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Abstract

We generalizethe conceptof pattern avoidancefrom wordsto matrices, and consider
speci cally binary matrices avoiding the smallest non-trivial patterns. For all binary
right angled patterns (0/1 subcon gurations with 3 ertries, 2 in the samerow and 2
in the samecolumn) and all 2£ 2 binary patterns, we enumerate the m £ n binary
matrices avoiding the given pattern. For right angledpatterns, and the all zerces2 £ 2
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pattern, we employ direct combinatorial considerationsto obtain either explicit closed
form formulas or generating functions; in the other cases,we usethe transfer matrix
method to derive an algorithm which gives, for any xed m, a closedform formula in
n. Someof these caseslead naturally to extremal problems of Ramseytype.

1 Intro duction and Background

The subject of pattern avoidance originated in the cortext of permutations; the original
idea seemsto be attributable to Donald Knuth, but the paper by Simion and Sdmidt [H]
was the one that spavned the large body of work in this areain the last few years. Let
Ya= aja, ¢Cta;, ¢ = b b, ¢¢¢hs be nite sequencesf integers;then a subsequencef Y4of the
samelength as ¢, is said to be an occurrene of ¢, if its ertries occur in the samerelative
order asin ¢. More precisely givenindicesi; < i, < ¢¢¢< ig, the subsequence, a;, ¢¢ta;,
is an occurrenceof ¢ if and only if for all j; k we havea;, < &, , B < h.. Thusfor example
451428is an occurrenceof 341325in 91452174289.

For integersp;q, let usdenoteby [p;qlthe setS=fx2 Zjp- x- qg. If p= 0, then
S is a non-negative interval, and if p = 1, we shortenthe notation to [q] and referto S asa
positive interval. Note that, in the above de nition of occurrence,if all the a;'s (respectively
bi's) are distinct elemerts of [t] (respectively [s]), then Y (respectively ¢) can be thought of
as a permutation; otherwise, one can think of words (strings) with integersas the letters.
The problemsconsideredin this cortext are usually enumerative: how many permutations
(words) of length n avoid (do not have an occurrenceof) a given permutation (word) ¢?
Apart from the issueof whether the ertries are distinct or not, the major di®erenceetween
the contexts of words or permutations liesin the fact that, in the context of words (strings),
while the length of the string is allowed to grow, the ertries usually comefrom a xed nite
alphabet, whereasof coursethe (distinct) ertries of a growing permutation must necessarily
comefrom a growing alphabet. The avoidanceproblem on words in the sensgust described
seemdo have been rst consideredby Burstein [[].

In this paper we extend these notions to matrices with integer ertries. Although the
de nitions are, in principle, applicable to matrices with ertries from a xed or growing
alphabet, we shall only considerthe enumerative problem with a xed binary alphabet. It
turns out that in somespeci ¢ caseghis problem leadsto interesting Ramsey-i/pe extremal
guestions.

Henceforth, m; n will denote positive integers. A matrix A of dimensionm £ n can be
thought of as a function on [m] £ [n] which ass@iatesto (i; j) the ertry a;; onrow i and
columnj. We sa that a subsetS u Z? is a shag if both projectionsfx j 9y : (x;y) 2 Sg
andfy j 9x : (x;y) 2 Sg are positive intervals. Since we shall be thinking of shapesin
relation to subsetsof ertries of a matrix, we shall denotethem pictorially by a collection of
tiles in the two-dimensionalinteger lattice, with the corvertion (compatible with the usual
matrix notation) that the row numbering correspndsto the rst coordinate and starts from
the top, and the column numbering correspndsto the secondcoordinate and starts from



the left. Thus for examplethe symbol dej standsfor the setf (1;1); (3;2); (2; 3); (2; 4)g.

We de ne a pattern to be a surjection from a shape onto a non-negatiw interval. We
shall extend the pictorial notation to represem the function, by placing the image of eat

point in the correspnding tile. Thus for example represeis the function (pattern)

which ass&iatesto the points (1;1); (3;2); (2; 3); (2;4) the imagesl, 1; 0; 1 respectively.

Now we de ne an occurrenceof a pattern P in a matrix, by analogy with the caseof
sequencesGivenan m £ n-matrix A = (a;; ) with integerertries, we say that a subsetT of
[m]£ [n] is an occurrence of a pattern P : S| [0;s] in A if there existsa bijection A:S! T
sudh that for any two points (i;j); (k;1) 2 Swith (i%j9 = A((i;j)); (k%19 = A((k;1)), we
have:

i<k, %K% j<I, j°%< 1% and P(i;j)<P(kl), a&ojo< aop.

Thus, for example, the set f (1;2); (2;5);(2;7); (3;4)g is an occurrenceof in the

matrix 0 1
o 3 oo o oo

@Quo oo 1 o 3A
o oo 6 o oo

(the o entries are irrelevant, and could be arbitrary integers).

If there are no occurrencesof a pattern P in a matrix M, then M is said to avoid P.
GivenasetZ of patterns, M avoids Z if it avoids every pattern in Z. In this paper we wish
to introducethe following generalizationof the pattern avoidanceproblem on words: given
the pattern P, or a setof patterns Z, and an integert, determinethe function (m;n) 7! ¢y
which courts the number of di®ere matrices of dimensionm £ n with ertries in [0;t]
avoiding P (or Z). In Sections2 and 3, we tackle the problemin the rst caseoft = 1,
for seweral small choicesof the pattern P. Although P (or Z) may changeaccordingto the
cortext, henceforthc,., will denotethe number of m £ n matricesavoiding P (or Z).

1.1 The connection to Bipartite Ramsey Problems

Any m £ n matrix canbe viewed asan edge-colouringof the completebipartite graph K .,
whosevertex set is partitioned into two classesA; B with A indexed by the rows and B
indexedby the columns,the ertry a;; beingthe \colour" assignedo the edgecorresmnding
to the i-th row and j -th column.

In this context, the occurrenceof a certain pattern in the matrix correspndsto a certain
con guration in the colouredgraph. This con guration canbe more or lessinteresting from
a graph-theoretic viewpoint accordingto the speci ¢ pattern. If the pattern usesonly the
integer 0, then avoidanceof the pattern corresppndsto avoidanceof a monochromatic copy
of this con guration (in any colour); otherwise, the con guration would involve edgesof
di®eren colours. For certain patterns or setsof patterns, the numberscn,., turn out to be
0 for large m; n; this givesan unexpected connectionto RamseyTheory in the form of the



following question: how large can m; n (or m + n) be sothat ¢y, > 0? Equivalertly, how
small can m; n be sothat the pattern is \unavoidable" in a matrix of dimensionm £ n?

Let us considera few examples.If we take the patterns 5| and [q[q, the matrices simulta-
neouslyavoiding thesetwo patterns correspnd to proper edgecolouringsof K ., (an edge
colouring s proper if no two edgeswith the samecolour are incident with the samevertex),
and it is easyto seethat ¢, > 0, maxim;ng - t+ 1. Theseedge-colouringscan be
characterizedequally well by requiring that they do not corntain a monochromatic copy of
Ps (for a positive integer k we indicate by Py a path with k verticesand k j 1 edges).

In this paper, we shall only considerthe simplecasewheret = 1; that is, our matriceswill
have ertries in f0; 1g. This doesnot trivialize the connectionto RamseyTheory. The above
considerationsimply that, in the languageof [f], the bipartite Ramseynumbers b(Ps; P5)
and B P3; P3) are 3 and 4 respectively. Given a pair of bipartite graphsB; B, the bipartite
Ramseynumber b(B; B,) (respectively (B 1; B,)) is de ned asthe minimum value of p for
which any red/blue edgecolouring of K, (respectively K., for somem + n = p) cortains
a blue copy of By or a red copy of B,. We shall write b(B); {B) as abbreviations for
b(B;B); AB;B) respectively.

We may generalizethe above exampleby taking as patterns the two matrices O-x and
O, of dimensions™ £ k and k £ ~ respectively, with all ertries 0. The 0-1 matrices si-
multaneously avoiding these patterns correspnd to edge-colouringswhich do not cortain
monaochromatic copiesof K-. In the special case™ = k, it is enoughto excludethe single
pattern O--. Harary, Harborth and Mengerser{f] determinedthe bipartite Ramseynumbers
(and the vanishing bordersfor c,.,) for all pairs of bipartite (not necessarilyequal) graphs
on at most 5 verticeswith no isolated vertices.

The situation may be more complicatedwhen we considerpatterns which are not matri-
ces.The pattern g° , for example,correspndsto a monochromatic copy of P4 in which both
vertices of degree 2 occur before (with resgect to the ordering on A and B) the other vertexin
the sameclass to eliminate this quali cation and simply excludea monachromatic P4, we
needto take all 4 rotations of this pattern together. We may even considerpatterns in which
the entries are not all equal; for examplethe matrices , excludethe appearanceof
an alternating cycle of length 4; the four rotations of ® excludethe appearanceof a copy of
P, in which only the middle edgeis colouredl, and taking alsothe complemerms (replacing
the ertry i by 1 i) givesa setof eight patterns which together excludealternating paths.
In general,for the excludedcon guration to have a natural graph-theoreticinterpretation,
onewould want the set of possibleoccurrencesto be closedunder at least row and column
permutations, preferably under taking the transposeas well, and perhapseven under com-
plemertation. Moreover, this on its own may not necessarilyimply that the numbers ¢,
becomeO for suxciently large m; n (thusleadingto a Ramsey-ype problem), asis trivially
veri ed in the caseof the alternating cycle.

Thus, apart from the patterns Oy.: (which we shall discussin Section3.1), in order to
obtain natural graph-theretic Ramsey-ipe situations in our cortext one needsto consider
simultaneousavoidanceof speci ¢, and sometimedarge, setsof patterns. On the other hand,
as we shall see,a single simple pattern can force the numbersc,., to vanish for sutciently
large m; n. It is not uncommonto considerRamseyproblemsoutside the cortext of graph
theory (indeed, Ramseytheory did not arise in the cortext of graphs at all), so we sa



that a pattern P is eventualy unavoidableif there exists a value g sud that every matrix
of dimensionq£ q has an occurrenceof P, and for an evertually unavoidable pattern, we
de ne the Ramseynumber b(P) to be the smallestpossiblechoiceof g. Note that, in general,
Cmono=0) 8m, mén, n°wehavec,, = 0. We alsode ne the Ramseynumber {P) to
be the smallestvalue p for which there exist m; n with m+ n = p sud that ¢, = 0. Finally,
the vanishingborder of P, denotedby V (P), is the setof pairs (m; n) sud that every matrix
of dimensionm £ n hasan occurrenceof P, but both (mj 1;n) and (m;nj 1) do not have
this property (we adopt the corvertion that there exist matrices of dimension0 £ n and
m £ 0). All thesede nitions are analogousto thosegivenin [f] for pairs of bipartite graphs.

The focus of this paper is intended to be enumerative, rather than extremal: to deter-
mine the numbers ¢y, rather than just their vanishing border. We shall consideralmost
exclusiwely avoidanceof a single pattern P, for certain small examplesof P, and we shall
not aim for results of Ramseytype. Howeer, we shall state a few extremal results that we
obtain as by-products, and attempt to raise relevant questionswhich are interesting from
the point of view of RamseyTheory.

1.2 Equiv alent patterns and some speci ¢ shapes

Recall that shapesare formally subsetsof Z2, and all their elemens have both coordinates
positive. Let S be any shape; re°ecting S about any one of the four axesof symmetry of
Z?, (the vertical, horizortal and diagonallines through the origin) yields a set S° which may
not be a shape; howewer, there always exists a unique translation S%°of S° that is itself a
shape. We shall always assumethat thesere°ectionsare accompaniedoy this translation, so
that they asseiate shapesto shapes, patterns to patterns and matricesto matrices. Thus,
for exampIeH] is obtained by re°ectingHj about the horizortal axis. For a xed value of
t, another useful operation on patterns and matrices s that of complementation replacing
eah entry i by zj i, wherez = sin the caseofapattern P : S! [0;s], andz = t in the case
of matrices (formally, this amourts to post-composingthe pattern/matrix with the function
i 7V zj 1). Thus for example,the pattgm Is its own complemer, ¢ is the complemen
of ¥, andfort = 1,the matrix ¢ ? isthe complemen of : ;

The above operationsof re°ection and complememation are all involutions on the setsof
patterns and matrices which presene occurrencesjn the sensethat if A is one of the above
operations, P is a pattern and M is a matrix, then P occursin M if and only if A(P) occurs
in A(M)fj. Clearly, the sameis true if A is any composition of theseoperations. Note that
re°ecting a matrix about the line y = x correspndsto taking its transposd]. For this reason,
we also refer to the re°ection of a pattern P about this line as the transpse of P. As in
classicalpermutation avoidance,theseoperations are usefulin reducingthe enumeration of
pattern-avoiding matricesto a smaller number of caseqpatterns).

The analysisof avoidanceof a single pattern of dimension1£ n or m £ 1 can easily be
reducedto that of avoidanceof the pattern in ead row (column) of the matrix independerly.
This problem has beenconsideredby Burstein and Mansour [, B, f]. In this paper we do

2Note that, if A is the operation of complemeration, A(M) may actually depend on whether we are
consideringM as a pattern or a matrix avoiding a given pattern.
3Recall the row-numbering increasesdownwauds.



not attempt to deal with sud patterns.

Instead, we consider the following two basic con gurations: right anglel and squae
shapes, and all possiblebinary patterns on these shapes (note that given any shape S and
an integert, there is only a nite number of patterns P : S! [0;s] with s - t). The right
angled shapesare - , - ,H and - ; a pattern is right angledif its domain is a right
angledshape. The squareshape is H} and the squarepatterns arethe 2£ 2 matrices.

If t = 1, ead right angledshape canbe numberedin 8 ways, which reduceto 7 patterns,
for a total of 28 possibleright angled patterns. The operations mertioned above reduce
theseto three equivalenceclasseswhich we represen by §°, " and g* . In Section2 we
shall seethat thesethree casesn fact reduceto two: the numbersc,,., arethe samefor the
patterns ¥ and g* . The 16 squarebinary matrices reduceto 15 squarepatterns, but the
above operations allow us to restrict our attention to the following four patterns: i

59, and 3 .

2 Right angled patterns

2.1 Av oidance of the pattern

We obsene that sincethe pattern [ is its own transpose,a matrix avoids [J” if and only
if its transposedoes. Soit is enoughto considermatrices of sizem £ n, wherem , 2 and
n, m.

In the proof of Proposition [ and throughout the paper, we usephraseslike \this column
doesnot a®ectthe rest of the matrix" to mean\the enries in this column can not occur as

part of a forbidden pattern in the matrix"; this allows usto obtain recurrencerelations.

Prop osition 1. In the case of the pattern , we havethat ¢, = 2"*2 | 4for n , 1,
C33= 16, c3p = Oforn, 4, andcy,, = 0forn, m, 4

Proof. Assumingthat n, m, let A beanmeg£ n r@atrlr &hat avoids the pattern

The casem = 2. If the “rst columnof A is (1) or . , then obviously this column does
not a®ectthe rest of the matri|x¢ and we have Zcq;ni 1 p053|bllltlesto chooseA in this case.

If the rst columnof A is 8 (respectively, 1 ), then from the secondentry onwardsthe
“rst row of A canconsistonly of 1's (respectively, 0's) sinceotherwisewe have an occurrence
of the pattern with the rst column of A asthe rst column of the occurrence. All
the entries in the secondrow, except possibly the last one, must be O (respectively, 1), for
otherwisewe would have a literal occurrenceof the numberedshape * (respectively, 5° )|
which is an occurrenceof the pattern |with  the rst row of the occurrencecortained in
the rst row of the matrix. Thus, in this casewe can choosethe rst row in 2 ways and then
choosethe rightmost bottom ertry in 2 ways. Summarizingour considerations,we get the
following recurrencerelation

Con = 200 1+ 4

with c,.; = 4. This givesthat ¢, = 2"*2 | 4.
The casem = 3. Obviously it suxcesto considerthe casen = 4.



Suppose,by way of cortradiction, that the matrix A avoids j§° . Without lossof generality
A1 = 0. If the remaining three elemens of the rst row are 1, then all the elemens in the
lower right 2£ 3 submatrix, exceptpossiblyAs.4, are 0, and a cortradiction results. Sosome
other ertry of the rst row is also0. Then it immediately follows that A,; = Az; = 1 and
hencealsothat Ay, = Ax3 = Ayy = 0and Az, = Azz = 1. This yields the partially Tled

matrix 0 1
O oo o

@1 00 0A
111ao

with at leasttwo O's in the rst row. One can seethat we can not have three O's in the rst
row, and thus we have two 1's in the rst row which also createsthe forbidden pattern.
The casem = 4. Follows from the casem = 3andn , 4. O

2|1 3| 4] 5] ¢ee

2| 4 |12| 28| 60| ¢ce
3|112|16| O

4128| 0

5

60

The numbersc,,, for the pattern

Corollary 2. The pattern g% is eventualy unav0|dable hgs Ramseynumlers satlsfyb
4, bO = 7. The vanishingborder is given byV = £(3;4);(4;3)g.

2.2 Av oidance of the pattern

Prop osition 3. In the caseof the pattern 3" , we havethat

X X XY
G men — L (n+l)y
" Nm oy @iy
m;n, O m, 0 j=0 1ijy

Proof. Let A beanm£ n matrix avoiding the pattern 2* . Clearly, an empty matrix avoids
Y S0Cm.0 = Con = 1. Supposethat A is a matrix of sizem £ n with m;n | 1.

If the top row of A cortains only zeros,then it doesnot a®ectthe rest of the matrix
and can be removed to obtain a 3* -avoiding matrix of mj 1 rows and n columns. Now
supposethe top row of A cortains a 1. Supposethat in the top row there arei zerosto left
of the rightmost 1. Since A avoids [ , the i columnscontaining those top zerosmust be
zerocolumns. Thus, thesecolumnscan not be involved in an occurrenceof ¥ , sothey may
be removed. The resulting top row hasall 1sto the left of all 0s, sothis top row can not be
involved in an occurrenceof 3", and hence,may be removed aswell. Eadch choiceofi + 1



positions (those of the rightmost 1 in the top row andi zerosto its left) yields, after the two
removals,an (mj 1)£ (nj i) matrix avoiding 3" . Thus,

x 1M n 1
Cmin = Cmj1n t . Cni znjiv MyN, 1
i=0 T+1
Straightfopvard technical manipulations, which areomitted, the ordinary generatingfunction
aX;y) = nm oCmnX™Y" satis esthe following recurrence

H 1
y L Xy

Li N+ Qi xy) x+ @i x)y  T1ljy

a(x;y) =

The result follows by repeatedly applying this recursionand taking the limit. O

2.3 Av oidance of the pattern

One can apply the sameconsiderationsmadein Subsection]. The only di®erencebetween
these casesis that instead of O's belov eat 0 in the rst row, we have 1's. This gives
a recursiwe bijection betweenthe matrices avoiding the pattern and those avoiding the
pattern g* . Thus we obtain the following analogousresult.

Prop osition 4. In the caseof the pattern §" , we havethat

x"y
X m,,n — X 3 (n+l)y
Crn XTY" = 0 ;
’ m + Qixy
mn, 0 m, 0 j=0 1ijy

3 Square patterns

3.1 Avoidance of the pattern

We make the sameobsenation madein Subsection2.1, that is, a matrix avoids the pattern
if and only if its transposeavoids the transposeof g , which is g itself. Soit is enough
to considermatrices of sizem £ n with m , 2andn , m. Moreover, the pattern has
the following propertiesthat are easyto see

1) a matrix avoids 3 if and only if its complemen does;

2) permuting columnsand rows of a matrix M producesa matrix that avoidsthe pattern
if and only if M does.

Prop osition 5. In the caseof the pattern [ , we havethat c,,, = (n? + 3n + 4)2" 2 for
n, 0; czz = 168 C34 = 408 C44 = 324Q C3n = C4n = 720f0r n = 5;6; C3n = C4n = O for

5

n>6 andcy, = 0forn, m, 5



Proof. Let A bean m £ n matrix, that avoids the pattern [Jj .

The casem = 2. We consideronly the caseA;.; = 0, sincethe caseA;; = 1 gives
the samenumber of matrices avoiding 3§ , by property 1 above. If A,; = 1, then the rst
column of A doesnot a®ectthe rest of the matrix, and thereforewe have ., 1 poss(tbllltles
to chooseA in this case.If A,; = 0then nocolumnof A other than the rst canbe g , since
this leadsto an occurrenceof {g in A- On the other hand, A obviousl gan not cortain two
columnswhich are both copiesof | '1 . So, either A doesnot cortain 1 or elseit cortains
preciselyonesud column. In th@ rst gasewehaveznl possibilitiesfor A, sinceany column
exceptthe rst oeels either cl, or ‘1’ . In the secondcase,we can choosethe position in
which we have i in (nj 1) ways, and then chooseall other columnsin 2" 2 ways. Thus
we get the recurrence

Con = 2¢(Can; 1+ (N+ 1)271 2);

which givesthe desiredresult.

The casem = 3. To deal with this casewe make useof the following four facts.
Fact 1. There are no columnsin A that are equalto ead other. This is easyto see,since
otherwisewe have an occurrencegf the pattern g .

Fact 2. If both of the columns § and % appear in A, then A can not have more
than two columns. Indeed, using the fact that permuting the columnsof A doesnot -a®ect
avoidanceof the pattern [gg , we can assumethat the ‘rst two columnsof A are § and

1 . oy s . . .
Lo Adding onemore columnwill introducean occurrenceof the pattern i , sinceit will

cortain either two 1's or two 0's. 3 7 3 . .
Fact 3. If A cortains either the column or the column L, then the other columns

can only be chosenfrom a setLonsisting af three columns, without repetitions. In the rst
1

0 1 . 1
3(‘:asethesecgplumnsare 1, 0 , and 1 , Whereasin the secondcasethey are 0,

0

0 .. . . .
1, and o . This is easyto see,since otherwise we obviously have an occurrenceof

o oo

the pattern [ . s - 3 -
Fact 4. If A doesnot cortain § or i , then the columnsof A can be chosenfrom

amongall the other six binary columnsof length 3, without repetitions. This follows from
the fact that oncethesetwo columnsare excluded,any column must cortain the sameletter
in two positions, and oncethesetwo ertries are given, the third is uniquely determined;thus
any two columnswill give an occurrenceof j if and only if they are equal.

As a corollary of Facts 1{4 we have the following

6! 6!
Cz3 = 2¢3¢3¢2+ 3 = 156; c34= 2C¢4!+ 2 = 408;

Ca5 = C36 = 6l= 720; Can = Oif n> 6;
yvhe}re fof instance,to obtain c;.3 we rst court the number of thosematricesthat have either
o or % asa column (of which, accordingto Fact3 there are precisely2¢3¢3¢2), and

0

then we add the number of matricesthat do not cortain § or i (of which, according



to Fact 4, there are as many as there are permutations of three columns chosenfrom six
columns).

The casem = 4. Suppose rst that n | 5. If a column of A has either at least three
O's or atsleastthree 1’s, then we can considerthe three rows that form a matrix having the

column § or i . The length of sud a matrix, accordingto Fact 3, doesnot exceed

4, and the columnsof A in this caseare those that have exactly two O's and two 1's. It is
easyto seethat any combination of sud columnsgives no occurrencesof the pattern ,
and there are six suc columns. Thus, Cs.5 = C46 = 6! = 720.

Now let n = 4. If any column of A hasexactly two 0's and two 1's, the number of ways
to chooseA in this caseis % = 360. If somecolumn hasonly O's or only 1's, say only O's,
then the number of columnsdoesnot exceed2, sincethe other columnscan not have more
than one 0, and two sud columnsmust have an occurrenceof the pattern g . So, we need
only considerthe casewhen there is a columnin A having three 0's or three 1's. Suppose
there is a column with three 0's. In this casewe can assume permuting rows or columnsif
necessarythat Aiq = Ay = Az = 0and Ay = 1. If we considerthe submatrix that is
formed by the rst three rows and the four columns, then accordingte the considesations

1

of the casem = 3, this submatrix is a permutation of the columns E : é , and 1

Obviously, the ertries A4,A43A44 form a word that hasat most one 1. Thus, there are 4
ways to choosethis word, and then we can permute columnsand rows in 4! ¢4! ways to get
di®eret 4 £ 4 matrices avoiding g . So, in this casewe have 4 ¢24 ¢24 = 2304 di®erert
matrices. Finally, we needto court the number of matricesthat have a columnwith three1's
and have no columnswith three 0's. We usethe sameconsiderationsasin the caseof three
0's, but now we obsene that the entries A4.2A4.3A4.4 canonly form the word 111 (otherwise
we have a column with three 0's or an occurrenceof the pattern g ). Thus this casegives
us 4! ¢4! = 576 di®erert matrices. Sothe total the number of 4 £ 4 matrices avoiding the
pattern [JJ is given by 360+ 2304+ 576= 3240.

The casem , 5. The rst row of A haseither at leastthree O's or at leastthree 1's. In
either case,if we considerthe three rows of A that beginwith the sameletter, we have that,
accordingto Fact 3, the length of theserows does not exceed4, since otherwise they will
cortain the pattern g . Thus, A must have at most four columnsin orderto avoid g . [

2 3 4 5 6 7 cee
14 | 44 | 128 | 352 | 928 | 2368 | ¢¢¢
44 | 168 | 408 | 720 720| O

128 | 408 | 3240 | 720 | 720
352 | 720 720 | O
928 | 720 | 720
2368 | O

st NOO TR WDN

The numbersc,,, for the pattern
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Remark 6. From the above proposition we can deducesomeknown (and easy)facts about
the bipartite Ramseynumbers of Kzz irst of all, the pattern §j is evertually unavoidable;
moreover, the vanishing border V' is f(3;7);(5;5);(7;3)g (equwalertly the \bipartite

Ramseyse& (K22,K22) isf(3;7);(5;5)g, in the languageof [H]), andb' = bKy) =5
and 1" % = FK22) = 10. All theseresults are cortained explicitly or implicitly in [f],
and any credit for the computation of b(K ,.,) should probably be attributed to Beineke and
Sdcwenk [H].

Prop osition 7. Let ¢y denoter@e numter of matrices that avoid the pattern O-. If we
setm=2; 1 A=2Kk;i 1)'21' + 1, we havethat

(1) cnn > Ofor m< m;
2 Gzn =0, n, h;
(3) Cmn

In particular, O- is eventualy unavoidableand (m; i) belongsto its vanishing border.

Oform>m;n, A.

Proof. SupposeA = (a;; ) is a matrix of dimensionsm £ k. By the Dirichlet Principle, eat
column of A haseither at least™ 1's or at least ™ 0's (but not both). For p= 0;1, let C, be
the setof indicesj sud that columnj hasamajority of.p's. fgain by the Dirichlet principle,
there is someq 2 f0; 1g such that jCqj , die= (ki 1) *!' + 1. Thenforall j 2 Cq, there
exists somesubsetS; p [m] with jS;j = | such that for a&l I 2 S, we have a;; = g. Since
the total number of subsetsof [m] with | elemerts is 2; , again by the Dirichlet principle
our choicesof S; must agreefor at leastk columns,that is,S; = S8i 2 T for someS p [m]
and T p C with jTj = k. Then S£ T is an occurrenceof O-. Thus cy.y = 0. This proves
(3) and the badckward implication in (2).

On the other hand, forany m - 2 j 2 and any n, a matrix of dimensions(m; 1)£ h
avoiding O~ can easily be constructed by allowing at most " j 1 0'sand " j 11'sin eah
column. This proves(1). Moreover, the matrix of dimensionsm £ (hj 1) whosecolumns
all have precisely ™ 0's or ~ 1's, and such that for all S p [m] with |jSj = ~ there are
preciselyk columnswith 1's preciselyon rowsindexedby S, and prem&elyk (other) columns
with O's preciselyon rows indexedby S, for a total of 2(k j 1) 2! columns, avoids the
pattern O-. This concludesthe proof of (2). Thusboth ¢y, 1.n and cm:»; 1 are positive and
(m; k) 2 V(O-x). O

Corollary 8. Let *; k be positive integers. We havethat b(O-) = b(Oy.::) and F{O-) =
B Oy.:). Assumingwithout lossof genenlity that * - k, the following upper boundshold

My T

HK) - BOw) - 2ki 1) 01 Y 1 @

H2I i 1ﬂ
AK4) - B0y - 2ki 1) 7 7+ 2 (2)
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Proof. Note that a matrix avoids O- if and only if its transposeavoids Oy.:. From this
it follows that V(O-) = f(b;a) j (a;b) 2 V(Ok:)g. As obsened in [{], for any bipartite
graph G, b(G) = minfmaxfa;bgj (a;b) 2 V(G)g and b(G) = minfa+ bj (a;b) 2 V(G)g,
and the analogousstatemerts hold for any pattern P instead of a graph G. In particular,
sincethe sum and the maximum of two variablesare comnutativ e, theseminima coinicide
when taken over the two vanishing borders. Moreover, since (mm;n) 2 V(O-k) (with ;0
de ned asin Proposition[]), m+ m and maxf m; ng are upper boundsfor B{O-) and b(O-)
respectively. The former simpli es to the rightmost expressionin (), and the latter, with
the assumption™ -k, to the rightmost expressionin ([I). The inequalitiesh(K-x) - b(O-)
and (K ) - B(O-) follow from the trivial obsenation that if the edgesof K .,,, can be
colouredto avoid a monachromatic copy of K-, the correspnding binary m £ n matrix
avoids O+ (aswell asO:). O

Remark 9. We have no reasonto beliewe that the above boundsare good, and we expect
that they can be improved. Good bounds are known for (K- ); seefor example[[[]. The
Ramseynumber (K - ) seemsgo have receiwed lessattention, but an obvious upper bound
is givenby 2b(K-). The questionarisesasto how big the gap betweenb(K ) and b(O-) is
(and analogouslyfor ). This issueruns a parallel with the conjectureof Simonwits [[L]] that

ex’(n; L) = O(ex(n; L)), wherefor a bipartite graphL, ex(n; L) denotesthe smallestnumber
of edgesof K., neededto ensurethat the induced subgraph cortains a copy of L, while
ex’(n; L) standsfor the minimum number of 1'sin an m£ n matrix that ensureghe existence
of a \submatrix" whoseertries all are 1, and equivalert to the bipartite adjacencymatrix

B of L. The issueof equivalenceis irrelevant in our cortext becauseour bipartite graphs
are complete. The parallel lies in the distinction betweenthe \ordered" and \unordered"

versions: whether we care that the ~ prescribed verticesin the copy of K-, are amongthe
prescribed m of K., or not. Note howewer that there is a crucial di®erencebetweenthe

two problems: we are here talking of excludingonly (" £ k)-minors (for complete bipartite

L) whoseentries are all 1, but not those whoseertries are all 0's, which also needto be
excludedto avoid the pattern O-, (or a monochromatic copy of Kpi).-

Also note that, if f(x) = 2xj landg(x;y) = 2(yj 1) * ', both (f ();9(’; k)) and
(g(k; 1); f (k)) belongto the vanishingborder of O-, and both points can be usedto derive
upper bounds; in Corollary | we have given the stronger one, with the assumption that
Tk

3.2 Avoidance of the patterns [, @, and

In this sectionwe seehow the transfer matrix method can be usedto obtain, for xed m, an
explicit formula for the number of binary matrices of dimensionsm £ n avoiding a pattern
fromthe setS = f i , 4, 0.

For xed m, landp2 S, wedenoteby B™" (B™") the setof all binary matrices with
m rows (respectively, m rows and n columns),and de ne an equivalencerelation » , on B™*
by A », B if and only if for all vectorsu 2 B™* we have

Aju avoidsp () Bju avoidsp;

12



wherethe notation Aju standsfor the matrix obtaiged by congatenatingthgyvector y to the

101 10
matrix A. For example,if pis I, m=3,A= @0 1 1A andB = @0 1A, then
00O 00

A », B, sincethe ertries in the third columnin A are newver involved in an occurrenceof p.
Let E, be the set of equivalenceclassef » ,. We denotethe equivalenceclassof a binary
matrix A by A. For example,the equivalenceclassef » , for p= g3 and m = 2 are

L q “ q

= T T
00
> .
: : and 01

0
where? standsfor the empty matrix.

De nition  10. Given a positive integer m and a pattern p we de ne a "nite automatorfj,
A, = (B 5% E nfpg), by the following

2 the setof states E,, consistsof the equivalen@-classesof » ,;

2 +: B £ B™1! E is the transition function de ned by +(A; u) = Aju;
2 2 s the initial state;

2 and all statesbutp are nal states

We wish to erumerate the number of binary matrices of sizem £ n avoiding the pattern
p. We shallidentify A, with the directed graphf] with vertex setE,nf pg and with a (labelled)
edgej! from A to B wheneer Aju » , B. Note that, wheneer we have an edgefrom A to
B, the outdegreeof B, that is, the number of binary vectorsu 2 B™?! suc that Bju 63 B
but Bju still avoidsp, is strictly lessthan the outdegreeof A. Hence,we may choosebinary
matricesf A(Vg, asrepresetativ esof the vertices (equivalenceclasses)jndexedin sud a
way that if i < j thereis no edgefrom A() to A(; in particular there are no directed cycles
in the graph, and A® = 2. Let e denotethe cardinality of E,. The transition matrix, Ty, of
A, isthe ef£ e -matrix,

[Toli = ifu2 B™*: yAD;u) = Al)g;:

Thus [T,]; courts the number of edgesfrom A’ to Al, and with the above choice of indices
Tp is upper triangular.

Example 1. Letp =% and x m = 3; then it is easy to see that a possiblechoie of
representativesis

0 1 0 1 0 1
AW =2 A@=@0A; A®=0@1A; AW =Q@0A,;
0 0 1

“For a denition of a nite automaton, seeff]] and referencestherein.
SHere we are allowing loops and multiple edges,and following the terminology of []j]

13



0 1 0 1

01 0
A® =@1 0A andA® = @0 A:

00 0
The transition matrix T, is 0 1
411101
040011
004011
00040 2
00041
00O0O0OA*4

Givena matrix A let (A;i; j) be the matrix with row i and columnj deleted. Using the
transfer matrix method (see[[L1, Theorem4.7.2])togetherwith the automaton A, we obtain
our main result in this section.

Theorem 3.1. In the casethat the pattern p is a matrix of size2£ 2, for any xed positive
integer m we havethat

= | _
X jo1 (i ) det(l i XTpij;1) | detB(x)

Cmin X" = : :
io T i) i)

whee

2 T, is the transition matrix, of dimensionse£ e, of the nite automatonA ,, asde ned
in De nition [0, and therefore dependson p and m;

2 B(x) is the matrix obtainel by replacingthe rst columnin | j xT, with a column of
all ones;

2 and _; is the number of loops at state A(),

5

Given a pattern p, let us denote by B™"(p) the set of matrices of dimensionsm £ n
avoiding the pattern p. Theorem B.] providesa nite algorithm for nding the generating
function for the sequencdjB ™" (p)jgn o for any xed m , 1 and any pattern p which is a
matrix of size2£ 2. The algorithm hasbeenimplemerted in C and Maple.

Corollary 11. For all n, 0,
() iB*"([3] )i = 3+ n)3n 4,

(i) B¥"([§ )i = 52+ n)(96+ 31n + n?)4" 3,

(iii) jB4"([T)j = 4(2812500+ 3963450 + 186297h2 + 339300° + 21265 + 51(° +
4n®)5ni 7,

(iv) BS"(11)j = 3:(1371372871680+282950324798£1748163711462+785515085820°+
139879643148 +123070903205+5790475955+1507086 7 +21875M8+1656n%+5n10)6Ni 13,

14



Corollary 12. For all n, 0,
() iB*" ([ )i = 3+ n)3n 4,

(i) jB3" ([ )i = 1(2+ n)(96+ 31n + n?)4"i 3,

(iii) jB4" ()} = L(2812500+ 3963450 + 186297h% + 339300° + 2126F1* + 51" +
4n®)5ni 7,

(iv) jB5"()j = 555(4571242905600+9431397663120°2499161186367+2618093085240°+
466294991825 + 4103985721 + 1926425298° + 503810107 + 72982%H8 + 5415:° +
1&]10)6ni 13_

Corollary 13. For alln, O,
() iB*"(fi )i = (3+ n)3" 4,
(i) jB2" ([ )i = (16+ 130 + 3n2)4" 2,
(iii) B ()i = (25+ 34n + 1812 + 3n3)5"i 2,
(iv) B ([ )j = (216+ 41& + 36In% + 143 + 17n4)6Mi 3.

Note that no two patterns in S give the sameformulas, although the distinction between
the patterns &% and {4 doesnot becomeapparent beforem = 5. We also remark that our
approad can be generalizedto matrices with t > 1 letters and simultaneously avoiding
di®eren setsof patterns. For example,the following result is true.

Corollary 14. We havethat
() the number of matricesof size3£ n on 3 letters avoiding the pattern i is given by

(1582178 269829 + 6241n%)13"i 2
i (673920; 61130 442h?j 106n®| n*)12" %

(i) the numker of binary matrices of size 2 £ n simultaneously avoiding the patterns
and [ is given by
2¢3"; 2"
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