡ 5x + 6x2 ¡ x3

Thesepolynomialscanbe expressedin terms of the Chebyshevpolynomialsof the second
kind Un (x) by

pn (x) = xn=2Un

µ
1

2
p

x

¶
:

It is not di±cult to show that

pn =
1 ¡ Cn+1

(1 ¡ C)(1 + C)n
;

and thus we obtain
G(i;j )

k = x(j ¡ i )=2 pi pk¡ j

pk+1
;

for 0 · i · j · k, and in particular, G(j )
k = x j =2pk¡ j =pk+1 and Gk = pk=pk+1 :

We can now describe our combinatorial interpretation of T(3; n): T(3; n) counts triples
of ballot paths whoseheights are k, k ¡ 2, and k ¡ 4 for somek, ending at levels 4, 3, and
2, together with someadditional paths of height at most 5. (Note that if a path of height
k ¡ 4 endsat level 2, then k must be at least 6.) More precisely, let H (j )

k be the generating
function for ballot paths of height k that end at level j , so that H (j )

k = G(j )
k ¡ G(j )

k¡ 1. Then
we have:

11



Theorem 4.3.

1 +
1X

n=0

T(3; n + 1)xn =
p

x
1X

k=6

H (4)
k H (3)

k¡ 2H (2)
k¡ 4 + 2G1 + 2G2 + G3 + G5: (4.7)

Proof. With the help of Lemma 4.1 we ¯nd that

¡
(1 ¡ 4x)5=2

2x4
¡

10
x

+
15
x2

¡
5
x3

+
1

2x4
=

1X

n=0

T(3; n + 1)xn : (4.8)

Using the method described in Lemma3.3and Theorem3.4, we ¯nd, with the help of Maple,
that the sum

p
x

1X

k=6

H (4)
k H (3)

k¡ 2H (2)
k¡ 4

is equal to

¡
(1 ¡ 4x)5=2

2x4
¡

10
x

+
15
x2

¡
5
x3

+
1

2x4
+ 1¡

2
1 ¡ x

¡ 2
1 ¡ x
1 ¡ 2x

¡
1 ¡ 2x

1 ¡ 3x + x2
¡

1 ¡ 4x + 3x2

1 ¡ 5x + 6x2 ¡ x3
:

Then (4.7) follows from (4.8), the formula Gk = pk=pk+1 , and the formulas for pk , k =
1; : : : ; 6:
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