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Abstract

We give upper and lower boundsfor the largest integer not represenable asa posi-
tive linear combination of three given integers, disproving an upper bound conjectured
by Bed, Einstein and Zadks.

1 Intro duction

Let a;b;c be integers. The Frobenius problem is to determine the greatestinteger n which
cannot be represeted as a positive linear combination of a;b;c; this integer will henceforth
be denotedby f (a;b;c). Of course,if a;b;c have a commondivisor m , 2, an integer not
divisible by m cannot be represeted asan integral linear combination of a, b, and ¢, we will
therefore supposethat gcd(a; b;c) = 1.

Bed, Einstein and Zadks[l] conjectured that, apart from certain explicit families of ex-
ceptions, we have f (a;b;c) - (abQ>®. They supported their conjecture by an impressiwe
amourt of numerical data and stated that courterexamplesare not to be expected unless
a; b;c are closeto somearithmetic progression.Howeer, in this note we will shaw that their
conjecturefails for somewhatgenericexamples,while it holds true for the vast majority of
triples. We do so by using diophartine appraximations inspired by the circle method. The
idea to usesud an approad is already presernt in the work of Bed, Diaz and Robinsf];
howewer, it hasnot yet beenfully exploited.
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2 The Main Result

De ne N,(b;c) to be the least integer n suc that for every integer x the congruencex ~
°a+ b (mod a) is sohablewith 0- ©°;1 - n. The basicrelations betweenthe functions f
and N are summarizedas follows.

Prop osition 1. Let a;b;c be positive integers satisfying gcd(a; b;c) = 1.

() We have
min(b;c)N4(b;c) - f(a;b;c) - (b+ c)Na(b;c):

(i) Supmsethat gcd(a;b) = 1. Let b denotethe modular inverse of b, modulo a. Then we
haveN,(b;c) = Na(1;ch).

(i) Supmsethat gcd(p;g) = 1 and
El/z _b% —
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min ¢ m Na(b;c) ¢ a o)
Proof. (i) In every residueclassmodulo a there existsan elemen x which canbe represered
asx = b°+ ¢t with 0- ©°;1 - Ngu(b;c), in particular, x - (b+ ¢)Na(b;c). Hence,ewery
integern , (b+ c)N4(b;c) can be written asn = a®+ b°+ ¢! with ® , 0and O -
0;1 . Ng(b;c). Thus, f(a;b;c) - (b+ c)Na(b;c). Conversely there exists an integer x
sudh that the congruencex © °a+ b (mod a) is unsohable with 0 - °;1 - Ngy(b;c) i 1;
that is, every elemen in this classwhich is represemable by a;b;c can only be represeted
using N,(b;c) summandsb or ¢, and is therefore of sizeat least min(b;c)N,(b;c). That is,
f (a;b;c) , min(b;c)N4(b;c).

(ii) Our claim follows immediately from the fact that x © b° + c¢* (mod a) is equivalert to
xb” ©+ cbt (mod a).

a a
max(Xi+1 i Xi) - a+(CIi 1)+ - a+ g

hence,ewery residueclassx modulo a canbe written as® + 1c bwith © - §+ gand! - qj 1.
HenceN,(1; cb) - %+ g. Togetherwith rqi),othe upper bound follows. For the lower bound

suppose,without lossof generality, that %b > g and considerx = b%‘i 1c. We claim that

: i
x cannot be represetted with fewer than 3 min %; % summandsmodulo a.



First supposethat + < . Then 1. qcbmoda - qj 1, and no multiple ‘cbmod a with

q-1,* - 2fallsin the range[1;x]. Hence,for all pairs °;* with 1. °;1 - %, sud that
° + icbmod a2 [1;x] we have gt and

°+1icbmoda- ©+ N L . bic;
q q
which implies our claim in this case.
If + > % and ! < ﬁ lcbmod a either does not fall into the range [1;x], or satis es
Icbmod a- £, which implies the lower bound in this caseas well. O

From this result we draw the following conclusion:

Theorem 1. For each integer a there are % pairs (b;c) suchthat a < b < ¢ < 2a,
gcd(@;b) = ged(@;c) = 1, and % . f(a;b;c) - 2a?. Moreover, for 2> 0, ® 2 [0;1] and
a> ap(?), thereexistb2 [(1+ ®)a;(1+ ®+ 2)ajandc2 [(1+ )a;(1+ + 2)a], suchthat
f (a;b;c) | a—; On the other hand, the numker of pairs (b;c) suchthat a < b< c < 2a,
(a;b;c) = 1 and f (a;b;c) > a®2** is boundel alove by O(a? %*).

Proof. Chooseb 2 [a;2a] subject to the condition gcd(@;b) = 1, then choosec 2 [a;2a]
such that bc” 1 (mod a). The proposition implies that N.(b;c) , §, whereasthe upper
bound follows from f (a;b;c) - f(a;b) - 2a?. Sincethere are' (a) choicesfor b, and at
least half of them satisfy b < b, our st claim follows. For the secondclaim it su+ces
to prove that for every ® 2 [0;1] there exist integersb 2 [(1 + ®)a;(1 + ®+ 2)a] and
c2 [(1+ )a;(1+ +2)a], sucdhthat bc” 1 (mod a). However, this followsimmediately from
Weil's estimate for Kloostermansumsf]] together with the Erdps-Turfin-Koksmainequality
(cf., e.g.,[@, p. 116]). Finally, let +> 0 be xed, and setQ = a*?**. For ewery real number
® 2 [0; 1] there exists someq - Q, sud that j®j gj . qu. Denote by M the set of all
®2 [0;1], sudh that j®j Bj < qiz doesnot hold for any q 2 [a™ *;al™?**]. Then M consists
of ali 2* intervals of total measureboundedabove by

@
e,

g a1=2i *

ai 2+,

thus, there are O(al’ %) integers®, sudh that N,(1;°) , a'™**, and our claim follows. [J
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