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Abstract

Using Kummer's theorem,wegivea necessaryand su±cient condition for a Narayana
number to be divisible by a given prime. We use this to derive certain properties of
the Narayana triangle.

1 The main theorem

Let N denote the nonnegative integers and let k; n 2 N. The Narayana numbers [10,
A001263]can be de¯ned as

N (n; k) =
1
n

µ
n
k

¶ µ
n

k + 1

¶

where0 · k < n. The Narayana numbers (in fact, a q-analogueof them) were ¯rst studied
by MacMahon [6, Article 495]and werelater rediscoveredby Narayana [7]. They are closely
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related to the Catalan numbers [10, A000108]

Cn =
1

n + 1

µ
2n
n

¶

and in fact
P

k N (n; k) = Cn . The Narayana numberscan be arrangedin a triangular array
with N (n; k) in row n and column k sothat the row sumsare the Catalan numbers. Like the
numbersCn , the numbersN (n; k) havemany combinatorial interpretations; see,for example,
the article of Sulanke [11].

The main result of this note is a characterization of when N (n; k) is divisible by a given
prime p. To state it, we need somenotation. Let ¢ p(n) = (ni ) denote the sequenceof
digits of n in basep so that n =

P
i ni pi . Similarly we de¯ne ¢ p(k) = (ki ). If we are

consideringk · n then it will be convenient to extend the rangeof de¯nition of (ki ) so that
both sequenceshave the samelength by setting ki = 0 if pi > k. The order of n modulo p
is the largest power of p dividing n and will be denoted! p(n). As usual, kjn meansthat k
divides n.

Kummer's theorem [5] gives a useful way of ¯nding the order of binomial coe±cients.
For example,Knuth and Wilf [4] usedit to ¯nd the highest power of a prime which divides
a generalizedbinomial coe±cient.

Theorem 1.1 (Kummer) Let p be prime and let ¢ p(n) = (ni ), ¢ p(k) = (ki ). Then ! p
¡ n

k

¢

is the number of carries in performing the addition ¢ p(k) + ¢ p(n ¡ k). Equivalently, it is
the number of indices i such that either ki > ni or there existsan index j < i with kj > nj

and kj +1 = nj +1 ; : : : ; ki = ni .

Now everything is in placeto state and prove our principal theorem.

Theorem 1.2 Let p be prime. Also let ¢ p(n) = (ni ), ¢ p(k) = (ki ) and ! = ! p(n). Then
p - N (n; k) if and only if one of the two following conditions hold:

1. When p - n we have

(a) ki · ni for all i , and

(b) kj < nj where j is the ¯rst index with kj 6= p ¡ 1 (if suchan index exists).

2. When p j n we have

(a) ki · ni for all i > ! , and

(b) k! < n! , and

(c) k0 = k1 = : : : = k! ¡ 1 =
½

0 if p j k;
p ¡ 1 if p - k.
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Pro of First supposethat p is not a divisor of n. Then p doesnot divide N (n; k) if and only
if p divides neither

¡ n
k

¢
nor

¡ n
k+1

¢
. By Kummer's theorem this is equivalent to ki · ni and

(k + 1)i · ni for all i . However, if j is the ¯rst index with kj 6= p ¡ 1, then we have

(k + 1)i =

8
<

:

0 if i < j ;
(k) i + 1 if i = j ;
(k) i if i > j .

So theseconditions can be distilled down to insisting that kj < nj in addition to ki · ni for
all other i .

Now considerwhat happenswhen p divides n. Suppose¯rst that p also divides k. So
(n) i = 0 for i < ! , which is a nonempty set of indices, and (k + 1)0 = 1. It follows there
are at least ! carries in computing ¢ p(k + 1) + ¢ p(n ¡ k ¡ 1). By Kummer's theorem
again, ! p

¡ n
k+1

¢
¸ ! . So p doesnot divide N (n; k) if and only if it doesnot divide

¡ n
k

¢
and

! p
¡ n

k+1

¢
= ! . Applying Kummer's theorem oncemore shows that this will happen exactly

when ki · ni for all i with k! < n! . So in particular ki = 0 for i < ! sincethen ni = 0.
This completesthe casewhen p divides both n and k.

Finally, supposep j n but p - k. Arguing as in the previousparagraph, we seethat p is
not a divisor of N (n; k) if and only if ! p

¡ n
k

¢
= ! and p doesnot divide

¡ n
k+1

¢
. But if p is not

a divisor of
¡ n

k+1

¢
then, using Kummer's theorem, we must have (k + 1)i = 0 for i < ! . So

(k) i = p ¡ 1 for i < ! . Conditions 2(b) and (c) also follow as before. This completesthe
demonstrationof the theorem.

2 Applications

It is well known that Cn is odd if and only if n = 2m ¡ 1 for somem. For a combinatorial
proof of this which in fact establishes! 2(Cn), seethe article of Deutsch and Sagan[2].
Analogously, all the entries of the nth row of the Narayana triangle are odd. This is a
special caseof the following result.

Corollary 2.1 Let p be prime and let n = pm ¡ 1 for some m 2 N. Then for all k,
0 · k · n ¡ 1, we havep - N (n; k).

Pro of By Theorem 1.2 we just needto verify that 1(a) and (b) hold for all k. However,
they must be true becauseni = p ¡ 1 for all i .

We clearly can not have a row of the Narayana triangle whereevery element is divisible
by p sinceN (n; 0) = N (n; n ¡ 1) = 1 for all n. But we can ensurethat every entry except
the ¯rst and last is a multiple of p.

Corollary 2.2 Let p be prime and let n = pm for some m 2 N. Then p j N (n; k) for
1 · k · n ¡ 2.
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Pro of Suppose that n = pm and that p does not divide N (n; k). If p divides k, then
condition 2(c) forcesk = 0. If p doesnot divide k, then the samecondition forcesk = n ¡ 1.
So theseare the only two numbersnot divisible by p in the nth row of Narayana's triangle.

3 Commen ts and Questions

I. Clearly onecould usethe sametechniquespresented hereto determine! p(N (n; k)). How-
ever, the casesbecomecomplicated enough that it is unclear whether this would be an
interesting thing to do.

I I. The characterization in Theorem1.2 is involvedenoughthat it may be hopelessto askfor
a combinatorial proof. However, there should be a combinatorial way to derive the simpler
statements in Corollaries2.1 and 2.2, although we have not beenable to do so.

As has already beenmentioned, the order ! 2(Cn ) can be establishedby combinatorial
means, speci¯cally through the use of group actions. Unfortunately, the action used by
Deutsch and Sagan[2] is not su±ciently re¯ned to preserve the objects counted by N (n; k).
For more information about how such methods canbe usedto prove congruences,the reader
can consult Sagan'sarticle [8] which alsocontains a survey of the literature.

Deutsch [1], Eģecioģlu [3], and Simion and Ullman [9] have all found combinatorial ways
to explain the fact that Cn is odd if and only if n = 2m ¡ 1 for somem. Perhapsoneor more
of the viewpoints in thesepaperscould be adapted to the Narayana numbers.

Acknowledgment. We would like to thank Robert Sulanke for valuable referencesand
discussions,and to Neil White for bringing the problem to our attention.
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