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Abstract

and

We detail the corntinued fraction expansionof the squareroot of monic sextic poly-
nomials. We note in passingthat ead line of the expansioncorresponds to addition
of the divisor at in nit y, and interpret the data yielded by the general expansion. In
particular we obtain an assa@iated Somossequenceale ned by a three-term recurrence

relation of width 6.

1 Intro duction

In the presen note | study the cortinued fraction expansionof the squareroot of a sextic
polynomial, inter alia allowing the iderti cation of sequencegeneratedby recursions

An; 3Ans3 = aAp; 2Aps + DAZ:

Speci cally, seexf] at pagefj for the case(Ty) = (:::,2,1,1,1,1,1,1, 2, 3, 4, 8, 17, 50,
107, 239, 1103 :::), wherel illustrate how the continued fraction expansiondata readily
allows oneto idertify the gerus 2 curve C: Y2 = (X3 4X + 1)+ 4(X | 2) asgiving rise

to the sequence.
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2 Some Brief Reminders

A reminder exposition on cortinued fractions in quadratic function elds appearsas x4 of
[B]. Howeer, the nalve readerneedslittle more than that a cortinued fraction expansionof
a quadratic irrational integerfunction Z is a two-sidedsequenceof lines, h in Z,

Z+ Py Z+Pha
e T
with (Z+ Pps1)(Z+ Phe1) = i QnQn+1 dening the sequence$Py,) and (Qy) of polynomials.
Necessarily one must have Qg divides (Z + Pg)(Z + Py) in which casethe sequence(ap)
consisting of polynomials guararteesthat always Qy divides (Z + Py)(Z + Py). If eah
partial quotient a;, is always chosenasthe polynomial part of Z;, then Z, reduced (that is,
degZ > 0 and degZ < 0) impliesthat all the Z,, and R}, arereduced;and always a alsois
the polynomial part of R,. Then conjugation| in brief: studying the linesRy, = anj Zn |
retrievesthe left hand half of the expansionof Z, from the right hand half of the expansion
of Rg.

in brief Z, = a,i Ry ;

3 Curv es of Genus

SetA(X)= X3+ fX +gand R(X)=u(X?j vX + w). Then

C:Z?j AZ{ R=0 1)
de nesa quadratic irrational integer function Z asa Laurert seriesP ﬁzi 2ZpX 1M in X111,
Here degZ = 3 refersto the degreein X of Z. Note that becausethe other zero Z of
equation () satisesZZ = j R, and degR - 2, we must have degZ < 0, so Z is reduced.
We also note that the discriminant D(X) of ([) is givenby D = A2+ 4R and is thus a
generalsextic polynomial. Evidently, if Y2 = D we may think of Z asZ = % Y+ A).

Howevwer, in de ning Z by () we allow the base eld F to be of arbitrary characteristic,
whereasany talk of Y of courserequiresthat charF 6 2.

Now set Zg = (Z + Pp)=Qy with Py = do(X + &). Supposethat Qu(X) = X ?j voX + Wy
divides the norm B i ¢
ZoZo= i R+ do(X + €) A+ do(X + &) ;
and that Z, has beenso chosenthat its partial quotients are of degreel. Sud a choice
is “generic'if the base eld is in nite. It follows from recursionformulyz immediately below

that our requiremen on Z, is the sameasinsisting that the d, alllf] be nonzero.
For h= 0, 1, 2, ::: wedenotethe completequotients of Z, by

i ¢
Zn='Z+ do(X + &) (X2 VX + Wh); 2)
noting that the Z,, all are reduced,namely degZ, > 0 but degZ, < 0. The upshot is that
the h-th line of the continued fraction expansionof Z, is

Z+dh(X+en) _X+Vh, Z"'dh+1(x+eh+l)_

Un(X2] ViX + Wh)  Up | Un(XZ] VeX + wp)

Zn = (3)

YOf courseit sutcesthat just those d,, actually participating in our discussionnot vanish.
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Theorem 3.1. In the spial caseu = O, thatis: R = j v(X j w), the sguene of
parameters (dn) given by the continued fraction exmnsion of Z, satis es

O of (A3, ; Ohez = VPDh; 1didher @ V(g + WE + wP): (4)

Note herethat g+ wf + w3 = A(w) and, | add this en passant the result, with g+ wf + w?
replacedby A(w), doesnot in fact depend on the corveniert assumptionthroughout that
A(X) hasnoterm in X 2. Howewer, the main feature is that the recursion(f) dependsonly
on the given curve C and not on the “initial' completequotient Zg.

Now de ne a sequencgT;) of elemens of F by the recursiwe relation

Thi 1Thet = h TS h2 Z, (5)
One then seedairly readily that
Thi 2Thez = Gy 130he1 TP and Ty 3Thes = Oy 207, 10302, dheo T
and thus that multiplying (@) by T;? providesthe principal result of this note.

Theorem 3.2. A curve
C:Z%; X3+fX+gZ+v(Xijw=0

givesrise to sejuenes (T,,) of Somostype de ned by suitableinitial valuesand the recursive
relation
Thi 3Thea = V3T, 2Thez 0 V(g + Wi + W3)T?: (6)

Remarks. All that is well and good of coursebut the real point hereis this. The dy are
generically soto speak, random rationals growing in height with h soasto have logarithmic
height O(h?); thus they becomecomplicatedindeed. Very di®eretly, however, recursions
sudh as (g) of ‘Somostype' and width, or "gap’ (the maximum di®erenceof the indices), at
most seven| 6 in the presen case| are now well known to "want to' consistof integers.
Speci cally, results of Fomin and Zelevinsky summarisedin guarartee that the T, are
Laurent polynomials in the ‘initial values' T, 3, :::, T,, s&, with coexcients in the ring
Z[a;b] | wherein the presen casea= v? and b= j v3(g+ wf + w®). This explainswhy
the examplesequencdat pagef]) with a= b= 1 and the six initial valuesall 1 takesonly
integervalues| mind you, integerswhoselogarithm grows at rate O(h?).

For a di®erert emphasis,notice that the pair of zerosof ead Qn(X) produced by the
cortinued fraction expansionde nesa divisor on C; | talk looselyimmediately below of the
“divisor classQy,', meaningthe classof the divisor given by the pair of points on C de ned
over somequadratic extensionof the base eld F with X co-ordinatesthe two zerosof the
polynomial Qn(X). Viewed as points on the additive group JacC it is well understood that
the sequenceof divisor classeqQy) is an arithmetic progressionwith commondi®erenceS
the classof the divisor at in nit y. In brief, exactly asin the elliptic case[f]]. eah step of
the cortinued fraction expansionaddsthe divisor at im nit y to the divisor belongingto the
completequotient. Concernedreadersmight cortemplate the introduction to Cantor's paper
[H] and the instructiv e discussionby Kristin Lauter in [[]]. A certral theme of the paper [[l]
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is a generalisationof the phenomenono Pad§ approximation in arbitrary algebraicfunction
“elds.

More of course,Theorem[B7 is in tight analogywith the correspnding result for quartic
polynomials detailed in [{]. In that case,howewer, singular casesare incorporated. Here,
casesvhenoneor moreof the d,, vanishand thereforeoneor more of the T,, vanishare more
problematic and will have to be the subject of further analysiselsewhere.l do not yet know
whether my assumptionthat the cortinued fraction expansionis generic,thus that none of
the d, vanish,is or is not essetial to the validity of the presen results.

4 Contin ued Fraction Expansion of the Square Root of
a Sextic

Giventhat the h-th line of the cortinued fraction expansionof Z, is given by

Z+dh(X+eh) _X+Vh, Z+dh+1(X+€h+1)_

Z = - ]
"7 Un(X2 i veX + wh) Un | Un(XZ§ VX + Wp) ®
evidert recursionformulas yield
f+ dy+ dpey = § VP + Wh (7)
g+ dhen + dhe1€ner = VWi (8)

and

i UnUnss (X% 7 VaX + Wi)(X 2§ Vhea X + Wit ) N ¢
| |l =
= Z+ da(X + en1) Z+ haa (X +eni1) 1 (9)

Hence,noting that ZZ = j u(X?j vX+w) andZ+Z = A = X3+ f X + g, we may equate
coexcients in (f) to seethat

Ohe1 = i UnUne (B:X*%
Given that, we obtain, after in eat casedividing by | UnUnh+1 ,
€t = 0 Vhi Vhe; B:Xx3)
(f + dh+1) = VhVh+ t (Wh + Wh+1) + u:dn+1 ; (E : Xz)
(f + dher)enss + (O+ dhs1€041) = § VaWhet | Vhea Wh i UV=0Chya ; B:XhH
(g+ Ohs1€ns1)Ene1 = WnWher + UW=Chyp - (B:X9

The :X 2 equation readily becomes

i Oh="f | W+ VZ+ dher = Va(Vh + Vher) + Whet + U=Cheg
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SO dh+1 (Vh€h+1 | Wh+1) = dhdhsr + u. With similar manipulation of the next two equations
we felicitously obtain

Oh+1 (Vh€he1 | Wher) = OnCher + U; (10a)
i VhOh+1 (Vn€h+1 i Whe1) = OnOnea (€0 + €he1) i UV, (10b)
WhOh+1 (Vh€he1 | Whe1) = OnOher €n€he1 + UW: (10c)

That immediately yields

OnOh+1(€n + €ne1 + VR) = U(V | Vh); (11a)
OhOhea (En€hes @ Wh) = | U(W i Wh): (11b)

Incidentally, by
i Ones = F§ Wh+ V2+ dn = Vn(Vhy 1+ Vi) + Wi, 1+ U=Ch;
we alsodiscover that, mildly surprisingly,

Ondns1 + U= dheg (Va€her | Wher) = On(Ve€nh i Wi 1): (12)

5 A Ridiculous Computation
It is straightforward to notice that the three nal equations(f) yield

€ (Vh; 1Vh + Wi, 1+ Wh) + (Vi 1Wh + VaWh, 1) + Wh; 1Wh = | U(E5 + Ve, + W)=dh
Remarkably, by ([9)

(dh; 1Gn + U)(DnGhes + U) = d2(Vh; 1807 Wn)(Vh€n i Wi 1)
= eﬁVhi 1Vhi @ (Vhi 1Wh; 1+ VaWh) + Wh; 1Wh

and so, because

i (Vhj 2Wh; 2+ VaWn) = Vh; 1Wh + VaWh; 1§ (Wh; 12+ Wh)(Vh 12+ Vh)
= Vh; 1Wh + VaWh; 1+ en(Wh; 1+ Wh) ;

we obtain the surely usefulidentit y
(0 10n + U)(dnOhsy + U) =  udn(€f + ven + W) (13)

This is just one of the nine sud identities provided by the equations([LJ), and ([[9).



5.1 The special case u=0

Consider now the casein which R, the remainderterm u(X? i vX + w), is replacedby
i V(X i w). In e®ectuA 0 exceptthat uv A v, uw A vw. For instance, ({3 becomes

On; 10hdher = i V(En + W); P
and, we'll needthis, we now have
e+ €net + Vi = V=ChOhy ; ([¥a)
@hns1 i Wh = | VW=Chthaq (C1%)
Indeed,we nd that
Ohi 105001 Oheo = VE(En€nss + W(Eh + €ns1) + WP) = VE(Wh | W, + W) (14)

and thereforethat

3 4.3 _
dhi iZdhi 1dhdh+1 dhi+2 - ¢ ¢
4 2 . .3 na
VY Whi 1Wh + W Vi iV + (Whi 1+ Wh) i W(Vh; tWh + Whj 1VR) § W2(Vhj 2+ Vh) + W
(15)

This last expressionis transformed by the equations(f) to become
v (g+ dhen)en i vw=d, + WA + dy)+

i ¢ ¢
+w (f +d)en+ (g+ dhen) + v=d, + we, + w* ¢
= Vi(en + W) (g+ dhen) + W( + dy) + WP : (16)

Thus ; ¢
i
O oof, (A3 dL; Ohez = § V2 (O + dnen) + w(f + dp) + W (17)

But wait, there's more! By ([[3) we know that j ve, = dy; 1dndh+1 + VW, SO
dn; 205, 100, Oheo = VP 1didher @ V3(g+ wf + W) ; tagH (18)

already announcedas Theoren ]|

6 A Cute Example

The example
Thi 3Thez = Thi 2The2 + Thz; (29)

with To= T, = T, = T3 = T4 = Ts = 1 is readily found to derive from the gerus 2 curve
C:Z%; X3 X +1zZ+ (X 2)=0: (20)

To indeed seethis, we rst note that of coursewe needd; = d, = d3 = d4 = 1 to produce
the initial valuesfrom Ty = T, = 1. Since,plainly, T, ; = Tg = 2, clearly dy = 2. By the
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Theorem,we expect to require v2 = 1 and j v3(g+ wf + w®) = 1. Without lossof generality,
we may take v = j 1. From ([[3) we then read o®that

ee=2ijw and =1 w:
Thus, by ([)) and (B) we have
f+2=jvi+w;, and g+ 3j 2w = viw;:
But from ([[1%) and ([1%) we evaluate v; and w; in terms of w as
i 2w+vy;=i1 and (2 w)(Lj W) wy=w:

Substituting appropriately we nd that 1= g+ fw+ w?® = 6w; 11 so,asalreadyannounced,
v=ijl,w=2g=1andf =i 4.

Furthermore, we have vy = O and vo + v; + €, = 0, sovp = 0; then f + 3= { vi+ wp

yields wp = j 1. Noting that g+ 26, + e; = 0, we nd that e = j 1=2. Thus the relevant
corntinued fraction expansioncommences

_Z+2Xil1l_ _ Z+X
Zo = X2 1 _X'x2.1
Z+ X __X_Z+Xi1
i (X2i 2) ' (X2 2)
Z+ X1l Z+Xij1
- = = +1i7
X2 Xij1l X2 Xij1
Z+Xil_ oy Z+ X
i (x2i2) ' (XE 2
Z+X _, Z+2Xj1
X2 1 ' TX2i 1
¢0e

providing a useful ched on our allegationsand displaying an expected symmetry (both the
de ning recursionand the setof initial valuesare symmetric). Denoteby M the divisor class
de ned by the pair of points ('; 0) and (7 0) | here," isthe goldenratio, a happenstance
that will pleaseadherers to the cult of Fibonacci| and by S the divisor classat in nit y.
Then the sequencgT,) = (:::,2,1,1,1,1,1,1, 2, 3,4, 8 17, 50, 107, 239, 1103 :::)
may be thought of asarising from the points :::, Mj S, M, M+ S, M + 2S5, ::: onthe
Jacobianof the curve C displayed at (E0). Evidently, Mj S=j M so2M = S on JaqC).

Allegation. Of coursel donot doit here,but | suggesthat my remarkssuzce to shawv that
onemay readily prove that given a sequencegAy) satisfying a recusiwe relation Ay; 3An+3 =
aAn; 2An+2 + bAZ and with given values Ay, 3, Ap; 2, :::, Ansz Onemay identify both a
gerus 2 curve C: Z%2j AZ i R= 0, degA = 3, degR = 1 and a divisor M on C giving
rise to the sequence.



7 Comments

| considerthe argumert givenin X above to be quite absurdand am ashamedto have spent
a great deal of time in extracting it. Sud are the costsof truly low lowbrow argumernts;
see[ff] for heights of "brow'. The only saving graceis my mildly ingenioususe of symmetry
in the argumen's later stages. | do not know whether there is an appealing result of the
presen genreif u 6 0; but seemy remarksbelow. | should admit that | realised,but only
after having successfullyselectedu = 0, that Noam Elkies had suggestedo me at ANTS,
Sydney2002,that an idertity of the genre(f) would exist, but had in fact speci ed just the
special casedegR = 1.

Mind you, with someuninteresting e®ortone can shaw (say by courting free parameters)
that over an algebraicextensionof the base eld there is a birational transformation which
transforms the given curve to onewhere degR = 1. That doesnot truly better the preser
theorem.

On the other hand, a dozenyearsagd], David Cantor [H] mertions that his results lead
readily to Somossequence®oth in gerus 1 and 2; the latter of width 8. That his results
provide Somossequence#n gerus 2 is not obvious; however, recertly, Cantor hastold me a
rather ingeniousideawhich clearly yieldsthe result for all hyperelliptic curvesY? = E(X), E
a quintic, say with constart coexcient 1. In brief, Cantor's result is more generalthan mine
but doesnot deal with all casesl handle here; nor doesit produce the expected recursion
formul%z of width 6. Moreover, after this paper was submitted | learned of the work [H]
which producesCantor's width 8 recurrencesrom addition formulas for the correspnding
hyperelliptic functions.

The most seriousdisappointment is that the bestargumen | can producehereis just a
much more complexversion of that of [f] for gerus 1. Seeminglya new view on the issues
is neededif my methods are to yield resultsin higher gerus.
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