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Abstract

It is well known that the numbers (2m)! (2n)!=m!n!(m + n)! are integers, but in
generalthere is no known combinatorial mterplret@tlon for them. When m = 0 these
numbers are the middle binomial coezcients 2n” , and when m = 1 they are twice
the Catalan numbers. In this paper, we give combinatorial interpretations for these
numberswhenm = 2 or 3.

1 Intro duction

The Catalan numbers "B
C = 1 "2n _  (2n)!
"“n+1 n  ni(n+1)!

arewell-known integersthat arisein many conbinatorial problems. Stanley[[[]], pp. 219{229]
gives66 conbinatorial interpretations of thesenumbers.
In 1874 Catalan [d] obsened that the numbers

(2m)! (2n)!

m!n!(m + n)! (1.1)
are integers, and their number-theoretic properties were studied by seweral au(pors (see
chkson [A, pp. 265{266]). For m = 0, ([L.J) is the middle binomial coexcient , and for

= 1it is 2C,.
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Except for m = n = 0, theseintegersare even, and it is corveniert for our purposesto
divide them by 2, sowe considerthe numbers
1 (2m)!(2n)!

T(m;n)= - —————~_:
(m:n) 2 m!'n!'(m+ n)!

Someproperties of thesenumbers are given in [g], wherethey are called \super Catalan
numbers”. An intriguing problem is to nd a conbinatorial interpretation to the super
Catalan numbers. The following identity [H, Equation (32)], together with the symmetry
property T(m;n) = T(n;m) and the initial value T(0;0) = 1, shows that T(m;n) is a
positive integer for all m and n.

noT
Pi 2n p . — . . .
2 on T(m;n)=T(m;m+ p); p, O (1.2)

n

Formula ([L.3) allowsusto construct recursively a setof cardinality T(m; n) but it is dixcult
to give a natural description of this set. Shapiro[[LJ] gave a combinatorial interpretation to
(L.9) in the casem = 1, which is the Catalan number identity
X H 0 1
2Pi 2n on C, = Cp+1:

n
A similar interpretation works for the casem = 0 of ([.7) (when multiplied by 2), which is

the idertity
(VS [V | I VO |
X Jpi 2n n’ _T2p

2n  n p

n
Another intriguing formula for T(m; n), which doesnot appearin [f], is
% hox Tia
1+ CnCox™y" = 1 T(m;n)x"y" (1.3)

m;n=1 m;n=1

which can easily be proved using the the generatingfunction for 2T (m; n) givenin formulas
(35) and (37) of []. Although ([L.3) suggests combinatorial interpretation for T(m; n) based
on a decompsition of pairs of objects courted by Catalan numbers, we have not found sut
an interpretation.

In this paper, we give a conmbinatorial interpretation for T(2;n) = 6(2n)! =n!(n + 2)! for
n, 1landfor T(3;n) = 60(2n)!=n!(n + 3)! for n , 2. The rst few valuesof T(m;n) for
m = 2 and m = 3 are asfollows:

mnn]012345 6 7 8 9 10

2 323 6 14 36 99 286 858 2652 8398
3 |10 5 6 10 20 45 110 286 780 2210 6460

We show that T(2;n) courts pairs of Dyck paths of total length 2n with heights di®ering
by at most 1. We give two proofs of this result, one combinatorial and one using generating
functions. The combinatorial proof is basedon the easily chedked formula

T(2| n) = 4Cn i Cn+1 (14)
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which we interpret by inclusion-exclusion.

Our interpretation for T(3;n) is more complicated, and involves triples of Dyck paths
with height restrictions. Although we have the formula T(3;n) = 16C, i 8C,+1 + Ch+2
analogousto ([[.4), we have not found a combinatorial interpretation to this formula, and
our proof usesgeneratingfunctions.

Interpretations of the number T(2;n) in terms of trees, related to ead other, but not,
apparerly, to our interpretation, have beenfound by Scae®er[f], and by Pippengerand
Sdhleich [[], pp. 34]. A combinatorial interpretation of ([-7) for m = 2, using Pippengerand
Sdhleich's interpretation of T(2;n), hasbeengiven by Callan [H].

2 The main theorem

All pathsin this paper have steps(1;1) and (1;; 1), which we call up stepsand down steps
A step from a point u to a point v is denotedby u! v. The level of a point in a path
is de ned to be its y-coordinate. A Dyck path of semilengthn (or of length 2n) is a path
that starts at (0;0), endsat (2n; 0), and newer goesbelow level 0. It is well-known that the
number of Dyck paths of semilengthn equalsthe Catalan number C,. The height of a path
P, denotedby h(P), is the highestlevel it reades.

Every nonempty Dyck path R can be factored uniquely as UPDQ, where U is an up
step, D is a down step, and P and Q are Dyck paths. Thusthe map R 7! (P;Q) is a
bijection from nonempty Dyck paths to pairs of Dyck paths. Let B, be the set of pairs of
Dyck paths (P; Q) of total semilengthn. This bijection givesjB,j = C,+1, soby ([9), we
have T(2;n) = 4C,, i |Bnj.

Our interpretation for T(2; n) is a consequencef the following LemmaP.]. We give two
proofs of this lemma, one conmbinatorial and the other algebraic. The algebraicproof will be
given in the next section.

Lemma 2.1. For n 1, C, equalsthe numkber of pairs of Dyck paths (P;Q) of total
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semilengthn, with P nonemptyand h(P) - h(Q) + 1.

Proof. Let D, be the set of Dyck paths of semilengthn, and let E, be the set of pairs of
Dyck paths (P; Q) of total semilengthn, with P nonempty and h(P) - h(Q) + 1. We rst
establisha bijection from E,, to D,,.

For a given pair (P; Q) in E,, sinceP is nonempty, the last step of P must be a down
step,say, u! v. By replacingu! vin P with anup stepu! V° we geta path F1. Now
raising Q by two levels, we get a path F,. Thus F := F;F, is a path that endsat level 2
and newer goesbelow level 0. The point v° belongsto both F; and F,, but we treat it asa
point only in F,, evenif F; is the empty path. The condition that h(P) - h(Q) + 1 yields
h(F1) < h(F,), which implies that the highest point of F must belongto F,. SeeFigure [l
below.

Now let y be the leftmost highest point of F (which isin F,), andlet x ! y be the step
in F leadingto y. Thenx ! y isan up step. By replacingx ! y with a down stepx! y°
and lowering the part of F, after y by two levels, we get a Dyck path D 2 D,. SeeFigure}
below.



y

Figure 2: Secondstep of the bijection

With the following two key obsenations, it is easyto seethat the above proceduregives
a bijection from E,, to D,,. First, x in the nal Dyck path D is the rightmost highest point.
Second,u in the intermediate path F is the rightmost point of level 1 in both F andF;. [

Theorem 2.2. For n , 1, the numker T(2;n) counts pairs of Dyck paths (P; Q) of total
semilengthn with jh(P) i h(Q)j - 1.

Proof. Let F be the set of pairs of Dyck paths (P; Q) with h(P) - h(Q) + 1, and let G
be the set of pairs of Dyck paths (P; Q) with h(Q) - h(P) + 1. By symmetry, we seethat
jFj = jGj. Now we claim that the cardinality of F is 2C,. This claim follows from Lemma
P11 and the fact that if P is the empty path, then h(P) - h(Q) + 1for every Q2 D,.
Clearly we have that F[ G = B,, andthat F\ G is the set of pairs of Dyck paths
(P; Q), with jh(P) i h(Q)j - 1. The theoremthen follows from the following computation:

JEN Gj=jFj+jGji JF[ Gj=4C, i |Bnj=4Cni Chs1:



3 An algebraic proof and further results

In this sectionwe give an algebraicproof of Lemma[.]. Although not as simple or elegan
asthe proof givenin sectionf, this proof generalizedo a larger classof paths with bounded
height, while the combinatorial proof of Lemmap.] doesnot seemto generalizeeasily

Let c(x) be the generatingfunction for the Catalan numbers, so that

X g HZHﬂXn_ 1 P ax
n+1 n B 2X '

n=0

c(x) =

Then c(x) satis es the functional equation ¢(x) = 1+ xc(x)?. Let C = x¢(X)? = c(x)j 1
and let G¢ be the generatingfunction for Dyck paths of height at most k. Although Gy is a
rational function, and explicit formulas for it asa quotient of polynomials are well-known, a
formula for Gy in terms of C will be of more useto us. An equivalert formula can be found
in [[, Equation (16)].

Lemma 3.1. For k, j 1,

Gk=(1+ C)ﬁ' (3.1)

k 1 Ck+2 " '

Proof. Let P be a path of height at mostk , 1. If P is nonempty then P canbe factored as
UP,DP,, whereU is an up step, P, is a Dyck path of height at mostk j 1 (shifted up one
unit), D is a down step,and P, is a Dyck path of height at mostk. ThusGy = 1+ xGy; 1Gx,
soGy = 151 xGy; 1). Equation (B-]) clearly holds for k = | 1 and k = 0. Now suppose
that for somek , 1,

1j Ck
Gki1=(1+C)—v—:
Then the recurrence together with the formula x = C=(1+ C)?, gives
o 1 ¢t ¢ o1y ¢kt
Ge= i X(1+C)W = 1 1+ C 1j Ck+
1; k+2 sil 1i k+1
= i C =1+ C)L-

(1 + C)(l i Ck+1) 1i Ck+2 '

O]

P
We can prove Lemma P.] by showing that ﬁzo Gn+1(Gni Gpni1) = 1+ 2C; this is
equivalert to the statemen that the number of pairs (P; Q) of Dyck paths of semilength
m > 0 with h(P) - h(Q) + 1is 2C,,.

Theorem 3.2.
s

(Gn i Gni 1)Gn+1 =1+ 2C:
n=0



Proof. Let

a, = X cr :
:kli cn
Thusif j < k then
a —Xl c" a -
i~ 1 Cn + k-
n=j |
We have 1 cnet
_ i
GnGnn = (1+ O g
and (1 Cn)(l Cn+2)
_ 2 (Li i _
G'ni 1Gns = (1+ C) (1i Cn+1)(1i Cn+3)'
Let x uli cne 1
S = ==
' n=0 1i cnes |
and q
s *taicenaie T
2T @ e cnsy !
P
Then  1.5(Gni Gn; 1)Gner = (1+ C)%(S1i S2). We have
1i Cn+1 . 1_ . (1| CZ)Cn+1_
Ticm i 1T e
soS; =i (1j C?Ci? ; and
(Li CM(1 C"?) (i gcn (1 ¢t

i e ey T aroa; e @ o ey

> 1i C 1i C®
- . | i la . | i 2a -
SZ_'1+CC 1i 71+CC 3:
Therefore
H 1
1i C . 1i C® .
SlisZ:lL-C ila )+ 1|+Ci(1iC2) Ci2ag
1i C .
:l:-CCIl(ali a3)
1 ccilM c . cz 1+
1+ C 1; C 1; C? (1+ C)?

Thus (1+ C)Z(S]_l Sz) =1+ 2C.



By similar reasoning,we could prove Theorem[.] directly: The generatingfunction for
pairs of paths with heights di®eringby at most 1 is

S
(Gni Gniﬂ(Gnﬂ_i Gniﬁ;

n=0

wherewetake G, ; = G, , = 0, and a calculation like that in the proof of Theorem.2 shavs
that this is equalto

1+2Ci C?=4o(x)i o(x)?i 2= 4¢(X) C(X)Xi 1i 2
hs hs
=1+ (4C,j Cha)X" =1+ T(2;n)x":
n=1 n=1

Although the fact that the seriesin Theorem[B:3 telescosmay seemsurprising, we shall
seein Theorem[3.4 that it is a special caseof a very generalresult on sumsof generating
functions for Dyck paths with restricted heights.

In the following lemma, the fact that C = ¢(x) j 1is not used,and in fact C may be
completely arbitrary, aslong asthe seriesinvolved corverge.

Lemma 3.3. Let R(z;C) be a rational function of z and C of the form

QzN(z;C) _
i (1i zCa)’

where N (z; C) is a polynomial in z of degree lessthan m with coe+cients that are rational
functions of C, and the & are distinct positive integers. LetL = j lim,; R(z;C). Then

R(C™C) = Q(C) + L2 y;
n=0

P
whee Q(C) is a rational function of C, and2 ;= ., C"=(1j C").

Proof. First we shaw that the lemma holds for R(z;C) = z=(1j zC?). In this case,L =
i lim,; R(z;C)=Ci?and

s P cn P cn X1 cnia

n. _ — i a —
R(C";C) = ——=C T C Inzoli cn

iaa -
1j Cn+a M
n=0

n=0 n=

Now we considerthe generalcase. SinceR(z; C)=z is a proper rational function of z, it
has a partial fraction expansion

A ui(C)
i1 1; zCa

%R(Z;C) =



for somerational functions U;(C), so

X z
R(z;C) = U(C)——
(Z ) - |( )1 | ZCai
The generaltheoremthen follows by applying the special caseto eatcy summand. O
Theorem 3.4. Letiq;ip;:::; iy bedistinct integersandletjq;jz;:::;jm bedistinct integers
Then %
(Gn+i1Gn+i2 ¢¢¢Gn+im | Gn+len+j2 ¢¢¢Gn+1m) (32)
n=0
is a rational function of C.
Proof. By (B.D),
Gn+i1(3n+i2 ¢¢¢Gn+i n
m - 1 = R . -
1+ C)m ! S
where

1j zCh*t 1j zCim*l
1 zCii+2 1; zCim

R(z;C) =

Then by LemmaQf3.3, u
X Gn+i1C':‘n+i2 ¢¢¢Gn+im .
@a+cm

n=0
is a rational function of C. Similarly,

)l

vl
)Q' Gn+len+j2¢¢¢Gn+jm | 1

(1+C)m

n=0

is a rational function of C, and the result follows easily O

4 A combinatorial interpretation for T(3;n)

It is natural to askwhetherthe super Catalan numbesT (m; n) for m > 2 have combinatorial

interpretations similar to that of TheoremP.2. Usingthe partial fraction proceduredescriked
in the proof of Lemmaf3, it is straightforward (with the help of a computeralgebrasystem)
to ewvaluate as rational functions of C the sumsthat court k-tuples of paths with height

restrictions when Theorem 34 applies. By rationalizing the denominator, we can express
any rational function of C in the form

A(Xx) + B(x)ID 1 4x; 4.1)

where A(x) and B(x) are rational functions. Sud a formula can be related to the super
Catalan numberswith the help of the following formula.



Lemma 4.1.
o, Xt lJmi 1:2ﬂ S
Li )™M= (4 ‘ XK+ 2( D™ T(m;n)x™™ (4.2)
k=0 n=0

_ N (%
Proof. It is easilyveri ed that T(m;n) = %(i 1)”4m+nlml 2" Thus

m+n

H il » H 1

i 1 . 4=
(11 4X)mi 1=2 _ (I 4)k m lkl 2 Xk + (I 4)k m |k1 2 Xk
k=0 q k=m q
Xi 1 Mo X Mo
= (i 4)k mj 1=2 xK + (i 4)m+n mi 1=2 XM+
k m+ n
k=0 ﬂ n=0
i 1 Mo
= (j 4 m 'kl 2 x4+ 2G )™ T(m;n)x™*":
k=0 n=0

O]

Thus if in (EJ) we expandthe numerator of B;(x) in powersof 1 4x, we will getan
expressionnvolving rational functions and generatingfunctions for super Catalan numbers.
For example,the sum

hs
(Gni Gn; 1)(Gns2 i Gns1)(Gnsa i Gnisz) (4.3)

n=0

couns triples of paths whoseheighs are n, n + 2, and n + 4 for somen. It can easily be
expressedn terms of sumsto which Theorem[3:4 applies,and we nd that (f-9) is equalto

Co(1+ C?»)(1+ 2C%?+ C*j C>+ C8j 2C"+ C?®
(1+C?)21+C+C?)(L+C+C2+C3+ CH2
(L X)L 13k + 6% 1403+ 14X* | 56¢° + 6x°)
B 2(Li ¥)X(Li 2)2(Li 3x+ x?)?2
. (1i 4x)>? :
D@01 20 3+ x?)

(4.4)

The rational functionsthat appearin (£-4) canbe simpli ed by partial fraction expansion,
and we canwrite down an explicit formula involving T (3; n) for the coetcients of (f.4). What
we obtain is far from a conbinatorial interpretation of T(3;n), but the computation suggests
that perhapssomemodi cation of this set of paths might lead to the desiredinterpretation.
We note alsothat sumswith m paths instead of three empirically give similar expressions
with (1j 4x)™ 2 insteadof (1 4x)°=2.

Our strategy for nding a combinatorial interpretation for T(3;n) is to considermore
general paths that give us courting formulas that generalize(B-J), in the hope that this
additional generality may lead us to a conbinatorial interpretation for T(3;n). In this we
are partially successfulwedo nd in Theoremf-} a set of triples of paths, not too di®erert
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from the setcourted by (f-3) whosegeneratingfunction is P i:o T(3;n+ 1)x" plusarational
function, and moreover we can interpret the coexcients of the rational function in terms of
paths. Although the set of paths is not very natural, the result does suggestthat there
is some hope for this approad to give a nice conbinatorial interpretation of T(3;n) and
perhapseven for T(m; n).

For our interpretation of T(3;n), we needto considerpaths that end at levels greater
than 0. Let us de ne a hallot path to be a path that starts at level 0 and never goesbelov
level O.

In the previous sectionall our paths had an even number of steps,soit was natural to
assigna path with n stepsthe weight x"=2. We shall cortinue to weight paths in this way,
even though someof our paths now have odd lengths.

Let G(k‘) be the generatingfunction for ballot paths of height at most k that end at level
.

Lemma 4.2. ForO- j - k+ 1 wehave

1| Ck1j+1

() — ~j=2
Gl = ci=2(1+ C) TR

(4.5)
Proof. The casej = 0 is Lemma.]. Now let W be a ballot path courted by GU’, where
j > 0, sothat W is of height at most k and W endsat level j. Then W can be factored

uniquely as W;UW,, where W, is a path of heigh at most k that endsat level 0 and W,
E a p%th from level 150 level | that newer goes above level k nor belowv level 1. Using

= C=H1+C)?2= C=(1+ C), weobtain
p_
i p . 1j Ck+ C ji P=1j C* i 1).
GE) = Gy XG(kJ 11) 1+ C)l Ck+2 ¢1+ C ¢G(kji 11) - CWGE; ll)’

and (E.9) follows by induction onj.

We note an alternative formula that avoids half-integer powers of C,

. ki j+1
G =¥+ cy 411'i Cckiz ;
which follow easily from (f.5) and the formula P X = P C=(1+ C).

There is a similar formula for the generatingfunction G for paths of height at most
k that start at level i, end at level j, and never go below level 0: forO- i - j - k+ 1we
have : .
(Li c*ha chii*t)

G('J) - C(]| i)=2 1+ C
‘ GO @G oa oy

(4.6)

with ") = GU" fori > j. Although we will not use (Z8) in this paper, it may be
helpful in further applications of this method. We have not found (E3) or (E.§) in the
literature, although they may be derived from the known rational generatingfunction for
G descrited below.
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We note two variants of (£.g), alsovalid for0- i - j - k+ 1:

i Ci+1)(1i Ckij+l)_

(1ij C)@j Ck2) °

L(1j C*h)(@ chiitty
(i CO)1i Ck2)

GUI) = xi D=2(1 4+ Cyii i+ (1

= xi 12cGii+y

It is well known that G\" is xi D=2 times a rational function of x, and it is useful to
have an explicit formula for it as a quotient of polynomials. (SeeSato and Cong [f] and
Krattenthaler [[].) Let us de ne polynomialsp, = pn(x) by

X VO |
meo= G MOk
0- k- n=2
The rst few valuesare
Po=1
pr=1
p2=1j X
ps=1j 2x

pa= 1 3x+ x?
Ps= 1 4x + 3x2
Ps=1j 5x+ 6x%j x3

Thesepolynomialscan be expressedn terms of the Chebyshevpolynomialsof the second
kind U,(x) by u q

_ 1
Pr(X) = X" Un P
It is not dixcult to show that

B 1| Cn+l .
~ @i o@a+ o)

Pn

and thus we obtain
GED = x(i i=2PiPxi j .
k ’
Pk+1
forO- i- j - k,andin particular, G(k” = xj=2pkij:p<+1 and Gy = p«c=pc+1:

We can now descrike our conmbinatorial interpretation of T(3;n): T(3;n) courts triples
of ballot paths whoseheights arek, kj 2,and k j 4 for somek, ending at levels 4, 3, and
2, together with someadditional paths of height at most 5. (Note that if a path of height
ki 4 endsat level 2, then k must be at least6.) More precisely Iet_ HS) b'e the generating
function for ballot paths of heigh k that end at level j, sothat H) = GV G(k‘i)l. Then
we have:
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Theorem 4.3.

X R
1+ T@n+ 1x"="x HOHO HE, + 261+ 2G, + Ga+ Gs: (4.7)
n=0 k=6

Proof. With the help of Lemmaf.]Jwe nd that

(@i 5?2 10 15 5 1 X _ .
,'T, Tt @t aas  TEnE DX (4.8)
n=0

Using the method descritedin Lemma.3 and Theorem[3:4, we nd, with the help of Maple,
that the sum

F’—>4 4),3 2
O AL,
k=6
is equalto
(1j 4x)>2 10 15 5 1 2 1i x 1 2x 1i 4x + 3x?
i ——or i —t i 5t 7t L i 2 i i ;
x4 X X2 x3 24 1j x  1j 2x 1j 3x+x2 1 5x+ 6x2j x3

Then (E.] follows from (E.8), the formula Gy = p«=p+1, and the formulas for py, k =
1,:::;6: OJ
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