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Abstract

We detail the continued fraction expansionof the squareroot of the generalmonic
quartic polynomial, noting that each line of the expansioncorresponds to addition of
the divisor at in¯nit y. We analysethe data yielded by the generalexpansion. In that
way we obtain \elliptic sequences"satisfying Somosrelations. I mention several new
results on such sequences.The paper includes a detailed \reminder exposition" on
continued fractions of quadratic irrationals in function ¯elds.

1 In tro duction

A delightful essay [18] by Don Zagierexplainswhy the sequence(Bh)h2 Z , de¯ned by B ¡ 2 = 1,
B ¡ 1 = 1, B0 = 1, B1 = 1, B2 = 1 and the recursion

Bh¡ 2Bh+3 = Bh+2 Bh¡ 1 + Bh+1 Bh ; (1)

consistsonly of integers. Zagier comments that \the proof comesfrom the theory of elliptic
curves,and can be expressedeither in terms of the denominatorsof the co-ordinatesof the
multiples of a particular point on a particular elliptic curve, or in terms of special valuesof
certain Jacobi theta functions."

In the present note I study the continued fraction expansionof the square root of a
quartic polynomial, inter alia obtaining sequencesgeneratedby recursionssuch as(1). Here,
however, it is clear that I have alsoconstructedthe co-ordinatesof the shifted multiples of a
point on a cubic curve and it is it fairly plain how to relate the surprising integer sequences
and the curvesfrom which they arise.

A brief reminder exposition on continued fractions in quadratic function ¯elds appears
as x6, starting at page14 below.
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It turns out that several of my results related to sequencesµa la (1) also appear in the
recent thesis[16] of Christine Swart; for further comment seex5. MichaelSomos,see[5], had
inter alia asked for the inner meaningof the behaviour of the sequences(Bh) , above, and
of (Ch) de¯ned by Ch¡ 2Ch+2 = Ch¡ 1Ch+1 + C2

h and C¡ 2 = 1, C¡ 1 = 1, C0 = 1, C1 = 1:
of the sequences5-SomosA006720and 4-SomosA006721. More generally, of course,one
may both vary the initial valuesand coe±cients and generalisethe \gap" to 2m or 2m + 1
by studying Somos2m sequences,respectively Somos2m + 1 sequences,namely sequences
satisfying the respective recursions

Dh¡ mDh+ m =
mX

i =1

· i Dh¡ m+ i Dh+ m¡ i or Dh¡ mDh+ m+1 =
mX

i =1

· i Dh¡ m+ i Dh+ m¡ i+1 :

I show in passing,a footnote on page6, that a Somos4 is always a Somos6, while Theorem2
points out it is always a Somos5. After seeing[16], I added a somewhatpainful proof,
Theorem4 on page14, that it is alsoalways a Somos8. For example,4-Somossatis¯es all
of

Ch¡ 3Ch+3 = Ch¡ 1Ch+1 + 5C2
h ;

Ch¡ 2Ch+3 = ¡ Ch¡ 1Ch+2 + 5ChCh+1 ;

Ch¡ 4Ch+4 = 25Ch¡ 1Ch+1 ¡ 4C2
h :

In the light of such resultsonecan be con¯dent, seex3.3, page6, that in generalif (Ah) is a
Somos4, equivalently an elliptic sequencesatisfying Ah¡ 2Ah+2 = W 2

2 Ah¡ 1Ah+1 ¡ W1W3A2
h ,

then for all m both

W1W2Ah¡ mAh+ m+1 = WmWm+1 Ah¡ 1Ah+2 ¡ Wm¡ 1Wm+2 AhAh+1

and
W 2

1 Ah¡ mAh+ m = W 2
mAh¡ 1Ah+1 ¡ Wm¡ 1Wm+1 A2

h :

2 Con tin ued Fraction Expansion of the Square Ro ot of
a Quartic

We supposethe base¯eld F is not of characteristic 2 becausethat caserequiresnontrivial
changesthroughout the exposition and not of characteristic 3 becausethat requiressome
trivial changesto parts of the exposition. We study the continued fraction expansionof a
quartic polynomial D 2 F[X ]; where D is not a squareand for conveniencesupposeD to
be monic and with zero trace. Set

C : Y 2 = D(X ) := (X 2 + f )2 + 4v(X ¡ w); (2)

and for brevity write A = X 2 + f and R = v(X ¡ w) . Set Y for the conjugate ¡ Y of Y .
For h = 0, 1, 2, : : : we denotethe completequotients of Y0 by

Yh = (Y + A + 2eh)=vh(X ¡ wh) ; (3)
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noting that 2 the Yh all are reduced,namely degYh > 0 but degY h < 0. The upshot is that
the h-th line of the continued fraction expansionof Y0 satis¯es

Y + A + 2eh

vh(X ¡ wh)
=

2(X + wh)
vh

¡
Y + A + 2eh+1

vh(X ¡ wh)
:

Thus evident recursionformulas, see(32) at page14, yield

f + eh + eh+1 = ¡ w2
h (4)

and ¡ vhvh+1 (X ¡ wh)(X ¡ wh+1 ) = (Y + A + 2eh+1 )(Y + A + 2eh+1 ) . Hence

vhvh+1 (X ¡ wh)(X ¡ wh+1 ) = ¡ 4(X 2 + f + eh+1 )eh+1 + 4v(X ¡ w): (5)

Equating coe±cients in (5), and then dividing by ¡ 4eh+1 = vhvh+1 , we get

¡ 4eh+1 = vhvh+1 ; X 2:

v=eh+1 = wh + wh+1 ; X 1:

f + eh+1 + vw=eh+1 = whwh+1 : X 0:

The ¯v e displayed equationsimmediately above readily lead by several routes to

eheh+1 = v(w ¡ wh) : (6)

For example,apply the remainder theorem to the right hand side of (5) after noting it is
divisible by X ¡ wh , and recall (4).

Theorem 1. Denote the two points at in¯nity on the quartic curve (2) by S and O, with
O the zero of its group law. The points M h+1 := (wh; eh ¡ eh+1 ) all lie on C. Set M 1 = M ,
and M h+1 =: M + Sh . Then Sh = hS.

Proof. The points M h+1 lie on the curve C : Y 2 = D(X ) because

(eh ¡ eh+1 )2 ¡ (w2
h + f )2 =

¡
eh ¡ (eh+1 + w2

h + f )
¢¡

(eh + w2
h + f ) ¡ eh+1

¢

= ¡ 4eheh+1 = 4v(wh ¡ w) :

The birational transformations

X =
¡
V ¡ v

¢±
U; Y = 2U ¡ (X 2 + f ) ; (7)

conversely,
2U = Y + X 2 + f ; 2V = X Y + X 3 + f X + 2v ; (8)

2Conditions apply. For instance we must choosethe constants e0 and w0 so that X ¡ w0 divides the
norm (Y + A + 2e0)(Y + A + 2e0) of its numerator. Seepage14 for more details.

Note also that I presumethat the vh , equivalently the eh , all are nonzero. Seecomments in x3.3, page6
on the \singular case".
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movethe point S to (0; 0), leave O at in¯nit y, and changethe quartic model to a Weierstrass
model

W : V 2 ¡ vV = U3 ¡ f U2 + vwU : (9)

Speci¯cally, one seesthat U(M h+1 ) = ¡ eh+1 , and V(M h+1 ) = v ¡ wheh+1 . We also note
that U(¡ M h+1 ) = ¡ eh+1 , V(¡ M h+1 ) = wheh+1 .

To check S + (M + Sh¡ 1) = M + Sh on W it su±ces for us to show that the three
points (0; 0), (¡ eh; v ¡ wh¡ 1eh) , and (¡ eh+1 ; wheh+1 ) lie on a straight line. But that is
(v ¡ wh¡ 1eh)=eh = wh . So wh¡ 1 + wh = v=eh provesthe claim.

One might view the precedingdiscussionculminating in Theorem 1 as making explicit
the argument of Adams and Razar [1].

3 Elliptic sequences

Theorem 2. Let (Ah) be the sequence de¯ned by the \initial" valuesA0 , A1 and the recur-
sive de¯nition

Ah¡ 1Ah+1 = ehA2
h : (10)

Then, given A0 , A1 , A2 , A3 , A4 satisfying (10), the recursive de¯nition

Ah¡ 2Ah+2 = v2Ah¡ 1Ah+1 + v2(f + w2)A2
h (11)

de¯nes the samesequence as does (10). Just so, also

Ah¡ 2Ah+3 = ¡ v2(f + w2)Ah¡ 1Ah+2 + v3
¡
v + 2w(f + w2)

¢
AhAh+1 (12)

de¯nes that sequence.

Proof. By (6) we obtain

eh¡ 1e2
heh+1 = v2(w ¡ wh¡ 1)(w ¡ wh)

= v2(wh¡ 1wh ¡ w(wh¡ 1 + wh) + w2) = v2
¡
(f + eh + vw=eh) ¡ w ¢(v=eh) + w2

¢
:

Thus
eh¡ 1e2

heh+1 = v2
¡
eh + (f + w2)

¢
: (13)

However, Ah¡ 1Ah+1 = ehA2
h entails

Ah¡ 2AhAh¡ 1Ah+1 AhAh+2 = eh¡ 1eheh+1 A2
h¡ 1A2

hA2
h+1 ;

and so Ah¡ 2Ah+2 = eh¡ 1eheh+1 Ah¡ 1Ah+1 , which is

Ah¡ 2Ah+2 = eh¡ 1e2
heh+1 A2

h : (14)

On multiplying (13) by A2
h we obtain (11).

Similarly (10) yields Ah¡ 1Ah+1 AhAh+2 = eheh+1 A2
hA2

h+1 , and so

Ah¡ 1Ah+2 = eheh+1 AhAh+1 : (15)
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It follows readily that
Ah¡ 2Ah+3 = eh¡ 1e2

he2
h+1 eh+2 AhAh+1 : (16)

Moreover, (13) implies that

eh¡ 1e3
he3

h+1 eh+2 = v4
¡
eheh+1 + (f + w2)(eh + eh+1 ) + (f + w2)2

¢
:

However, by (4) we know that v2 (eh + eh+1 + f + w2) = v2(w2 ¡ w2
h) . Here v(w ¡ wh) =

eheh+1 and v(w + wh) = ¡ v(w ¡ wh) + 2vw = ¡ eheh+1 + 2vw. So

eh¡ 1e2
he2

h+1 eh+2 = v2
¡
¡ (f + w2)eheh+1 + v2 + 2vw(f + w2)

¢
; (17)

which immediately allows us to seethat also (12) yields the sequence(Ah) .

The extraordinary feature of the identities (13) and (17) is their independenceof the
translation M : thus of the initial data v0 , w0 , and e0 .

3.1 Tw o-sided in¯nite sequences

It is plain that the various de¯nitions of the elliptic sequence (Ah) encourageone to think
of it as bidirectional in¯nite. Indeed, albeit that one does feel a needto start a continued
fraction expansion| sooneconventionally beginsit at Y0 , oneis not stopped from thinking
of the tableau listing the lines of the expansionas being two-sidedin¯nite; note the remark
at the end of x 6.1, page14. In summary: we may and should view the various sequences
(eh) , : : : , de¯ned above, as two-sidedin¯nite sequences.

3.2 Vanishing

If say vk = 0, then line k of the continued fraction expansionof Y0 makes no senseboth
becausethe denominator Qk(X ) := vk(X ¡ wk) of the completequotient Yk seemsto vanish
identically and becausethe allegedpartial quotient ak := 2(X + wk)=vk blows up.

The seconddi±cult y is real. The vanishing of vk entails a partial quotient blowing up
to higher degree. We deal with vanishing by refusing to look at it. We move the point of
impact of the issueby dismissingmost of the data we have obtained, including the continued
fraction tableau, and keeponly a part of the sequence(eh) . That makesthe ¯rst di±cult y
moot.3

Remark 3. There is no loss of generality in taking k = 0. Then, up to an otherwise
irrelevant normalisation, Y0 = Y + A . If more than oneof the vh vanish then it is a simple
exerciseto con¯rm that the continued fraction expansionof Y + A necessarilyis purely
periodic, seethe discussionat page17. If Y0 does not have a periodic continued fraction
expansionthen there is some h0 , namely h0 = 0, so that, for all h > h0 , line h of the
expansionof Y0 doesmake sense.

Except of coursewhen dealing explicitly with periodicity, we supposein the sequelthat
if vk = 0 then k = 0; we refer to this caseas the singular case.

3In any case,the ¯rst apparent di±cult y is just an artifact of our notation. If, from the start, we had
written Qh = vh X + yh , as we might well have doneat the cost of nasty fractions in our formulas, we would
not have entertained the thought that vk = 0 entails yk = 0. Plainly, we must allow vk = 0 yet vk wk 6= 0.
Note, exercise,that vk (X ¡ wk ) never doesvanish identically .
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3.3 The singular case

We remark that in the singular casethe sequence(eh)h¸ 1 de¯nes antisymmetric double-
sidedsequences(Wh) , that is with W¡ h = ¡ Wh , by Wh¡ 1Wh+1 = ehW 2

h and sothat, for all
integersh, m, and n,

Wh¡ mWh+ mW 2
n + Wn¡ hWn+ hW 2

m + Wm¡ nWm+ nW 2
h = 0: (180)

Actually, one may ¯nd it preferable to forego an insistenceon antisymmetry in favour of
rewriting (180) lesselegantly as

Wh¡ mWh+ mW 2
n = Wh¡ nWh+ nW 2

m ¡ Wm¡ nWm+ nW 2
h ; (18)

just for h ¸ m ¸ n. In any case,(18) seemsmore dramatic than it is. An easyexercise
con¯rms that, if W1 = 1, (18) is equivalent to just

Wh¡ mWh+ m = W 2
mWh¡ 1Wh+1 ¡ Wm¡ 1Wm+1 W 2

h (19)

for all integers h ¸ m. Indeed, (19) is just a special caseof (18). However, given (19),
obvious substitutions in (18) quickly show onemay return from (19) to the apparently more
general(18).

But there is a drama here. As already remarked in a near identical situation, the re-
currencerelation Wh¡ 2Wh+2 = W 2

2 Wh¡ 1Wh+1 ¡ W1W3W 2
h , and four nonzeroinitial values,

already su±ces to produce (Wh) . Thus (19) for all m is apparently entailed by its special
casem = 2.

I can show this directly4, by way of new relations on the eh , for m = 3. But the case
m = 4 already did not seemworth the e®ort. Whatever, my approach gave me no hint as
to how to concoct an inductive argument leading to generalm. Plan B, to look it up, fared
little better. In her thesis[12], Rachel Shipseyshyly refersthe readerback to Morgan Ward's
opus[17]; but Ward doesnot comment on the matter at all, having de¯ned his sequencesby
(19). Well, perhapsWard doescomment. The issueis whether (19) is coherent: do di®erent
m yield the onesequence?Ward notesthat if ¾is the Weierstra¼¾-function then a sequence¡
¾(hu)=¾(u)h2 ¢

satis¯es (19) for all m. Whatever, a much more direct argument would be
much more satisfying.5

4Plainly eh¡ 2e2
h¡ 1e3

h e2
h+1 eh+2 ¢eh = v4

¡
eh¡ 1 + (f + w2)

¢¡
eh+1 + (f + w2)

¢
e2

h . Now notice that (eh¡ 1eh +
eh eh+1 )eh = v(w ¡ wh¡ 1 + w ¡ wh )eh = 2vweh ¡ v2 and recall that eh¡ 1e2

h eh+1 = v2
¡
eh + (f + w2)

¢
. The

upshot is a miraculous cancellation yielding

eh¡ 2e2
h¡ 1e3

h e2
h+1 eh+2 ¢eh = v4¡

(f + w2)2e2
h + v(v + 2w(f + w2))eh

¢

and allowing us to divide by the auxiliary eh . Thus the bottom line is

Ah¡ 3Ah+3 = v4¡
(f + w2)2Ah¡ 1Ah+1 + v(v + 2w(f + w2))A2

h

¢
;

which is Ah¡ 3Ah+3 = W 2
3 Ah¡ 1Ah+1 ¡ W2W4A2

h .
5For additional remarks, and a dissatisfying proof for the casem = 4, seex5.2 on page12.

Note Added in Proof: Christine Swart and the author have recently succeededin applying the ideasof her
thesis and of this paper to obtain a succinct inductiv e proof (thus, a much more satisfying direct argument)
of the conjectureshinted at in x3.3, and stated at the end of x1.
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Theorem 2 shows that certainly Wh¡ 2Wh+2 = W 2
2 Wh¡ 1Wh+1 ¡ W1W3W 2

h for h = 1, 2,
: : : , in which case(19) apparently follows by arguments in [17] and anti-symmetry; (18) is
then just an easyexercise.

Up to multiplying the expansionby a constant, the singular caseis initiated by v1 = 4v,
w1 = w, e1 = 0, e2 = ¡ (f + w2) . For temporary convenienceset x = v=(f + w2) . From the
original continued fraction expansionof Y + A or, better, the recursionformulas of page3,
we fairly readily obtain v2 = 1=x, w2 = w ¡ x , e3 = ¡ x(x + 2w) , e4 = v(x2(x + 2w) ¡
v)=x2(x + 2w)2 .

We are now free to choose, say W1 = 1, W2 = v, leading to W3 = ¡ v2(f + w2) ,
W4 = ¡ v4

¡
v + 2w(f + w2)

¢
, W5 = ¡ v6

¡
v(v + 2w(f + w2)) ¡ (f + w2)3

¢
, : : : .

That allows us to notice that (12) apparently is

W1W2Ah¡ 2Ah+3 = W2W3Ah¡ 1Ah+2 ¡ W1W4AhAh+1

and that (11) of courseis

Ah¡ 2Ah+2 = W 2
2 Ah¡ 1Ah+1 ¡ W1W3A2

h :

Given that also Ah¡ 3Ah+3 = W 2
3 Ah¡ 1Ah+1 ¡ W2W4A2

h , it is of coursetempting to guessthat
more is true. Certainly, more is true in the special case(Ah) = (Wh) , that's the point of the
discussionabove. Moreover, the same\more" is true, seefor example[16, Theorem 8.1.2,
p. 191], for sequencetranslates: thus (Ah) = (Wh+ k) .

3.4 Elliptic divisibilit y sequences

Recall that in the singular caseand for h = 1, 2, : : : the ¡ eh are in fact the U co-ordinates
of the multiples hS of the point S = (0; 0) on the curve V 2 ¡ vV = U3 ¡ f U2 + vwU.

Supposewe are working in the ring Z = Z[f ; v; vw] of \in tegers". If gcd(v; vw) = 1,
so the exact denominator of the \rational" w is v, then our choicesW1 = 1, W2 = v lead
the de¯nition Wh¡ 1Wh+1 = ehW 2

h to be such that W 2
h is always the exact denominator of

the \rational" eh . It is this that is shown in detail by Rachel Shipsey[12]. In particular it
follows that (Wh) is an elliptic divisibilit y sequenceasdescribed by Ward [17]. A convenient
recent introductory referenceis Chapter 10 of the book [3].

Set hS = (Uh=W2
h ; Vh=W3

h ) , thus de¯ning sequences(Uh) , (Vh) , and (Wh) of integers,
with Wh chosenminimally. Shipseynotices, provided that indeed gcd(v; vw) = 1, that
gcd(Uh; Vh) = Wh¡ 1 and Wh¡ 1Wh+1 = ¡ Uh . Here, I have usedthis last fact to de¯ne the
sequence(Wh) .

Starting, in e®ect,from the de¯nition (18), Ward [17] shows that with W0 = 0, W1 = 1,
and W2

¯
¯W4 , the sequence(Wh) is a divisibility sequence; that is, if a

¯
¯b then Wa

¯
¯Wb. A little

more is true. If also gcd(W3; W4) = 1 then in fact gcd(Wa; Wb) = Wgcd(a;b) . On the other
hand, a prime dividing both W3 and W4 divides Wh for all h ¸ 3.

3.5 Quasi-p erio dicit y of the contin ued fraction expansion

Supposenow that the sequence(Wh) has a zero additional to its zero W0 = 0. From the
continued fraction expansionand, say, [8], we ¯nd that v = 0 (but w0 = vw 6= 0 if our curve
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is to be elliptic) is the caseof the continued fraction having quasi-period r = 1 and the
divisor at in¯nit y on the curve having torsion m = 2. Just so, f + w2 = 0, thus W3 = 0,
signals r = 2 and m = 3, and x + 2w = 0, or W4 = 0, is r = 3 and m = 4. And so on;
for more see[8]. In summary, m > 0 is minimal with Wm = 0 if and only if the continued
fraction expansionof, say, Z = 1

2(Y + A) hasa minimal quasi-period of length r = m ¡ 1.

Note 1. It hasbeensuggestedin my hearingthat \Mathematics is the study of degeneracy".
Given that slogan, it is equivalent to Wm = 0 that the sequence(eh) be periodic with
period m. However, recall that W0 = 0 and W§ 1 = § 1 entails e0 must be in¯nite. Just
so then, Wm = 0 entails em in¯nite and em+1 = 0. It also follows, seex6, that the
word e1 ; e2 ; ¢¢¢; em¡ 1 is a palindrome. Note that, in e®ect,we de¯ne (Wh) by way of
antisymmetry, its initial values W1 = 1, W2 , W1W3 = e2W 2

2 , W2W4 = e3W 2
3 , and the

recurrencerelation Wh¡ 2Wh+2 = W 2
2 Wh¡ 1Wh+1 ¡ W1W3W 2

h | plainly that relation allows
us to \jump over" zerosof the sequence.Note that, in contrast, Christine Swart [16] declares
her elliptic sequencesas unde¯ned beyond a 0.

As for the singularcontinuedfraction expansion,our notation hasusset Z1 := ¡ Z=v(X ¡
w) . In consequence,we are committed to the line Z = A ¡ Z in e®ectfunctioning as the
pair of lines m ¡ 1 and m; just so then it must also be the pair of lines 1 and 0. These
matters are no great issuehere; but they will matter in generalisingthe present work to
hyperelliptic curvesof higher genus.

The periodicity of (eh) is necessary, but not at all su±cient for the periodicity of (Wh) .
Indeed,Ward [17] shows and one fairly readily con¯rms that preciselythe periods 1, 2, 3,
4, 5, 6, 8, or 10 are possiblefor an integral elliptic divisibilit y sequencede¯ned by (19).

4 Examples

4.1

Considerthe curve C : Y 2 = (X 2 ¡ 29)2 ¡ 4 ¢48(X + 5); herea corresponding cubic model
is E : V 2 + 48V = U3 + 29U2 + 240U. Set A = X 2 ¡ 29. The ¯rst several precedingand
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succeedingstepsin the continued fraction expansionof Y0 = (Y + A + 16)=8(X + 3) are6

Y + A + 18
16(X + 2)=3

=
X ¡ 2

8=3
¡

Y + A + 32
16(X + 2)=3

line 3 :

Y + A + 32
12(X + 1)

=
X ¡ 1

6
¡

Y + A + 24
12(X + 1)

line 2 :

Y + A + 24
4(X + 3)

=
X ¡ 3

2
¡

Y + A + 16
4(X + 3)

line 1 :

Y + A + 16
8(X + 3)

=
X ¡ 3

4
¡

Y + A + 24
8(X + 3)

line 0 :

Y + A + 24
6(X + 1)

=
X ¡ 1

3
¡

Y + A + 32
6(X + 1)

line 1 :

Y + A + 32
32(X + 2)=3

=
X ¡ 2
16=3

¡
Y + A + 18
32(X + 2)=3

line 2 :

Y + A + 18
9(3X + 10)=8

= ¢¢¢

whereelegancehassuggestedwe write \line h" as short for \line ¡ h".
The feature motivating this exampleis the six integral points (¡ 2; § 7), (¡ 1; § 4), and

(¡ 3; § 4) on C. With M C = (¡ 3; 4) and SC the \other" point at in¯nit y theseare in fact
the six points M C + hSC for h = ¡ 3, ¡ 2, ¡ 1, 0, 1, and 2.

Correspondingly, on E we have the integral points M + 2S = (¡ 16; ¡ 32) and M ¡ 2S =
(¡ 16; ¡ 16), M ¡ S = (¡ 12; ¡ 36) and M + S = (¡ 12; ¡ 12); here M = M E = (¡ 8; ¡ 24);
S = SE = (0; 0). Of course E is not minimal; nor, for that matter was C. In fact the
replacements X Ã 2X + 1, Y Ã 4Y yield

Y 2 = (X 2 + X ¡ 7)2 ¡ 4 ¢6(X + 3) ; (20)

correctly suggestingwe needa moregeneraltreatment than that presented in the discussion
above. It turns out to be enoughfor present purposesto replaceeh Ã 4eh obtaining

: : : ; e¡ 3 = 9
4; e¡ 2 = 4; e¡ 1 = 3; e0 = 2; e1 = 3; e2 = 4; e3 = 9

4; : : : :

Then A0 = 1, A1 = 1 and
Ah¡ 1Ah+1 = ehA2

h

yields the sequence: : : , A ¡ 4 = 2535 , A ¡ 3 = 2532 , A ¡ 2 = 233, A ¡ 1 = 2, A0 = 1, A1 = 1,
A2 = 3, A3 = 2232 , A4 = 2235 , : : : . Notice that we're hit for six7 by increasingly high
powers of primes dividing 6 appearing as factors of the Ah . However, we know that (12)
derivesfrom (17). With the original eh s divided by 4 that yields

Ah¡ 2Ah+3 = 62Ah¡ 1Ah+2 + 63AhAh+1 :
6Here my choice of v0 = 8 is arbitrary but not at random.
7My remark is guided by knowing that V 2 + UV + 6V = U3 + 7U2 + 12U is a minimal model for E, and

noticing that gcd(6; 12) = 6. Notice too that 62 divides the discriminant of this model.
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Remarkably, one may remove the e®ectof the 6 by renormalising to a sequence(Bh) of
integerssatisfying

Bh¡ 2Bh+3 = Bh¡ 1Bh+2 + BhBh+1 :

Speci¯cally, : : : , B ¡ 4 = 3, B ¡ 3 = 2, B ¡ 2 = 1, B ¡ 1 = 1, B0 = 1, B1 = 1, B2 = 1, B3 = 2,
B4 = 3, B5 = 5, B6 = 11, B7 = 37, B8 = 83, : : : , and the sequenceis symmetric about
B = 0. Interestingly, the choiceof each Bh as a divisor of Ah is forced, in the present case
by the data A0 = A1 = 1 and the decisionthat the coe±cient of BhBh+1 be 1. Of courseit
is straightforward to verify that Ah¡ 2Ah+3 is always divisible by 63 and Ah¡ 1Ah+2 always
by 6. For a di®erent treatment seex4.4 below.

4.2

Take v = § 1 and f + w2 = 1. Thus, by (13), eh¡ 1e2
heh+1 = eh + 1 and so e0 = 1, e1 = 1

yields the sequence: : : , 2, 1, 1, 2, 3=4, 14=9, : : : , of valuesof eh . As explained above,
with C0 = 1 and C1 = 1, the de¯nition Ch¡ 1Ch+1 = ehC2

h yields the symmetric sequence
: : : , 2, 1, 1, 1, 1, 2, 3, 7, 23, 59, : : : , of valuesof Ch satisfying the recursion

Ch¡ 2Ch+2 = Ch¡ 1Ch+1 + C2
h :

Set Y 2 = A2 + 4v(X ¡ w) , where A = X 2 + f . Then the recursionfor (Ch) entails v2 = 1
and f + w2 = 1. Plainly, one can get four consecutive values 1 in a sequence(Ch) only
by having two consecutive values 1 in the corresponding sequence(eh) . Thus (4) yields
f + 2 = ¡ w2

0 and then f + w2 = 1 entails w2 ¡ w2
0 = 3. Hencew2 = 4 and f = ¡ 3. The

identit y (6) implies vw is positive.
So v = § 1, w = § 2, f = ¡ 3. Up to X Ã ¡ X , the sequence(Ch) is given by the curve

C : Y 2 = (X 2 ¡ 3)2 + 4(X ¡ 2) and its points M C + hSC, MC = (1; 0), SC the \other point"
at in¯nit y; equivalently by

E : V 2 ¡ V = U3 + 3U2 + 2U with M = (¡ 1; 1), S = (0; 0):

Indeed, M + S = (¡ 1; 0), M + 2S = (¡ 2; 1), M + 3S = (¡ 3=4; 3=8), : : : . Note that it is
impossibleto have three consecutive values1 in the sequence(eh) if also v = § 1, exceptfor
trivial periodic cases,so the hoo-ha of the exampleat x4.1 above is in a senseunavoidable.

4.3 Remarks

The two examplesget a rather woolly treatment in [15] and its precedingdiscussion;see
[5] for context. Before seeing[16] I had also remarked that \the observation that a twist
V 2 ¡ vV = dU3 ¡ f U2 + vwU becomesV 2 ¡ dvV = U3 ¡ f U2 + dvwU by U Ã dU, V Ã dV
allows oneto presumev = § 1. A suitable choiceof e0 , e1 and A0 , A1 shouldnow allow one
to duplicate the result claimed in [15] in somewhatlessbrutal form." Namely, onewishesto
obtain elliptic curvesyielding a sequence(Ah) with nominated A ¡ 1 , A0 , A1 , A2 and such
that Ah¡ 2Ah+2 = ·A h¡ 1Ah+1 + ¸A 2

h ; only the cases· not a squareare at issue. In fact, this
issueis dealt with by Christine Swart at [16, p. 153®] in more straightforward fashion than
I had in mind. In very brief, if Ah¡ 1Ah+1 = ehA2

h , then

Bh = ·
1
2 h(h+1) Ah entails Bh¡ 1Bh+1 = ·e hB 2

h ;
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and so Bh¡ 2Bh+2 = (1=· )2Bh¡ 1Bh+1 + (¸=· 4)B 2
h . Yet more simply, one may remark that

there always is an elliptic curve de¯ned over the base¯eld with
p

· adjoined; that is, over
a quadratic twist | exactly as I had mooted.

4.4 Reprise

It seemsappropriate to return to the exampleof x4.1 so as to discover the elliptic curve
giving rise to (Bh) = (: : : ; 1; 1; 1; 1; 1; : : :) , given that Bh¡ 2Bh+3 = Bh¡ 1Bh+2 + BhBh+1 .
Recallwe expect the squaresof the integersBh to be the precisedenominatorsof the points
M + hS on the minimal Weierstra¼model W of the curve; here M is somepoint on that
model and S = (0; 0).

Supposee¡ 2 , e¡ 1 , e0 , e1 , e2 supply the ¯v e integerco-ordinatesyielding B ¡ 2 , B ¡ 1 , B0 ,
B1 , B2 . Becauseno more than two of these ei can be 1 we must have

e0B ¡ 1B1 = e0B 2
0 ; e1B0B2 = e1B 2

1 ; 1
2e2B1B3 = e2B 2

2 ;

sinceof coursethe recursionfor (Bh) entails B3 = 2. Supposein generalthat

chBh¡ 1Bh+1 = ehB 2
h :

Then the identit y (17),

eh¡ 1e2
he2

h+1 eh+2 = v2
¡
¡ (f + w2)eheh+1 + v2 + 2vw(f + w2)

¢
;

and Bh¡ 2Bh+3 = Bh¡ 1Bh+2 + BhBh+1 entail

ch¡ 1c2
hc2

h+1 ch+2 = ¡ v2(f + w2)chch+1 = v3
¡
v + 2w(f + w2)

¢
:

Thus chch+1 = kv, say, is independent of h and we have

k2 = ¡ (f + w2) and k3 + 2wk2 ¡ v = 0:

Note that if f + w2 , or 2w and v, are integers,also k must be an integer. Also,

e0e1 = vk and e1e2 = 2vk : (21)

Remark 1. However, eh¡ 1e2
heh+1 = v2eh + v2(f + w2) implies

k2Bh¡ 2Bh+2 = chBh¡ 1Bh+1 + (f + w2)B 2
h ;

without the coe±cients necessarilybeing independent8 of h. In particular, k2 = ¡ (f + w2)
entails c0 = e0 = 2k2 and c1 = e1 = 3k2 .

8Both Christine Swart and Andy Hone have pointed out to me that ch ch+1 constant, and thus both c2h

and c2h+1 constant, of courseboils down to a Somos5 corresponding to a pair of interlink ed Somos4.
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On the other hand, the identit y (6) now reports that k = w ¡ w0 and 2k = w ¡ w1 . By
(5) we then have

w0 + w1 = v=e1 = 2w ¡ 3k

whilst by (4) we seethat f + e0 + e1 = ¡ (w ¡ k)2 , f + e1 + e2 = ¡ (w ¡ 2k)2 , so, recalling
that e2 = 2e0 , also e0 = (2w ¡ 3k)k . Hence

(2w ¡ 3k)k = 2k2 and so 2w = 5k : (22)

In summary, we then can quickly concludethat also

v = 6k3 ; 4f = ¡ 29k2 ; and 2w0 = 3k : (23)

The normalisation k = ¡ 2 retrievesthe continued fraction expansionin x4.1 on page8.
As shown in x7 on page17 the corresponding minimal Weierstra¼model is V 2 + UV + 6V =
U3 + 7U2 + 12U; and M = (¡ 2; ¡ 2) is a point of order two.

5 Somos Sequences

5.1 Christine Swart's thesis [16]

Much of the work reported by mehereis sui generiswith original intent to make explicit the
ideasof Adams and Razar [1] and to rediscover the rational elliptic torsion surfaces(thus,
the \p encils" of rational elliptic curveswith, say (0; 0), a torsion point of given order m) by
a newmethod, see[8] and its references.Eventually, I learnedof MichaelSomos'ssequences,
see[5], and realisedhow they arise from my data. I had sort of heard of Christine Swart's
work from NelsonStephensin 2003but, fortunately asit turned out9, did not have accessto
her thesis [16] until very recently when this paper was already essentially complete;see[9].

Christine Swart's discussionof the interrelationship betweenelliptic sequencesandelliptic
curves is more detailed and completethan mine. Among many other things, she is careful
to recognisethat the formulas neither know nor care whether the given elliptic curve is
in fact elliptic: thus, for example, also my quartics may have multiple zeros. If so, extra
comment | mostly, quite straightforward | is requiredat a number of points above; but is
neglectedby me. Further, Christine Swart reports inter alia that NelsonStephens(personal
communication to her) had noticed, by completely di®erent methods, identities equivalent
to (13) and (11), seepage4; theseare her Theorems3.5.1and 7.1.2 [16, p. 29 and p. 153].

5.2 Muc h more satisfying?

I can in fact show that an elliptic sequence(Ah) is alsogivenby Ah¡ 4Ah+4 = W 2
4 Ah¡ 1Ah+1 ¡

W3W5A2
h . However, I considermy argument as typical of the sort of thing that givesmath-

ematicsits bad name: and regret to have to admit that this sort of nonsenseseeminglydoes
generaliseto proving that a Somos4 alsoalways is a three-term Somos(4 + n) .

9It wasfun to puzzleout not just the answersto questions,but alsoto attempt to guesswhat the questions
ought to be.
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Speci¯cally, we know that

Ah¡ 2Ah+2 = W 2
2 Ah¡ 1Ah+1 ¡ W1W3A2

h ; by de¯nition; (24)

Ah¡ 3Ah+3 = W 2
3 Ah¡ 1Ah+1 ¡ W2W4A2

h ; seefootnote page6, (25)

and intend to show that

Ah¡ 4Ah+4 = W 2
4 Ah¡ 1Ah+1 ¡ W3W5A2

h : (26)

Notice that, in particular, W1W5 = W 2
2 W2W4 ¡ W1W3W 2

3 ; so becauseW1 = 1, W 4
3 =

W 3
2 W3W4 ¡ W3W5 . Now observe that

Ah¡ 4Ah+2 Ah¡ 2Ah+4 = (W 2
3 Ah¡ 2Ah ¡ W2W4A2

h¡ 1)(W 2
3 AhAh+2 ¡ W2W4A2

h+1 ) :

In the product on the right, the ¯rst term is

(W 3
2 W3W4A2

h ¡ W3W5A2
h)Ah¡ 2Ah+2

and half of it contributes half of (26). Similarly, half the ¯nal term of the product, thus of

W 2
4 Ah¡ 1Ah+1 ¢W 2

2 Ah¡ 1Ah+1 = W 2
4 Ah¡ 1Ah+1 (Ah¡ 2Ah+2 + W3A2

h) ;

provides the other half of (26). Thus it's ugly but true that we have proved that (26) holds
if and only if W3W4 = 0 or

W 3
2 Ah¡ 2A2

hAh+2 ¡ W2W3(Ah¡ 2AhA2
h+1 + A2

h¡ 1AhAh+2 ) + W4Ah¡ 1A2
hAh+1 = 0:

I now compound this brutalit y by ¯ercely replacing the two occurrencesof Ah¡ 2 by the
evident relation

Ah¡ 2 = (W 2
2 Ah¡ 1Ah+1 ¡ W1W3A2

h)=Ah+2 :

That necessitatesour then multiplying by Ah+2 . Fortunately, we can compensatefor this
cruelty by dividing by Ah . We are left with needingto show that

W 5
2 Ah¡ 1AhAh+1 Ah+2 ¡ W 2

3 W3A3
hAh+2 ¡ W 3

2 W3Ah¡ 1A3
h+1

¡ W2W3A2
h¡ 1A2

h+2 + W2W 2
3 A2

hA2
h+1 + W4Ah¡ 1AhAh+1 Ah+2 = 0: (27)

It's now natural to despair, and to start looking for a Plan B. However, one might notice,
on page7, that W4 = ¡ v4

¡
v + 2w(f + w2)

¢
; and W2 = v. Moreover W3 = ¡ v2(f + w2) .

Thus, conveniently,
W 5

2 + W4 = ¡ 2v4w(f + w2) = W 2
2 W3 :

Hence,just as our result is trivial if W3W4 = 0, so also it is trivial if W2 = 0. All this is a
sign that we may not asyet have madean error. We may divide (27) by W2W3 . Better yet,
let's alsodivide by A2

hA2
h+1 by using the de¯nitions

Ah¡ 1Ah+1 = ehA2
h ; whencealso Ah¡ 1Ah+2 = eheh+1 AhAh+1 :

Then all that remainsis a con¯rmation that

2vweheh+1 ¡ v2(eh + eh+1 ) ¡ e2
he2

h+1 ¡ v2(f + w2) = 0: (28)

However (13), page4, is eheh+1 = v(w ¡ wh) , while eh + eh+1 = ¡ f ¡ w2
h is (4), page3.

Astonishingly, the claim (28) follows immediately.
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Theorem 4. If (Ah) is a Somos4 then it is a Somos8 of the shape

Ah¡ 4Ah+4 = ·A h¡ 1Ah+1 + ¸A 2
h :

Proof. Given the argument above, it su±ces to note that any Somos4 is equivalent to an
elliptic sequence.

6 Rapp els

6.1 Con tin ued fraction expansion of a quadratic irrational

Let Y = Y(X ) be a quadratic irrational integral element of the ¯eld F((X ¡ 1)) of Laurent
series

1X

h= ¡ d

f ¡ hX ¡ h; somed 2 Z (29)

de¯ned over somegiven base¯eld F; that is, there are polynomials T and D de¯ned over
F so that

Y 2 = T(X )Y + D(X ) : (30)

Plainly, by translating Y by a polynomial if necessary, we may suppose that degD ¸
2degT + 2, with degD = 2g+ 2, say, and degT · g; then degY = g+ 1. Recall herethat
a Laurent series(29) with f d 6= 0 hasdegreed.

Set Y0 = (Y + P0)=Q0 where P0 and Q0 are polynomials so that Q0 divides the norm
(Y + P0)(Y + P0) ; notice herethat an F[X ]-module hQ; Y + Pi is an ideal in F[X ; Y] if and
only if Q

¯
¯(Y + P)(Y + P) .

Further, suppose that degY0 > 0 and degY 0 < 0; that is, Y0 is reduced. Then the
continued fraction expansionof Y0 is given by a sequenceof lines, of which the h-th is

Yh := (Y + Ph)=Qh = ah ¡ (Y + Ph+1 )=Qh ; in brief Yh = ah ¡ B h : (31)

Here the polynomial ah is a partial quotient, and the next complete quotient Yh+1 is the
reciprocal of the precedingremainder ¡ (Y + Ph+1 )=Qh . Plainly the sequencesof polynomials
(Ph) and (Qh) are given by the recursionformulas

Ph + Ph+1 + (Y + Y ) = ahQh and YY + (Y + Y)Ph+1 + P2
h+1 = ¡ QhQh+1 : (32)

It is easyto seeby induction on h that Qh divides the norm (Y + Ph)(Y + Ph) .
We observe also that we have a conjugateexpansionwith h-th line

Bh := (Y + Ph+1 )=Qh = ah ¡ (Y + Ph)=Qh ; that is, Bh = ah ¡ Y h : (33)

Note that the next line of this expansionis the conjugateof the previousline of its conjugate
expansion: conjugation reversesa continued fraction tableau. Becausethe conjugate of
line 0 is the last line of its tableau we can extend the expansionforming the conjugate
tableau, leading to lines h = 1, 2, : : :

(Y + P¡ h+1 )=Q¡ h = a¡ h ¡ (Y + P¡ h)=Q¡ h ; that is, B ¡ h = a¡ h ¡ Y ¡ h :

Plainly the original continued fraction tableau also is two-sidedin¯nite and our thinking of
it as \starting" at Y0 is just convention.
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6.2 Con tin ued fractions

One writes Y0 = [ a0 ; a1 ; a2 ; : : : ], whereformally

[ a0 ; a1 ; a2 ; : : : ; ah ] = a0 + 1=[ a1 ; a2 ; : : : ; ah¡ 1 ] and [ ] = 1 : (34)

It follows, again by induction on h, that the de¯nition
µ

a0 1
0 1

¶ µ
a1 1
0 1

¶
¢¢¢

µ
ah 1
0 1

¶
=:

µ
xh xh¡ 1

yh yh¡ 1

¶

entails [ a0 ; a1 ; a2 ; : : : ; ah ] = xh=yh . This provides a correspondencebetween the con-
vergents xh=yh and certain products of 2 £ 2 matrices (more precisely, between the se-
quences(xh) , (yh) of continuants and thosematrices). It is a useful exerciseto notice that
Y0 = [ a0 ; a1 ; : : : ; ah ; Yh+1 ] implies that

Yh+1 = ¡ (yh¡ 1Y ¡ xh¡ 1)=(yhY ¡ xh)

and that this immediately gives

Y1Y2 ¢¢¢Yh+1 = (¡ 1)h(xh ¡ yhY)¡ 1: (35)

The quantit y ¡ deg(xh ¡ yhY) = degyh+1 is a weighted sum giving a measureof the \dis-
tance" traversedby the continued fraction expansionto its (h + 1)-st complete quotient.
Taking norms yields

(xh ¡ yhY)(xh ¡ yhY) = (¡ 1)h+1 Qh+1 : (36)

6.3 Conjugation, symmetry , and perio dicit y

Each partial quotient ah is the polynomial part of its corresponding completequotient Yh .
Note, however, that the assertionsabove are independent of that conventional selectionrule.

One readily shows that Y0 being reduced, to wit degY0 > 0 and degY 0 < 0, implies
that each completequotient Yh is reduced. Indeed, it also follows that degBh > 0, while
plainly degB h < 0 since ¡ B h is a remainder;so the Bh too are reduced. In particular ah ,
the polynomial part of Yh , is also the polynomial part of Bh .

Plainly, at least the ¯rst two leadingterms of each polynomial Ph must coincidewith the
leading terms of Y ¡ T . It alsofollows that the polynomials Ph and Qh satisfy the bounds

degPh = g + 1 and degQh · g : (37)

Thus, if the base¯eld F is ¯nite the box principle entails the continued fraction expansion
of Y0 is periodic. If F is in¯nite, periodicity is just happenstance.

Suppose,however, that the function ¯eld F(X ; Y) is exceptional in that Y0 , say, does
have a periodic continued fraction expansion. If the continued fraction expansionof Y0 is
periodic then, by conjugation,alsothe expansionof B0 is periodic. But conjugation reverses
the order of the lines comprising a continued fraction tableau. Hencethe conjugateof any
preperiod is a \p ostperiod", an absurdnotion. It follows that, if periodic, the two conjugate
expansionsare purely periodic.
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Denote by A the polynomial part of Y , and recall that Y + Y = T . It happens that
line 0 of the continued fraction expansionof Y + A ¡ T is

Y + A ¡ T = 2A ¡ T ¡ (Y + A ¡ T) (38)

and is symmetric. In general,if the expansionof Y0 has a symmetry, and if the continued
fraction expansionis periodic, its period must have a secondsymmetry1. So if Y is excep-
tional in having a periodic continued fraction expansionthen its period is of length 2s and
hasan additional symmetry of the ¯rst kind Ps = Ps+1 , or its period is of length 2s+ 1 and
also has a symmetry of the secondkind, Qs = Qs+1 . Conversely, this is the point, if the
expansionof Y hasa secondsymmetry then it must be periodic as just described.

6.4 Units

It is easyto apply the Dirichlet box principle to prove that an order Q[! ] of a quadratic
number ¯eld Q(! ) contains nontrivial units. Indeed, by that principle there are in¯nitely
many pairsof integers(p;q) sothat jq! ¡ pj < 1=q, whencejp2¡ (! + ! )pq+ ! ! q2j < (! ¡ ! )+
1. It follows, againby the box principle, that there is an integer l with 0 < jl j < (! ¡ ! ) + 1
so that the equation p2 ¡ (! + ! )pq+ ! ! q2 = l has in¯nitely many pairs (p;q) and (p0; q0)
of solutions with p ´ p0 and q ´ q0 (mod l) . For each such distinct pair, xl = pp0¡ ! ! qq0,
yl = pq0¡ p0q+ (! + ! )qq0, yields (x ¡ ! y)(x ¡ ! y) = 1.

In the function ¯eld case,we cannot apply the the box principle for a secondtime if the
base¯eld F is in¯nite. Sothe existenceof a nontrivial unit x(X ) ¡ y(y)Y(X ) is exceptional.
This should not be a surprise. By the de¯nition of the notion \unit", such a unit u(X ) say,
has a divisor supported only at in¯nit y. Moreover, u is a function of the order F[X ; Y],
and is say of degreem, so the existenceof u implies that the classcontaining the divisor at
in¯nit y is a torsion divisor on the Jacobianof the curve (30). The existenceof such a torsion
divisor is of courseexceptional.

Supposenow that the function ¯eld F(X ; Y) does contain a nontrivial unit u, say of
norm ¡ · and degreem. Then deg(yY ¡ x) = ¡ m < ¡ degy, so x=y is a convergent of Y
and so some Q is § · , say Qr = · with r odd. That is, line r of the continued fraction
expansionof Y + A ¡ T is

Yr := (Y + A ¡ T)=· = 2A=· ¡ (Y + A ¡ T)=· ; line r:

here we have used the fact that (Y + Pr )=· is reduced to deducethat necessarilyPr =
Pr +1 = A ¡ T .

By conjugation of the (r + 1)-line tableau commencingwith (38) we seethat

Y2r := Y + A ¡ T = 2A ¡ T ¡ (Y + A ¡ T) ; line 2r:

so that in any caseif Y + A ¡ T hasa quasi-periodic continued fraction expansionthen it is
periodic of period twice the quasi-period. This result of Tom Berry [2] applies to arbitrary

1The caseof period length 1 is an exception unless we count its one line as having two symmetries;
alternativ ely unlesswe deemit to have period r = 2.
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quadratic irrationals with polynomial trace. Other elements (Y + P)=Q of F(X ; Y) , with
Q dividing the norm (Y + P)(Y + P) , may be honest-to-goodnessquasi-periodic, that is,
not alsoperiodic.

Further, if · 6= ¡ 1 then r must be odd. To seethat, notice the identit y

B [ Ca0 ; Ba1 ; Ca2 ; Ba3 ; : : : ] = C[ Ba0 ; Ca1 ; Ba2 ; Ca3 ; : : : ]; (39)

reminding one how to multiply a continued fraction expansionby somequantit y; this cute
formulation of the multiplication rule is due to Wolfgang Schmidt [11]. The \t wisted sym-
metry" occasionedby division by · , equivalent to the existenceof a non-trivial quasi-period,
is noted by Christian Friesen[4].

In summary, if the continued fraction expansionof Y is quasi-periodic it is periodic, and
the expansionhas the symmetriesof the more familiar number ¯eld case,as well as twisted
symmetriesoccasionedby a nontrivial · .

One shows readily that if x=y = [ A ; a1 ; : : : ; ar ¡ 1 ] and x ¡ Yy is a unit of the domain
F[X ; Y] then, with ar ¡ 1 = ·a 1 , ar ¡ 2 = a2=· , ar ¡ 3 = ·a 3 , : : : ,

[ 2A ¡ T ; a1 ; : : : ; ar ¡ 1 ; (2A ¡ T)=· ; ar ¡ 1 ; : : : ; a1 ]

is the quadratic irrational Laurent seriesY + A ¡ T . Alternativ ely, given the expansionof
Y + A ¡ T , and noting that therefore degQr = 0, the fact that the said expansionof x=y
yields a unit follows directly from (36).

7 Commen ts

7.1

According to Gauss(DisquisitionesArithmetic½, Art. 76) . . . veritates ex notionibus potius
quam ex hauriri debebant2. Nonetheless,one should not underrate the importance of no-
tation; good notation can decreasethe viscosity of the °ow to truth. From the foregoing
it seemsclear that, given Y 2 = A2 + 4v(X ¡ w) , one should study the continued fraction
expansionof Z = 1

2(Y + A) , as is done in [1]. Moreover, it is a mistake to be frustrated by
minimal models V 2 + UV ¡ vV = U3 ¡ f U + vwU.

Speci¯cally, we understand that V 2 ¡ 8vV = U3 ¡ (4f ¡ 1)U2 + 8v(2w ¡ 1)U yields
Y 2 = (X 2 + 4f ¡ 1)2 + 4 ¢8v

¡
X ¡ (2w ¡ 1)

¢
by way of 2U = X 2 + Y + (4f ¡ 1) and

(V ¡ 8v) = X U. Now X Ã 2X + 1, Y Ã 4Y meansthat, instead, we obtain Y 2 =
(X 2 + X + f )2 + 4v

¡
X ¡ (w ¡ 1)

¢
. This derivesfrom V 2 + UV ¡ vV = U3 ¡ f U + vwU by

taking 2U = X 2 + X + Y + f and V ¡ v = X U.

7.2

The discussionabove may have someinterest for its own sake, but my primary purposeis to
test ideasfor generalisationto higher genus g. An important di±cult y when g > 1 is that

2[mathematical] truths °ow from notions rather than from notations.
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partial quotients may beof degreegreaterthan onewithout that entailing periodicity, whence
my eccentric asideon page8. Happily, the generalisationto translating by a point (w0; e0¡ e1)
on the quartic model e®ectedabove also is a simpli¯cation in that one surely may always
choosea translating divisor soasto avoid meetingsingularstepsin the continuedfraction ex-
pansion. In that context one¯nds that the sequence(: : : ; 2; 1; 1; 1; 1; 1; 1; 2; 3; 4; 8; 17; 50; : : : )
satisfying the recursion Th¡ 3Th+3 = Th¡ 2Th+2 + T2

h arisesfrom adding multiples of the class
of the divisor at in¯nit y on the Jacobianof the curve Y 2 = (X 3 ¡ 4X + 1)2 + 4(X ¡ 2) of
genus 2 to the classof the divisor de¯ned by the pair of points ('; 0) and ('; 0); here ' is
the goldenratio.
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