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Abstract

We detail the continued fraction expansionof the squareroot of the generalmonic
guartic polynomial, noting that ead line of the expansioncorresponds to addition of
the divisor at in nit y. We analysethe data yielded by the generalexpansion. In that
way we obtain \elliptic sequences'satisfying Somosrelations. | mertion seweral new
results on sudh sequences. The paper includes a detailed \reminder exposition" on
cortinued fractions of quadratic irrationals in function elds.

1 Intro duction

A delightful essg [18) by Don Zagierexplainswhy the sequenc&B)n.z, de nedby B, , = 1,
B,1=1, Bo=1, B; =1, B, = 1 and the recursion

Bh; 2Bnh+s3 = Bnh+2Bnhj 1+ Bhs1Bn; (1)

consistsonly of integers. Zagier commerts that \the proof comesfrom the theory of elliptic
curves,and can be expresseckither in terms of the denominatorsof the co-ordinatesof the
multiples of a particular point on a particular elliptic curve, or in terms of special valuesof
certain Jacobitheta functions."”

In the presen note | study the cortinued fraction expansionof the squareroot of a
guartic polynomial, inter alia obtaining sequencegeneratedby recursionssuc as(1). Here,
howeer, it is clearthat | have alsoconstructedthe co-ordinatesof the shifted multiples of a
point on a cubic curve and it is it fairly plain how to relate the surprising integer sequences
and the curvesfrom which they arise.

A brief reminder exposition on cortinued fractions in quadratic function elds appears
as x6, starting at page14 below.



It turns out that seweral of my results related to sequence® la (1) also appear in the
recen thesis[16] of Christine Swart; for further commen seex5. Michael Somos,see[5], had
inter alia asked for the inner meaning of the behaviour of the sequencegBy), above, and
of (Cp) dened by Cp; 2.Chsz = Cp; 1Chiy + C2and C,,=1,C. 1 =1,Co=1, C; = 1L
of the sequenceH-SomosA006720and 4-SomosA006721 More generally of course,one
may both vary the initial valuesand coexcients and generalisethe \gap" to 2m or 2m + 1
by studying Somos2m sequencesiespectively Somos2m + 1 sequencespamely sequences
satisfying the respective recursions

xn xn
Dhi mDhem = *iDhi m+iDhemii OF Dhj mDheme1r = *iDhi m+iDhemjis:
i=1 i=1

| show in passing,a footnote on page6, that a Somos4 is always a Somos6, while Theorem?2
points out it is always a Somos5. After seeing[16], | added a somewhatpainful proof,
Theorem4 on page14, that it is alsoalways a Somos8. For example, 4-Somossatis es all
of

Ch; 3Ch+3 = Ch; 1Chs1 + 5CZ;
Chi 2Ch+3 = i Ch; 1Chs2 + 5ChChy1 ;
Chi 4Chis = 25Chi 1Chst i 4Cr%:

In the light of suct resultsonecanbe con dent, seex3.3, page6, that in generalif (A;) isa
Somos4, equivalertly an elliptic sequencesatisfying Ay; 2An+2 = W22Ahi 1An+t i W1W3Aﬁ,
then for all m both

WiW2AR mAnim+1 = WinnWmi1 Anj 1An+2 i Wi iWme2 AnAns

and
W12Ahi mAh+m = Wr%Ahi 1Ah+1 i Wmi 1Wm+1Aﬁ:

2 Contin ued Fraction Expansion of the Square Root of
a Quartic

We supposethe base eld F is not of characteristic 2 becausethat caserequiresnontrivial

changesthroughout the exposition and not of characteristic 3 becausethat requiressome
trivial changesto parts of the exposition. We study the corntinued fraction expansionof a
guartic polynomial D 2 F[X]; where D is not a squareand for corveniencesupposeD to
be monic and with zerotrace. Set

C:Y2=D(X):= (X2+ )2+ 4v(X | w); (2)

and for brevity write A = X2+ f and R= v(X j w). SetY for the conjugate Y of Y.
For h=0, 1, 2, ::: we denotethe completequotients of Y, by

Yh=(Y + A+ 26)=W(X | W); (3)
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noting that? the Y, all are reduced,namely degY;, > 0 but degY, < 0. The upshotis that
the h-th line of the cortinued fraction expansionof Y, satis es

Y+A+2e 2X+wW) Y+ A+2e,

vn(X i Wp) Vh "X T wh)

Thus evidert recursionformulas, see(32) at page14, yield
f+en+ e =iw (4)
and j VaVher (X 0 Wa)(X i Whet) = (Y + A+ 26040 )(Y + A+ 2e,41). Hence
ViVher (X 7 WR)(X | Whet) = § 4X%+ F + ensg)ena + 4v(X | w): (5)

Equating coezcients in (5), and then dividing by | 4en+1 = VhVh+1 , We get

i 4en+1 = VpVhet X 2:
V=@i41 = Wh + Wiy ; X1
f + @1 + VW=G111 = WpWhay X0

The v e displayed equationsimmediately above readily lead by seweral routesto
Enen = V(Wi Wp): (6)

For example, apply the remainder theorem to the right hand side of (5) after noting it is
divisible by X j wy, and recall (4).

Theorem 1. Denotethe two points at in nity on the quartic curve (2) by S and O, with
O the zemw of its group law. The points M+ = (Wh;€i €n+1) all lieon C. SetM; = M,
and My =: M+ S,,. Then S, = hS.

Proof. The points My, lie onthe curve C:Y?2 = D(X) because
i ¢
(eni &na)’i Wi+ f)>= "eni (e + Wi+ f) (en+Wi+f)i e
=i 4eneni = AV(Whi W):
The birational transformations
' ¢+
X='Viv U Y=2Uj (X2+f); (7)

corversely
2U=Y + X?+f; 2V = XY+ X3+ X + 2v; (8)

2Conditions apply. For instance we must choosethe constarts gy and wy sothat X j wp divides the
norm (Y + A + 2e0)(Y + A + 2gp) of its numerator. Seepage 14 for more details.

Note alsothat | presumethat the vy, equivalently the e,, all are nonzero. Seecommerts in x3.3, page 6
on the \singular case".




movethe point S to (0;0), leave O at in nit y, and changethe quartic model to a Weierstrass
model
W:V2i w=U3% fUu?+ vwU: (9)
Speci cally, one seesthat U(Mn+1) = i €41, and V(Mp+1) = Vi Wpensr . We also note
that U(i Mns1) = i @1y V(i Mps1) = Wn€nsr .
Tochek S+ (M + S,,1) = M + S, on W it suxces for us to show that the three
points (0;0), (i e;Vi Wn; 16r), and (i ens1;Whens1) lie on a straight line. But that is
(Vi Wk 18n)=6, = W,. SOwy; 1 + W, = v=g, provesthe claim. |

One might view the precedingdiscussionculminating in Theorem 1 as making explicit
the argumert of Adams and Razar [1].

3 Elliptic sequences

Theorem 2. Let (Ap) be the sgguene de ned by the \initial" valuesAy, A; and the recur-
sive de nition
An;i 1Ans1 = AR (10)
Then, given Ag, A1, Az, Az, A, satisfying (10), the recursive de nition
Ani 2Ans2 = V2Ap 1Ans + VA(F + W?)A2 (11)
de nesthe samesajuene as does (10). Just so, also
i ¢
An;i 2Anss = i VA(F + W?)Ap; 1Ans2 + Vv + 2w(f + w?) ApAni (12)
de nesthat sequene.
Proof. By (6) we obtain
€h; 1%%9m1 = VZ(Wi Wh; 1)(W i Wh) i ¢
[
= VA (Why 2Wh i W(Wh; 1+ Wh) + W2) = V2 (F + &+ vw=g,) | we(v=g,) + WP

Thus I ¢
€ 16hen = V2 e + (F + WP (13)
Howewer, Ap; 1Ans = €,A2 entails

Ahi 2AhAhi 1An+1 AnAnez = hi leheh+1Aﬁi 1AﬁAﬁ+1 ;
and S0 An; 2Ans2 = €n; 16n€ne1 Ay 1Ane1 , Which is
Ani 2Ani2 = 6 1€f e AR (14)

On multiplying (13) by A2 we obtain (11).
Similarly (10) yields Ap; 1An+1 AhAns2 = enens1 AZA2,, , and so

An; 1Ah+2 = Eneni1 ApAnsr (15)
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It follows readily that
An; 2An+3 = €y, 1eﬁeﬁ+1 €n+2 AnAn+ - (16)
Moreover, (13) implies that

i ¢
Oni 163601 €2 = V¢ @nenes + (F + WE)(en + nun) + (F + WD)

However, by (4) we know that vZ (e, + e + f + w?) = v2(W? | w?). Herev(w| wp) =
€en+1 and v(w+ wp) = j V(Wi wp)+ 2vW = | enenr + 2vW. So

¢
e 160 iz = V2 i (F + W)enenu + V2 + 20(f + wW?) (17)
which immediately allows us to seethat also(12) yields the sequenceAy). O

The extraordinary feature of the idertities (13) and (17) is their independenceof the
translation M : thus of the initial data vg, wg, and e;.

3.1 Two-sided in nite sequences

It is plain that the various de nitions of the elliptic sequen@ (A;) encourageoneto think
of it as bidirectional in nite. Indeed, albeit that one doesfeel a needto start a cortinued
fraction expansion| soonecorvertionally beginsit at Yy, oneis not stopped from thinking
of the tableau listing the lines of the expansionas being two-sidedin nite; note the remark
at the end of x 6.1, page 14. In summary: we may and should view the various sequences
(en), :::, de ned above, astwo-sidedin nite sequences.

3.2 Vanishing

If say vx = 0, then line k of the continued fraction expansionof Y, makesno senseboth
becausehe denominator Qy(X) = w(X j wg) of the completequotient Yy, seemgo vanish
identically and becausethe allegedpartial quotient ax := 2(X + wy)=W blows up.

The secondditcult y is real. The vanishing of v entails a partial quotient blowing up
to higher degree. We deal with vanishing by refusingto look at it. We move the point of
impact of the issueby dismissingmost of the data we have obtained, including the cortinued
fraction tableau, and keeponly a part of the sequencge,). That makesthe rst ditculty
moot.>

Remark 3. There is no loss of generalily in taking k = 0. Then, up to an otherwise
irrelevant normalisation, Yo = Y + A. If morethan oneof the v, vanishthen it is a simple
exerciseto con rm that the corntinued fraction expansionof Y + A necessarilyis purely
periodic, seethe discussionat page17. If Y, doesnot have a periodic cortinued fraction
expansionthen there is some hg, namely hy = 0, sothat, for all h > hg, line h of the
expansionof Yy doesmake sense.

Except of coursewhen dealing explicitly with periodicity, we supposein the sequelthat
if v = 0 then k = 0; we refer to this caseasthe singular case.

3In any case,the rst apparert ditcult y is just an artifact of our notation. If, from the start, we had
written Qp = vy X + Yy, aswe might well have done at the cost of nasty fractions in our formulas, we would
not have entertained the thought that vx = 0 entails yx = 0. Plainly, we must allow v, = 0 yet vgywg 6 O.
Note, exercise,that v (X i wg) never doesvanish identically.
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3.3 The singular case

We remark that in the singular casethe sequence(e,)n 1 de nes antisymmetric double-
sidedsequencegW), that iswith W, p = | Wy, by Wi, 1Whi = ehth and sothat, for all
integersh, m, and n,

Whi mWhe mW2 + Wi tWhe hW2 + Wiyt o Wi nWZ = 0 (189

Actually, onemay nd it preferableto foregoan insistenceon antisymmetry in favour of
rewriting (18°) lesselegarly as

Whi mWh+mWn2 = Whi nWh+an2q i Wmi nWm+nth; (18)

just for h, m , n. In any case,(18) seemsmore dramatic than it is. An easyexercise
con rms that, if Wy = 1, (18) is equivalert to just

Whi mWhim = Wr%Whi 1Whi1 i Wmi 1Wm+1V\/h2 (19)

for all integersh , m. Indeed, (19 is just a special caseof (18). Howewer, given (19),
obvious substitutions in (18) quickly shov onemay return from (19) to the apparerily more
general(198).

But there is a drama here. As already remarked in a near idertical situation, the re-
currencerelation Wy; ;Wh,o = W22Wr1i 1Wh+ i W1W3th, and four nonzeroinitial values,
already suzxcesto produce (W;). Thus (19) for all m is apparertly erntailed by its special
casem = 2.

| can show this directly*, by way of new relations on the e,, for m = 3. But the case
m = 4 already did not seemworth the e®ort. Whatever, my approad gave me no hint as
to how to concact an inductive argumert leadingto generalm. Plan B, to look it up, fared
little better. In herthesis[17], Rachel Shipseyshyly refersthe readerbadk to Morgan Ward's
opus[17]; but Ward doesnot commert on the matter at all, having de ned his sequencedy
(19. Well, perhapsWard doescommer. The issueis whether (19) is coherent: do di®eren
m yield the ongsequenceVard notesthat if %sis the Weierstra/#sfunction then a sequence

¥hu)=%u)"” ~ satises (19 for all m. Whatever, a much more direct argumert would be
much more satisfying®

) i ¢j ¢ .

*Plainly en; 264, €367, en+2 Cen = v“'ehi 1+ (F+w?) enag + (F+w?) €. Now llnotlce that (enyaen +
Enen+1)€n = V(W Wh; 1+ Wi Wh)en = 2vwe, | v2 and recall that ey, 16fens = V2 ey + (f + w?) . The
upshot is a miraculous cancellation yielding

i ¢
€ni zeﬁ; 1Eﬁ6ﬁ+1 en+2 Cen = v (f + W2)2eﬁ + V(V+ 2W(f + Wz))eh
and allowing us to divide by the auxiliary e, . Thusthe bottom line is

: ¢
An: 3Ansa = V4 (F + W2)2An, 1Ana + V(v + 2w(f + W2))A2 ;

which is Ahi 3Ah+3 = W32Ahi 1AR+1 | W2W4Aﬁ.

SFor additional remarks, and a dissatisfying proof for the casem = 4, seex5.2 on page 12.

Note Added in Proof: Christine Swart and the author have recertly succeededn applying the ideasof her
thesis and of this paper to obtain a succinct inductiv e proof (thus, a much more satisfying direct argumert)
of the conjectureshinted at in x3.3, and stated at the end of x1.
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Theorem 2 shaws that certainly Wh; 2Whs2 = W2Wp 1Whey | WiW3W2 for h = 1, 2,

, In which case(19) apparertly follows by argumens in [17] and anti-symmetry; (18) is
then just an easyexercise.

Up to multiplying the expansionby a constart, the singular caseis initiated by v, = 4v,
w;=w, e =0, &= (f + w?). For temporary corvenienceset x = v=(f + w?). From the
original cortinued fraction expansionof Y + A or, better, the recursionformulas of page3,
we fairly readily obtain v, = 1=X, W, = Wi X, € = j X(X+ 2W), € = V(X3(X + 2w) j
V)=x?(X + 2w)2.

We are now free to d}pose say W; = 1, W, = v, leadingto V&g = i V3(f + w?),
W4—|v4v+ 2w(f + w?) , W5 =j Vo v(v+ 2w(f + w?) i (f + w?)3

That allows us to notice that (12) apparerily is

WiWLAR 2An+z = WoW3AR; 1Ah2 | WiW4ARARL
and that (11) of courseis
Ahi 2Anh+2 = W22Ahi 1A+ W1W3Aﬁ:

Giventhat also Ap; sAn+z = W2Aq 1An1 i WoW,AZ, it is of coursetempting to guessthat
moreis true. Certainly, moreis true in the specialcase(Ay) = (W;), that's the point of the
discussionabove. Moreover, the same\more" is true, seefor example[16, Theorem 8.1.2,
p.191],for sequencdranslates: thus (Ap) = (Wh+k) -

3.4 Elliptic divisibilit y sequences

Recallthat in the singularcaseandfor h = 1, 2, ::: the | e, arein fact the U co-ordinates
of the multiples hS of the point S = (0;0) onthe curve V2 v = U3?; fU?+ vwU.

Supposewe are working in the ring Z = Z[f;v;vw] of \integers". If gcd(v;vw) = 1,
sothe exact denominator of the \rational" w is v, then our choicesW; = 1, W, = v lead
the de nition Wy, ;Whiy = ehth to be sud that th is always the exact denominator of
the \rational" e,. It is this that is shovn in detail by Radel Shipsey[17]. In particular it
followsthat (W) is an elliptic divisibilit y sequencesdescriked by Ward [17]. A corveniert
recen introductory referenceis Chapter 10 of the book [3].

Set hS = (Uy=W?; Vh,=W_?), thus de ning sequencegU,), (i), and (W) of integers,
with W, chosenminimally. Shipseynotices, provided that indeed gcd(v;vw) = 1, that
gcdUn; Vi) = Wh, 1 and Wy, 1Why = § U,. Here, | have usedthis last fact to de ne the
sequencegWy) .

Starting, in e®ect,from the de nition (18), Ward [17] shows that-with W, =—0, W; = 1,
and W, W4, the sequencgW,) is a divisibility sequene; that is, if a b then W, W,. A little
more is true. If also gcd(Ws; W,) = 1 then in fact gcd(Wa; W) = Woeda - On the other
hand, a prime dividing both W3 and W, divides W, for all h , 3.

3.5 Quasi-p eriodicit y of the contin ued fraction expansion

Supposenow that the sequence(W,) has a zero additional to its zero Wy = 0. From the
cortinued fraction expansionand, say, [8], we nd that v = 0 (but w®= vw 6 0 if our curve

7



is to be elliptic) is the caseof the cortinued fraction having quasi-period r = 1 and the
divisor at innit y on the curve having torsion m = 2. Just so, f + w2 = 0, thus W3 = 0,
signalsr = 2and m= 3,and x+ 2w = 0, 0or W, = 0,isr = 3 and m = 4. And soon;
for more see[8]. In summary m > 0 is minimal with W, = 0 if and only if the continued
fraction expansionof, say, Z = (Y + A) hasa minimal quasi-period of length r = mj 1.

Note 1. It hasbeensuggestedn my hearingthat \Mathematics is the study of degeneracy".
Given that slogan, it is equivalert to W, = 0 that the sequence(e,) be periodic with
period m. Howewer, recall that Wy = 0 and Ws; = 8§ 1 entails ey must be in nite. Just
so then, W,, = 0 entails e, innite and ey+; = 0. It also follows, seex6, that the
word e; ; e ; ¢¢¢; ey, 1 is a palindrome. Note that, in e®ect,we de ne (W) by way of
antisymmetry, its initial valuesW; = 1, W,, W;W;3 = eW2, W,W, = esW2, and the
recurrencerelation Wy, ;Wh., = W2Wy, 1Wher | WiW3W2 | plainly that relation allows
usto \jump over" zerosof the sequenceNote that, in cortrast, Christine Swart [16] declares
her elliptic sequencess unde ned beyond a 0.

As for the singular contin uedfraction expansion,our notation hasussetZ, := j Z=v(X j
w). In consequencewe are committed to the line Z = A Z in e®ectfunctioning as the
pair of linesm i 1 and m; just sothen it must also be the pair of lines 1 and 0. These
matters are no great issue here; but they will matter in generalisingthe presen work to
hyperelliptic curvesof higher gerus.

The periodicity of (e,) is necessarybut not at all suzcient for the periodicity of (Wy).
Indeed, Ward [17] shavs and one fairly readily con rms that preciselythe periods 1, 2, 3,
4, 5, 6, 8, or 10 are possiblefor an integral elliptic divisibilit y sequencale ned by (19).

4 Examples

4.1

Considerthe curve C: Y2 = (X2 29 4¢48(X + 5); herea correspnding cubic model
isE:V2+ 48/ = U3+ 29U%2+ 240J. Set A = X2 29. The rst sewral precedingand



succeedingstepsin the cortinued fraction expansionof Yo = (Y + A + 16)=8(X + 3) are’

Y+A+18 X2 Y+A+32

= line 3:
16X + 2)=3 83 ' 16(X + 2)=3 !
Y+A+32 Xil Y+A+24 .=

= i line 2:
12(X + 1) 6 12(X + 1)

Y+A+24 Xi3 Y+A+16 L
= i line1:

4(X + 3) 2 4(X + 3)

Y+A+16 Xi3 Y+A+24 .

= i line 0:
8(X + 3) 4 8(X + 3)

Y+A+24 Xil Y+A+32 .

= i line 1:
6(X + 1) 3 6(X + 1)

Y+A+32 Xj2 Y+A+18 line 2
32X + 2)=3  16=3 ' 32(X + 2)=3 '
Y+ A+ 18

———— = (¢C¢C

9(3X + 10)=8

where elegancehas suggestedve write \line h" asshort for \line j h".

The feature motivating this exampleis the six integral points (j 2,87), (i 1;,84), and
(i 3;84) on C. With M¢c = (j 3;4) and Sc the \other" point at in nit y theseare in fact
the six points Mc+ hSc forh= 3,2, 1,0, 1, and 2.

Correspondingly, on E we have the integral points M + 2S = (j 16;j 32)and M | 2S =
(i 16 16), Mj S=(j 1Z2j36)and M + S= (j 12 12); hereM = Mg = (i 8;j 24);
S = Sg = (0;0). Of courseE is not minimal; nor, for that matter was C. In fact the
replacemets X A 2X + 1, Y A 4Y yield

Y2= (X2+ X | 7)%; 4¢6(X + 3); (20)

correctly suggestingwe needa more generaltreatment than that preserted in the discussion
above. It turns out to be enoughfor presen purposesto replacee, A 4e, obtaining
e , e.3: %’ e

| 1

=4 e1=3 =2 e=3 =4 6e=3 1:

Then Ag= 1, A; =1 and

An; 1Ah+ = ehAﬁ
yields the sequence ::, A, ;= 2°3°, A, 3= 223, A, ,= 223, A, 1= 2, Ap= 1, A; = 1,
A, = 3, A; = 2232, A, = 223°, :::. Notice that we're hit for six’ by increasingly high
powers of primes dividing 6 appearing as factors of the A,. Howewer, we know that (12)
derivesfrom (17). With the original e,s divided by 4 that yields

An; 2Ansz = 6°Ap; 1Ans2 + 6°ApAnag

SHere my choice of vo = 8 is arbitrary but not at random.
"My remark is guided by knowing that V2+ UV + 6V = U3+ 7U%+ 12U is a minimal model for E, and
noticing that gcd(6;12) = 6. Notice too that 62 divides the discriminant of this model.
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Remarlkably, one may remove the e®ectof the 6 by renormalisingto a sequence(By) of
integerssatisfying
Bhi 2Bh+z = Bhpj 1Bhs2 + BhBhi1 -

SmCi_Ca”y, iy Bi4: 3, Bi3: 2, Bi2: 1, Bilz 1, Bo: 1, Blz 1, BZZ 1, Bgz 2,
Bs= 3, Bs=05, Bg= 11, B; = 37, Bg = 83, :::, and the sequencas symmetric about
B = 0. Interestingly, the choiceof eaty By, asa divisor of Ay, is forced,in the presen case
by the data Ag = A; = 1 and the decisionthat the coexcient of B,Bnh+1 be 1. Of courseit
is straightforward to verify that Ay, 2An.3 is always divisible by 6% and Ay, 1Ah.2 always
by 6. For a di®eren treatment seex4.4 below.

4.2
Takev=8landf + w?= 1. Thus,by (13, €, 1€6e+1 = en+ landsog=1,¢e =1
yields the sequence ::, 2, 1, 1, 2, 3=4, 14=9, :::, of valuesof e,. As explainedabove,

with Co = 1 and C; = 1, the de nition Cp; 1Chs1 = encﬁ yields the symmetric sequence
00, 2,1,1,1, 1, 2,3,7, 23,59, :::, of valuesof C,, satisfyingthe recursion

Ch; 2Chs2 = Cp; 1Chs1 + C?:

SetY?2= A%+ 4v(X | w), where A = X2+ f. Then the recursionfor (Cy,) entails v2 = 1
and f + w? = 1. Plainly, one can get four consecutive values 1 in a sequence(Cy) only
by having two consecutie values 1 in the correspnding sequence(e,). Thus (4) yields
f+2=jwiandthenf + w?= 1 enails w?j w3 = 3. Hencew? = 4andf = j 3. The
identity (6) implies vw is positive.

Sov=81,w=82,f =j3. Upto X A j X, the sequencgCy) is given by the curve
C:Y?2=(X?j 3?2+ 4(X i 2) andits points Mc+ hSc, Mc = (1;0), Sc the \other point"
at in nit y; equivalertly by

E:V2j V=U3+3U%+2U with M = (j 1;1), S= (0;0):

Indeed, M + S=(j ,0), M +2S= (j 21), M + 3S = (j 3#4;38), :::. Note that it is
impossibleto have three consecutie values1 in the sequencege,) if alsov = § 1, exceptfor
trivial periodic casessothe hoo-ha of the exampleat x4.1 above is in a senseunavoidable.

4.3 Remarks

The two examplesget a rather woolly treatment in [15 and its precedingdiscussion;see
[5] for context. Before seeing[16] | had also remarked that \the obsenation that a twist
V2 v = dU3; fU?+ vwU becomesV?i dw = U3j fU2+dwU by UA dU, V A dV
allows oneto presumev = 8 1. A suitable choiceof ey, e, and Ag, A; shouldnow allow one
to duplicate the result claimedin [15] in somewhatlessbrutal form." Namely, one wishesto
obtain elliptic curvesyielding a sequencegAp) with nominated A, 1, Ao, A1, A, and sudh
that An; 2An+2 = -A p, 1Ana + A 2; only the cases: not a squareare at issue. In fact, this
issueis dealt with by Christine Swart at [16, p. 153®] in more straightforward fashionthan
| had in mind. In very brief, if An; 1An+1 = e,AZ, then

Bn=-""DA, enails Bp 1Bp = -€nBY;
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and so By, 2Bpso = (1=-)?Bp; 1Bns1 + (L= 4)B2. Yet more sir‘r}ply, one may remark that
there always is an elliptic curve de ned over the base eld with = - adjoined; that is, over
a quadratic twist | exactly as| had mooted.

4.4 Reprise
It seemsappropriate to return to the example of x4.1 so as to disaver the elliptic curve
giving riseto (Bp) = (:::;1,1,1,1;1;:::), given that Bp; 2Bris = Bp; 1Bhs2 + BBt .«
Recallwe expect the squaresof the integersB}, to be the precisedenominatorsof the points
M + hS on the minimal Weierstramodel W of the curve; here M is somepoint on that
model and S = (0;0).
Supposee, ;, € 1, &, €1, & supply the veintegerco-ordinatesyielding B, ,, B, 1, Bo,
B., B,. Becauseno more than two of thesee canbe 1 we must have
&B; 1B1 = eoBS; eBoB, = elei %325133 = B3,
sinceof coursethe recursionfor (By) ertails B3z = 2. Supposein generalthat
ChBh; 1Bhe1 = enBR:
Then the idertity (17),
i ¢
eni 16060 ez = V2 i (f + Wienener + V2 + 2vw(f + W) ;
and By 2Bh+z = By 1B+ + BrBpsy entall
i ¢
Chi 1GA Gy Chez = i VA(F + WH)CnCneg = V3 v+ 2W(F + W?)
Thus ¢,ch+1 = kv, sa, is independert of h and we have
k2= (f +w? and k3+ 2wk?;i v= 0:
Note that if f + w2, or 2w and v, are integers,also k must be an integer. Also,
e = vk and ee = 2vk: (21)
Remark 1. Howewer, e, 16261 = Ve, + V3(f + w?) implies

kZBhi 2Bh+2 = ChBhi 1Bh+1 + (f + Wz)Bﬁ;

without the coexcients necessarilybeing independen?® of h. In particular, k> = j (f + w?)
enails ¢ = ey = 2k? and ¢; = e = 3k?.

8Both Christine Swart and Andy Hone have pointed out to me that c,c,+1 constart, and thus both cyp,
and c;h+1 constart, of courseboils down to a Somos5 corresponding to a pair of interlinked Somos4.
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On the other hand, the identity (6) now reports that k = wj wg and 2k = wij w;. By
(5) we then have
Wo+ w; = v=g = 2w 3K

whilst by (4) weseethat f + g+ e, = (Wj k)%, f + e, + e =i (Wi 2k)?, so,recalling
that e, = 2ey, alsoey = (2w j 3k)k. Hence

(2w 3k)k = 2k* andso 2w = 5k: (22)
In summary, we then can quickly concludethat also
v=6k3; 4f =i 2%2%; and 2w, = 3k: (23)

The normalisation k = j 2 retrievesthe cortinued fraction expansionin x4.1 on pages.
As shavn in X7 on page17 the correspnding minimal Weierstra¥model is V2+ UV + 6V =
US+ 7U%+ 12U;and M = (j 2 2) is a point of order two.

5 Somos Sequences

5.1 Christine Swart's thesis [16]

Much of the work reported by me hereis sui generiswith original intent to make explicit the
ideasof Adams and Razar [1] and to rediscaver the rational elliptic torsion surfaces(thus,
the \p encils" of rational elliptic curveswith, say (0; 0), a torsion point of givenorder m) by
a newmethod, see[8] and its references Eventually, | learnedof Michael Somos'ssequences,
see[5], and realisedhow they arise from my data. | had sort of heard of Christine Swart's
work from NelsonStephensin 2003but, fortunately asit turned out®, did not have accesgo
her thesis[16] until very recerily whenthis paper was already essetially complete;see[9].
Christine Swart's discussiorof the interrelationship betweenelliptic sequenceand elliptic
curvesis more detailed and completethan mine. Among marny other things, sheis careful
to recognisethat the formulas neither know nor care whether the given elliptic curve is
in fact elliptic: thus, for example, also my quartics may have multiple zeros. If so, extra
commer | mostly, quite straightforward | is required at a number of points above; but is
neglectedby me. Further, Christine Swart reports inter alia that NelsonStephens(personal
communication to her) had noticed, by completely di®erert methods, identities equivalernt
to (13) and (11), seepage4; theseare her Theorems3.5.1and 7.1.2[16, p.29 and p. 153].

5.2 Muc h more satisfying?

| canin fact show that an elliptic sequencegA,) is alsogivenby Ap; 4An+s = W42Ahi 1Ah+1 |
W;3WsAZ. Howewer, | considermy argumert astypical of the sort of thing that givesmath-
ematicsits bad name: and regretto have to admit that this sort of nonsenseseeminglydoes
generaliseto proving that a Somos4 also always is a three-term Somos(4 + n).

91t wasfun to puzzleout not just the answersto questions,but alsoto attempt to guesswhat the questions
ought to be.
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Speci cally, we know that
An; 2Ans2 = WEAL, 1Ans | WiW3AZ; by de nition; (24)
An; 3Anss = W2AL 1A | WoW,AZ ;  seefootnote pages, (25)
and intend to show that
An; aAnsa = WZAR 1Ana | WaWsAZ: (26)

Notice that, in particular, W;Ws = W2W,W, i W;W3W2; so becauseW; = 1, W3 =
W3WsW, i WsWs. Now obsene that

Ani 4Ans2 An; 2Ania = (WEAR 2AR | WoWLAE (WEARAR | WoW4AL,, )
In the product on the right, the rst term is
(WS W3WLAL i W3WsAZ)An 2An+2
and half of it cortributes half of (26). Similarly, half the nal term of the product, thus of
WZAR; 1Ana CWZAL 1AR = WPAR 1AR (An; 2Ane2 + W3AD) ;

providesthe other half of (26). Thusit's ugly but true that we have proved that (26) holds
if and only if W3W, = 0 or

WAL 2AR AR | WaWa(An 2ARARL; + AL 1ARAR) + WaAn; 1AR AR = 0:
| now compound this brutality by ercely replacing the two occurrencesof Ay, , by the

evidert relation
Ani 2= (W2Ap, 1A | WiWAD) AL, ¢

That necessitatesour then multiplying by Ay, . Fortunately, we can compensatefor this
cruelty by dividing by An. We are left with needingto shaw that
W3AR 1AnAR Ansz | WEWaAS AL, | WIWRAL, 1AS
i WoWBAL (AR, + WoWZARAT,, + WaAp, 1ARAR1 Anse = 01 (27)
It's now natural to despair,and to start logking for a Plan B. However, one might notice,
on page7, that W, = j v* v+ 2w(f + w?) ; and W, = v. Moreover W5 = j v3(f + w?).
Thus, convenienly,
W, + Wy = | 2v*w(f + w?) = W2Ws;:
Hence,just asour result is trivial if W3W, = 0, soalsoit is trivial if W, = 0. All this is a
signthat we may not asyet have madean error. We may divide (27) by W,W5. Better yet,
let's alsodivide by A2A2,, by usingthe de nitions
Ani 1Ans1 = @A Whencealso Ap; 1Ansz = @heni1 AnAnsy
Then all that remainsis a con rmation that
2VWenens1 i VA(en + en) i €€h.; i VA(f + W) = 0 (28)

Howewer (13), page4, is enen+1 = V(W W), while ey + €41 = j f j Wﬁ is (4), page3.
Astonishingly, the claim (28) follows immediately.
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Theorem 4. If (Ay) is a Somos4 thenit is a Somos8 of the shae
An; 4Ah+a = A pj 1Ana T LA ﬁ:

Proof. Given the argumen above, it sutcesto note that any Somos4 is equivalent to an
elliptic sequence. O

6 Rapp els

6.1 Contin ued fraction expansion of a quadratic irrational

Let Y = Y(X) be a quadratic irrational integral elemen of the "eld F((X 1)) of Laurent
series .

f. X" somed2 Z (29)
h=j d
de ned over somegiven base eld F; that is, there are polynomials T and D de ned over
F sothat
Y2=T(X)Y + D(X): (30)
Plainly, by translating Y by a polynomial if necessarywe may supposethat degD
2degT + 2, with degD = 2g+ 2, sa, and degT - @; then degY = g+ 1. Recallherethat
a Laurent series(29) with f4 6 0 hasdegreed.
Set Yo = (Y + Pg)=Qy, where Py and Qg are polynomials sothat Qg divides the norm
(Y + Po)(Y + Py); notice herethat an F[X ]-module hQ;Y + Pi isanidealin F[X;Y] if and
only if Q (Y + P)(Y + P).
Further, supposethat degY, > 0 and degY, < O; that is, Yy is reduced. Then the
cortinued fraction expansionof Yy is given by a sequenceof lines, of which the h-th is

Yo = (Y +Pp)=Qy=ani (Y+ Pp)=Q; inbrief Y,=a,j Bp: (31)

Here the polynomial a, is a partial quotient, and the next complete quotient Yy.; is the
reciprocal of the precedingremainder i (Y + Pp+1)=Qy, . Plainly the sequencesf polynomials
(Pr) and (Qy) are given by the recursionformulas

Po+ Phit + (Y +Y)=aQnandYY + (Y + Y)Pni1 + P2, = | QnQnas (32)

It is easyto seeby induction on h that Q; dividesthe norm (Y + P,)(Y + Py).
We obsene alsothat we have a conjugate expansionwith h-th line

Bh:= (Y + Pha)=Qh = ani (Y + Py)=Qy; thatis, Bp=anj Yp: (33)

Note that the next line of this expansionis the conjugateof the previousline of its conjugate
expansion conjugation reversesa cortinued fraction tableau. Becausethe conjugate of
line O is the last line of its tableau we can extend the expansionforming the conjugate
tableau, leadingto linesh =1, 2, :::

(Y+P 11)=Qn=ani (Y+P 1)=Q; thatis, Bn=ani Y n:

Plainly the original cortinued fraction tableau alsois two-sidedin nite and our thinking of
it as\starting" at Yy is just corvertion.
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6.2 Contin ued fractions

Onewrites Yo = [ap; a1 ; @ ; :::], whereformally

[ag;a1;@2; i ;ap] =@+ I=[ag ;@ i an1)] and [ ]=1 : (34)
It follows, again by induction on h, that the de nition
Hao 1ﬂ “al 1ﬂ ¢¢¢uah 1ﬂ _ u><h Xhi 1ﬂ
01 01 0 1 ° VYn Yn1
erntails [ag;ai;a;:::;an] = Xp=¥. This provides a corresppndencebetweenthe con-

vergents X,=y, and certain products of 2 £ 2 matrices (more precisely between the se-
guences(xy), (yn) of continuants and those matrices). It is a useful exerciseto notice that
Yo=[ag;ar;:::;an; Yns | impliesthat

Yher = 0 (Yhi 1Y i Xnj )=(YnY i Xn)
and that this immediately gives
V1Yo 660Yhea = (i 1)"(Xn i YaY)' ™ (35)

The quantity | degXxnhi YnY) = degyn+1 IS a weighted sum giving a measureof the \dis-
tance" traversedby the cortinued fraction expansionto its (h + 1)-st complete quotiert.
Taking normsyields

Xni YaY)(Xni YY) = (i D" Qner (36)

6.3 Conjugation, symmetry , and periodicit y

Eadch partial quotient ay, is the polynomial part of its correspnding completequotient Yy .
Note, howewer, that the assertionsabove are independert of that corvertional selectionrule.

One readily shows that Y, being reduced, to wit degY, > 0 and degY, < 0, implies
that ead complete quotient Yy, is reduced. Indeed, it alsofollows that degBy > 0, while
plainly degBy < 0 since By, is a remainder;sothe By, too are reduced. In particular a,
the polynomial part of Y}, is alsothe polynomial part of By,.

Plainly, at leastthe rst two leadingterms of ead polynomial P,, must coincidewith the
leadingtermsof Y j T. It alsofollowsthat the polynomials P, and Q;, satisfy the bounds

degP, =g+ 1 and degQ, - 0O: (37)

Thus, if the base eld F is nite the box principle ertails the cortinued fraction expansion
of Yo is periodic. If F isin nite, periodicity is just happenstance.

Suppose, howeer, that the function eld F(X;Y) is exceptionalin that Yy, say, does
have a periodic cortinued fraction expansion. If the cortinued fraction expansionof Yy is
periodic then, by conjugation, alsothe expansionof By is periodic. But conjugationreverses
the order of the lines comprising a cortinued fraction tableau. Hencethe conjugate of any
preperiod is a \p ostperiod”, an absurdnotion. It follows that, if periodic, the two conjugate
expansionsare purely periodic.
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Denote by A the polynomial part of Y, and recallthat Y + Y = T. It happensthat
line 0 of the continued fraction expansionof Y + Aj T is

Y+A| T=2Ai T;i (Y+A; T (38)

and is symmetric. In general,if the expansionof Y, hasa symmetry, and if the cortinued
fraction expansionis periodic, its period must have a secondsymmetry’. Soif Y is excep-
tional in having a periodic cortinued fraction expansionthen its period is of length 2s and
hasan additional symmetry of the rst kind Ps = Ps,; , orits period is of length 2s+ 1 and
also has a symmetry of the secondkind, Qs = Qs+; . Conversely this is the point, if the
expansionof Y hasa secondsymmetry then it must be periodic asjust descriked.

6.4 Units

It is easyto apply the Dirichlet box principle to prove that an order Q[! ] of a quadratic
number eld Q(!) cortains nontrivial units. Indeed, by that principle there are in nitely
many pairs of integers(p;q) sothat jg! | pj < 1=q, whencejp?j (! +Dpa+! Tfj < (! j N+
1. It follows, againby the box principle, that thereis aninteger| with O< jlj< (! § M+ 1
sothat the equation p? (! + D)pg+ ! ' = | hasin nitely many pairs (p;q) and (p%
of solutionswith p~ p®and g~ ¢ (mod |). For ead sudh distinct pair, xI = pp’j ! o
yl = pdi plg+ (! + 1)ad’, yields (x i !y)(xi Ty) = 1.

In the function eld case,we cannot apply the the box principle for a secondtime if the
base eld F isin nite. Sothe existenceof a nontrivial unit x(X)i y(y)Y(X) is exceptional.
This should not be a surprise. By the de nition of the notion \unit", suc a unit u(X) say,
has a divisor supported only at in nit y. Moreover, u is a function of the order F[X;Y],
and is say of degreem, sothe existenceof u implies that the classcortaining the divisor at
in nit y is a torsion divisor on the Jacobianof the curve (30). The existenceof sudc a torsion
divisor is of courseexceptional.

Supposenow that the function "eld F(X;Y) doescortain a nontrivial unit u, say of
norm j - and degreem. Then degyY i X) = j m < j degy, SO Xx=y is a corvergen of Y
and sosomeQ is 8-, sy Q, = - with r odd. That is, line r of the cortinued fraction
expansionof Y + Aj T is

Y, =(Y+A] T)===2A=-; (Y+Aj T)=-; line r:
here we have usedthe fact that (Y + P,)=- is reducedto deducethat necessarilyP, =
Pep =Aj T.

By conjugation of the (r + 1)-line tableau commencingwith (38) we seethat

Yo =Y+Ai T=2A; Ti (Y+A; T); line 2r:

sothat in any caseif Y + Aj T hasa quasi-periodic cortinued fraction expansionthen it is
periodic of period twice the quasi-period. This result of Tom Berry [2] appliesto arbitrary

1The caseof period length 1 is an exception unlesswe court its one line as having two symmetries;
alternativ ely unlesswe deemit to have period r = 2.
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quadratic irrationals with polynomial trace. Other elemens (Y + P)=Q of F(X;Y), with
Q dividing the norm (Y + P)(Y + P), may be honest-to-gmdnessquasi-periodic, that is,
not also periodic.

Further, if - 6 j 1 then r must be odd. To seethat, notice the identity

B[Cay;Ba;;Cay;Basz;:::]=C[Bay;Ca;;Bay,;Cas;:::]; (39)

reminding one how to multiply a cortinued fraction expansionby somequartity; this cute
formulation of the multiplication rule is due to Wolfgang Scimidt [11]. The \t wisted sym-
metry" occasionedoy division by - , equivalernt to the existenceof a non-trivial quasi-period,
is noted by Christian Friesen[4].

In summary; if the cortinued fraction expansionof Y is quasi-periodic it is periodic, and
the expansionhasthe symmetriesof the more familiar number eld case,aswell astwisted
symmetriesoccasionedby a nontrivial -

One showsreadily that if x=y=[A;a;;:::;&;1] and xj Yy is aunit of the domain
FIX;Y] then, with &, 1= a1, &, 2= &=, &;3= a3z, :::,

[2A7 Tiar;iiiia 1 (2AG T)= a1t &l

is the quadratic irrational Laurent seriesY + A j T. Alternativ ely, given the expansionof
Y + Aj T, and noting that therefore degQ, = 0, the fact that the said expansionof x=y
yields a unit follows directly from (36).

7 Comments

7.1

According to Gauss(Disquisitiones ArithmeticY, Art. 76) ... veritates ex notionibus potius
quam ex hauriri deletant?. Nonetheless,one should not underrate the importance of no-
tation; good notation can decreasethe viscosily of the °ow to truth. From the foregoing
it seemsclear that, given Y2 = A2+ 4v(X | w), one should study the cortinued fraction
expansionof Z = %(Y + A), asis donein [1]. Moreover, it is a mistake to be frustrated by
minimal modelsVZ?+ UV i vV = U3 fU+ vwU.

Speci cally, we understand that V2 8w\ = U%; (4f | 1U?+ 8v(2w | 1)U yields
Y2 = (X2+ 4f | 1%+ 4 ¢8v' X , (2w| 1) byway of 2U = X2+ Y + (4f | 1) and
(Vi 8) = XU. Now X A 2X +1, Y A 4Y meansthat, instead, we obtain Y?2 =
(X2+ X +f)2+ ' X | (wj 1) . This derivesfrom V2+ UV i v = U3j fU+ vwU by
taking 2U = X?+ X + Y +f andV i v= XU.

7.2

The discussionabove may have someinterest for its own sake, but my primary purposeis to
test ideasfor generalisationto higher gerus g. An important dizcult y when g > 1 is that

2[mathematical] truths °ow from notions rather than from notations.
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partial quotients may be of degreegreaterthan onewithout that entailing periodicity, whence
my ecceltric asideon page8. Happily, the generalisationto translating by a point (wo; €j €1)
on the quartic model e®ectedabove alsois a simpli cation in that one surely may always
choosea translating divisor soasto avoid meetingsingular stepsin the cortinuedfraction ex-
pansion. In that cortext one nds that the sequence::: ;2;1;1;1;1;1;1;2;3;4,;8;17,50,:::)
satisfying the recursion Ty, 3Thsz = Th; 2Thse + T2 arisesfrom adding multiples of the class
of the divisor at in nit y on the Jacobianof the curve Y2 = (X3 4X + 12+ 4(X | 2) of
gerus 2 to the classof the divisor de ned by the pair of points ('; 0) and (‘7 0); here' is
the goldenratio.
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