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Abstract

If the list of binary numbers is read by upward-sloping diagonals, the resulting
\sloping binary numbers" 0, 11, 110,101, 100,1111,1010,::: (or O, 3, 6, 5, 4, 15, 10,
::1) have somesurprising properties. We give formulae for the n-th term and the n-th
missing term, and discussa number of related sequences.

1. Intro duction

We start by writing the binary expansionsof the numbers0, 1, 2, ::: in an array:

e
e00ORRRER
eRPORORORORO

o0 0FrFrR,OORrEkr

By readingthis array alongdiagonalsthat slope upwardsto the right we obtain the sequence
0; 11; 110 10% 10Q 1111 101Q 100% 100Q 101% :::

of sloping binary numters, which we denoteby s(0), s(1);:::. Written in basel0, s(0), s(1),
s(2);::: are

0;3;6;5;4,15,10,9;8;11;::: (A102370]:
Our goal is to study those numbers as well as seweral related sequences.Table [l shavs
s(0);:::;s(32) both in binary and decimal,togetherwith the correspnding valuesof (s(n) i

n)=2. Not every nonnegative number occursasan s(n) value: in particular, the numbers1,
2,7,12,29,62,123,248,505,::: (A102371)newer appear. We denotethe omitted numbers
by t(1);t(2);t(3);:::.

In Sectionf] we state our main theorems,which give formulae and recurrencesfor s(n)
andt(n), aswell asfor a downward-slopingversiond(n). In Sectionj we discusssomefurther
properties of thesenumbers, namely the trajectoriesunder repeated application of the map
n 7! s(n) (it is interesting that the trajectory of 2, for example, follows a simple rule for
at leastthe rst 400 million terms, but evertually this rule breaksdown); the xed points
(numbersn sud that s(n) = n); the number of termsin the summationsin (F) and ([[3) (two
number-theoretic functions that may be of independert interest); and the averageorder of
s(n). In the nal section, Sectionf], we give two related sequenced4n) and #(n) which are
permutations of the nonnegatiwe integers,and a seconddownward-slopingsequenceavhich is
obtained by left-adjusting the array of binary numbers.

YSix-digit numbers pre xed by A" indicate the corresponding ertry in [f.



It is worth mertioning that this work hasgivenrise to an unusually large number of new
sequences|seethe list at the end of this paper. Only the most important of thesewill be
mertioned in the paper. Cornversely we were surprisedto nd very few points of cortact
with sequenceslready presett in [[], sequenceéA034797being one of the few exceptions.

2. The main theorems

The rst theorem givesthe basic properties of the sloping binary numbers s(n).

Theorem 2.1. (i) Letn> 0. Then for any m > log, n,

11X
2! 2

s(n) = 2" (i 1)P%Cox . (1)

k=0

(i) s(n) satis es the recurrenee s(0) = O and,fori, 0,0- j - 2 1,

gy 2+ s(j) ifje2iij1 ,
|+ —
@) 3¢2 +s() ifj=2¢ij 1: @)
(iii ) «

s(n) = n + 2¢: (3)

k, 1;
n+k” 0 (mod 2K)

(iv) The valuesof s(n) are distinct, ands(n) , n for all n, O.

Pro of. We rst establishsomenotation. If the binary expansionof a nonnegative number
nis
N=ag+ a2+ a2’ + i+ an2" ;

whereay 2 f0; 1g, then we call a, the 2¢'s bit of n. For future referencewe note that

o = LiG 1)P5C.

5 , k, 0; (4)
and so “ b
. . 1\bacC
k=0

wherethe upper limit in the summation canbe replacedby blog, nc. In TheoremP.3 we will
usethe 2's-complemen binary expansionfor numbersn < 0. This is obtained by writing the
binary expansionof the nonnegative number j (n + 1) asa string beginning with in nitely
many 0's, and replacing all 0's by 1's and all 1's by 0's. Thus the binary expansionof a
negative number beginswith in nitely many 1's (seeTable [] below).
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() Let L denotethe in nite, right-adjusted, array formed from the binary expansionsof
the nonnegative numbers (as on the left of Table[]), and let R be the correspnding array
formed by the binary expansionsof s(0);s(1);::: (asin the certral column of the table). It
follows at oncefrom the de nition of s(n) that the right-hand columns (the 1's bits) of L
and R agree,the secondcolumn from the right in R (the 2's bits) is obtained by shifting the
2's column of L upwards by one place, the 4's column of R is obtained by shifting the 4's
column of L upwards by two places,the 8's column by three places,and soon.

We also seefrom Table[] that while there are 2¢ vectorsu 2 f0; 1g€ in L, there are only
2¢i 1 sud vectorsin R. Exactly onevector u 2 f0; 1g¥ is missingfrom ead set of 2¥: this
is t(k).

Becauseof the way the columnsof L are shifted to form R, we have (compare (f)):

s = T2 ©®)
k=0

where now the upper limit in the summation can be replacedby any number m > log, n.
Therefore,for suh an m, we have

7 B N R
2

s(n) =

which proves ().

(i) We will prove () fori , 2,the cases = 0 and 1 beingtrivial. Letn= 2"+ j. We
considerthree subcases.
(@ If 2 - n< 2% (i+ 1), then the diagonalfor n is idertical to the diagonalfor j, except
that the 2''s bit is 1, sos(n) = 2' + s(j).
(b) If n = 2*1; (i + 1), then the diagonal for n is identical to the diagonalfor j, except
that the 2''s and 2'*1's bits are 1, sos(n) = 2'*1 + 2' + s(j).
(c) If 2*1 ; (i + 1) < n < 2* then the diagonalfor n is idertical to the diagonalfor j,
exceptthat it hasa 0 in the 2''s bit and a 1 in the 2'*1's bit, whereasthe diagonalfor j has
alin the 2""s bit and a 0 in the 2*''s bit. Therefores(n) = 2% ; 2 + s(j). In eath case
(B holds.

(iii) The starred valuesof n in the rst column of Table ] indicate wherethe 2*'s bit of
s(n) is equalto 1 for the st time. Let p, = 2¢j k. Then the 2¢'s bit (k , 1) of s(n) is 1,

The e®ectof the upwards shift of the columns of L can be expressedn another way.
Considerthe values(s(n) i n)=2 (seethe nal column of Table [[). Ead sud term is a
sum. Starting with the empty sum, if n is odd we add 1 to the sum, if n is in the arithmetic
progression2, 6, 10, 14, ::: we add 2, and in general,for k , 1, if n is in the arithmetic
progressionp, + i2¢ (i | 0) we add 2 1. But n is in this arithmetic progressionprecisely
whenn+ k~ 0 (mod 2¢). Thus

S(n) i n — X 2ki 1.
> :

k, 1;
n+k” 0 (mod 2K)
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which proves([). Equation (g) can alsobe deducedfrom ([), usinginduction oni.

(iv) Equation (@) implies that s(n) , n. It remainsto show that the valuess(n) are
distinct. Supposen 6 m. Let 2' be the highest power of 2 which dividesn i m. Then
ni m= 2+ j2+* for someintegerj, and

In+ikK Tmaos+jon ik Tmaik .
5 = 5 = 5 + 1+ 2] .
From (B), this meansthat the coexcients of 2' in the binary expansionsof s(n) and s(m)
are di®eren, sos(n) 6 s(m). This completesthe proof of (iv) and of the theorem. =
Remarks. 1. The argumert in the nal paragraph of the proof shaws that if n is not
congruen to m mod 2%, then s(n) is not congruen to s(m) mod 2¥ (sincen not congruern
to m mod 2¢ meansi - k in that argumer). Thereforeall 2 congruenceclassesof n mod

2% corresnd to distinct congruenceclassesf s(n) mod 2%, That is, s(n) is odd if and only
if nis odd,

s(n) endsin: if and only if n endsin:

RFRLOO
RORO
OoOrrOo
RORO

respectively,
s(n) endsin: if and only if n endsin:

o
o
o

PRRPRPROOOO
PRPOORROO
RPORORORO
RPOORORR
ORRFROORR
RPOROROR

respectively, and soon. In other words, for ea k = 1;2;:::, there is a permutation Y4 of
the 2% binary vectorsof length k sud that the binary expansionof s(n) endsin u 2 f0; 1g
if and only if the binary expansionof n endsin Y (u).

2. For the summationin (B), if n, 3, we needonly considervaluesof k - dog, ne.

Before studying the missing numbers t(n), it is corveniernt to introduce a downward-
sloping analogueof s(n). If we readthe array L by downward-sloping diagonals,we obtain
the sequencel(n), n , 0, with initial valuesO0;1;0;11;10;1;100111110102%0;101%:::, or
in basel0,

0;1;0,3,2; 1,4;7,6;5; 0,11, 10,9; 12, 15,14, 13, 8; 3;18 17;:: :; (A105033): (7)

Unlike s(n), d(n) is manifestly not one-to-one. Howewer, there are se\eral similarities
betweenthe two sequences.

Theorem 2.2. (i) Let m = blog, nc. Then for n > 0,

1 11X
d — om. —. =
(n) 2" 51 5
k=0

(i 1)0% Co . )



(i) d(n) satises the recurrenee d(0) = 0;d(1) = 1and,fori, 1,ij1- j - 2'j 1,

« . o
N (N Y ifj=i1
D= sy o - 21 ©
(iii) X
d(n)=nj 2% (10)

n” ki1l (mod 2k)

Pro of. The proof is parallel to that of TheoremP.] and we omit the details. =

The recurrence(f]) showsthat the d(n) sequencénasa natural division into blocks, where
the indices of the blocks run from 2' + i j 1to 2*1 + (i+ 1)j 2 (i , 1). The blocks are
separatedby semicolonsn ([7).

We can now identify the missingnumberst(n).

5

Theorem 2.3. (i) Forn, O,

1 11X
tin+1) = 2" -+ 2
(n+1) = 2§ 2+
k=0

(i 1P ok (11)

(i) t(n) satisesthe recurrene t(1) = 1;t(2) = 2and,fori, 1,i- j - 2 +1i,

o (22i+ii 2+ t(i) if j =i
t(2 +j)= S . (12)
24 2 A +t() ifi<j 2+ir:
(ii) Forn, 1, X
tn) = | n+ 2 (13)
k, 1;

nik” 0 (mod 2k)

(iv) Forn, 1,
tin)=2"j 1j d(nj 1): (14)

(v) If wede ne s(n) for all n 2 Z by (§), we have

t(n)=s(j n) for n, 1: (15)

Pro of. We have arrangedtheseformulae in the sameorder asthosein Theorems.] and
F-2. But it is corveniert to provethemin a di®eren order. (iii) Continuing from the proof of
Part (iii) of Theorem[.], we obsene that the missingnumbersare missingpreciselybecause
s(n) for a starred value of n hasthe 2 bit equalto 1; that is, the k-th missing number is
found by erasingthe 2% bit from s(2% | k), or in other words,

tk) = s k)i 2¢ (k. 1); (16)
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from which ([[3) follows immediately. In the sumin ([[3), the largest cortribution is always
from k = n. For the remaining summands,1 - k - blog, nc.

(iv) now follows from (L) and ([[3), (i) from (B and (4), and (v) from (B) and ([3J).

Note that, from ([L4), t(n) can be obtained by taking the binary expansionof d(nj 1)
(written with no leading zeros) and exchanging O's and 1's. This leadsto a secondway
to interpret s(j n). Let us write the binary expansionsof the negative numbers (using the
2's-complemen notation) above the binary expansionsof the nonnegative numbers, as in
TableJ. If we de ne s(n) for all n by reading along upward-sloping diagonals,we seethat
s(i 1);s(i 2);s(j 3);:::arel;10,111110Q:::, orin basel0,the numbersl; 2;7;12 :::.. That
these numbers really are the missing numberst(1);t(2);t(3);::: follows from the fact that
reading the upper half of Table fJ along upward-sloping diagonalsis the sameas reversing
the order of the rows in the upper half of the table, exchanging 0's and 1's, and reading
downwards. That is,s(j n) = 2"j 1j d(nj 1) = t(n), which we know to be true from (iv)
and (v).

(i) Finally, we obtain ([L1) by consideringhow the columnsin the upper half of Table |
have beenshifted, just aswe obtained ([) by consideringhow the columnsin the lower half
of the table were shifted. This completesthe proof of the theorem. =

Remarks. 1. Sincethe valuesfs(j n) = t(n) : n, 1g are the numbers missingfrom the
sequencd s(n) : n, 0g, s is a bijection from the integersZ to the nonnegatiwe integersN.
The inversemap si ! is a bijection from N to Z, with initial valuessi 1(0), s’ (1), s' }(2);:::
given by
0;i 1121432 387,69, 4,11;10,5;16,15,14,17, 20, 19;
18,13,24,23,22,25,12,j 5;26;::: (A103122)

2. The periodicity of the columnsof Table ] shows that the permutations % relating the
‘nal k bits of n and s(n) alsorelate the nal k bits of n and t(n).
3. It is worth mertioning the coincidencewhich led us to discover ([[3). We consideredthe
sequence X

R(K) = s(p) = 2¢j k + 2. k, 1 (17)

I, 1;
k1 (mod 2l

(the valuesof s(n) which exceeda new power of 2, seeTable[l]), which begins3, 6, 15, 28, 61,
126,::: (A103529). Both R(k) and t(k) are just lessthan powers of 2, and to our surprise
it appearedfrom the numerical data that

290 R(k) = 24 t(k); Kk, 1 (18)

5

taking the values
1,2,1;,4,3,2,5,8,7,6;:::; (A103530); (19
and this coincidence(which is a consequencef Theorem[.3) suggested[[3).

We endthis sectionwith two further formulae relating thesenumbers. They follow easily
from the above theorems.

(i) Forn, Oandanyj with j - n< 2,
dn)=2; 1i s@i 1i n): (20)
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(i) Forn, Oandanyj with 0- n< 2 j,

s(nN=2i 1j d2 i 1j n): (21)

3. Further prop erties

In this sectionwe discusssomefurther properties of thesesequences.

3.1. Trajectories

Let T, = fm;s(m);s(s(m));s(s(s(m)));:::g denotethe trajectory of m under repeated

application of the map n 7! s(n). The initial terms of T, appear to follow simple rules. For
example,

T1=1;3,5/1517,19, 21, 31, 33 35, 37,47, ., (A103192),

appears to agreewith the increasingsequence‘bl of numbersthat are congruernt to j 1;1;3
or 5mod 16 (A103127). In fact thesetwo sequencesgreepreciselyfor the rst 511terms:

n T.(n) P,(n) Di®erence

0 1 1 0

1 3 3 0

2 5 5 0
¢ce  ¢e¢  cee ¢ee
510 2037 2037 0

511 4095 2047 2048
512 4097 2049 2048
¢ce  ¢e¢  cee ¢ee

The explanation for this liesin the following theorem.

Theorem 3.1. For n in any arithmetic progressionfaj + b:j , Og, wheea, 1andbare
integers, the valuess(n) i n are untoundel.

Pro of. Let a= c2 with codd. Forany m sudhthat m, dand2™ > b+ d,letk=2"; b
and choosej , 1 sothat

cj~ i 2™ 9 mod 22"ibid

(this has a solution sincec is odd). Then for n = aj + bit is easyto chek that n+ k~ 0
(mod 2¥), andsos(n), n+ 2¢. =

This phenomenonis shovn more dramatically in T,, which begins

2,6;10, 14, 18,22, 26,30, 34, 38,42, 46, 50; 54, 58,126 130 134 : :: (A103747)



The initial terms match the sequenceJPZ de ned by
P16 + 1) 1= 8(1G + i) + % ;
forj, 0,0- i- 15,where?y;:::;2;5 are
2;i 251 6 10 14 18 22 26,j 30Cj 34 38 42 46/i 50;i 54, 6:

We have cheded by computer that the sequencesl, and b, agreefor at least 400 mil-
lion terms. On the other hand, the above theorem shows that the sequencesnust even-
tually disagree. For supposeon the cortrary that T,(n) = 'bz(n) for all n, and consider
the arithmetic progression12g4 + 2, ) ., 0. These are the values 'P2(16j), and in B,
are followed by 12§ + 6. But the proof of Theorem B] shows that whenj = 219 1,
s(12§ + 2), 12§ + 2+ 2?66 12§ + 6. Socertainly by term n = 82119 1) ¥, 10%0:72+,
T, and 'bz disagree.

3.2. Fixed points
The xed points of s(n), that is, the numbersn for which s(n) = n, are obsenedto be
0;4, 8;16; 20, 24; 32, 36,40;,48,52, . . :; (A104235) (22)

Dividing by 4 we obtain
0;1,2,4,5;6;8;,9;,10,12 13,14, 16;: : :; (A104401) (23)

which omits the numbers

3;7;11;,15,19,23, 27,31, 35, :; (A103543) (24)
The latter sequencen fact consistsof the numbersof the form 4j + 3 (j , 0), togetherwith

62,126 190 254 318 382 446510574638 :::: (A103584) (25)

The following theorem explainstheseobsenations.

Theorem 3.2. s(n) = nif andonlyif n” 0 (mod 4) and n dces not belongto any of the
arithmetic progressions

Q :=f2%ji 4r:j . 1g; (26)
forr=1,2::.

Pro of. Theseare straightforward veri cations using ([), which shows that s(n) > n if and
only if n+ k ~ 0 (mod 2¢) for somek , 1. From k = 1 and k = 2, we have that if
s(n) = nthenn” 0 (mod 4). We may excludek , 3 with k 60 (mod 4) becausesuc k
aresubsumedby k= 1landk = 2. =

Remark. An examination of ([L3) shows that we may restrict (£9) to r suc that t(4r) =
2% i 4r, sinceif t(4r) 6 2* i 4r, Q, will be cortained in Qs for somes < r.
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3.3. The number of terms in the form ulae for t(n) and s(n)

While studying the missingnumberst(n), we investigatedthe number f (n) (say) of terms
in the summationin ([[3), or, equally, in the summation ([L7}) for the recordvaluesR(k). That
is,

f(n) := #f1- k- n: k~ nmod 2¢g; (27)

a number-theoretic function which may be of independent interest. The initial values

1121222122312221
2232222122312221 ¢e¢ (A103318)

The smallestn sud that f (n) = 3is 11, correspnding to the valuesk = 1;3 and 11; and a
4 appearsfor the rst time at f (2059). A seart for the rst occurrenceof f (n) = 5 would
be futile, asthe following theoremand corollary will show.

Theorem 3.3. f(n) satis’es the recurrence f (1) = 1, and,fori, 0,1- j - 2,

(.. . .

_ fg)+1 i1 j - i
f2'+j)= 28
@+1) f(j) ifi+1-j- 2: (28)

Pro of. Note that k = n is always a solution to k © n (mod 2¥), but there are no other
solutions with k > log,n. Suppose rst that 1 - j - i. For valuesof k in the range
1- k- i, the equationk =~ 2"+ j (mod 2¥) is equivalert to k ~ j (mod 2¥), giving f (j)
solutions. For k in the rangei + 1 - k - n, we get just one further solution, k = n, so
f(2+j)="f()+ 1. Onthe other hand, supposethat i+ 1- j - n. Wewould getf (j)+ 1
solutions, asin the previous case,exceptthat somevaluesof k that contribute to f (j) are
now lost. The lost valuesare thosek > log,(2' + ), that is, k , i+ 1. Thereis just one
sud value, namelyk = j, and sof (2' + j) = f (j), asclaimed. =

Corollary . Let g(m) be the minimal value of n suchthat f (n) = m. Then g(m) satis es
the recurrence g(1) = 1,
g(m+1)= 2™+ gm); m, 1; (29)

5

with values

22059

1; 3; 11; 2059 220°9 + 2059 2277 *2059 4 220594 205Q :::; (A034797):

Pro of. This is an easyconsequencef Theorem[3.3, and we omit the details. =

Remark. The earliest referenceto the sequenceg(m) that we have found is the entry
A034797in [f], dueto JosephL. Shipman,whereit arisesasthe index of the rst impartial
gameof value m, usingthe natural enumeration of impartial games(cf. [[l]). It is always rash
to make sudh statemerts, especially in view of the connectionsbhetweengamesand coding
theory described in [{], but there doesnot seemto be any connectionbetweenthe presert
work and the theory of impartial games.
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We brie®y mertion the companionsequence Yn) (say), giving the number of terms in
the summationin (g). The initial valuesf 40), f {1);::: are

0;1;1;1;,0,2,1;1,0, 1,1, 1,1, 2,1, 1,05 : 25 (A104234):
An argumernt similar to that usedto establish Theorem B.3 shows:

Theorem 3.4. f{n) satis es the recurrence f {0) = 0, fY1) = 1, and,fori , 1, 0. j -
21, (
. fq)+1forj=2jij1
92 + ) = o (30)
£9j) otherwise:
Also
fq2"i n) = f(n): (31)

The positions gX0), g¥1);::: wheref {n) = 0;1;2;3;::: for the st time are
0;1;5;203%:::; (A105035):

We have not investigated this function, but these four values suggestthe conjecture that
gqm) = 29M ; g(m), which is consisten with (BJ). If so, this would imply that g44) =
220591 2059, Certainly f 22059 2059)= 4, but is this the earliest occurrenceof 4?

3.4. Average order

As the above discussionof trajectories illustrates, the function s(n) for n |
irregular. But it is straightforward to computeits averageorder (cf. [, x18.2]).

0 is quite

Theorem 3.5. The averageorder of s(n) is n + O(log n).

The proof is an easycomputation from ([), using [@, Eq. (18.2.1)]. =

4. Related sequences

In this sectionwe descrike somerelated sequences.

4.1. Two permutations of the nonnegativ e integers

Returning to the standard array of binary numbers, as on the left of Table [, we de ne
two sequenceselated to s(n) and d(n) which are actually permutations of the nonnegative
integers.

The rst sequence¥{n), n, 0, begins

0;1;3,2;6;5;4,7,15 10, 9; 8, 11; 14,13, 12;:: :; (A105027)
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with a block structure indicated by semicolons.The initial term is 0. After that, the m-th
block (m , 0),

which relatesit to our sequences(n) and t(n). For example,the third block consistsof the
numbers 15, 10,9, 8, 11, 14, 13, 12, endingwith t(4) = 12.

On the other hand, if insteadwe read downwards and to the right, we obtain the sequence
+n), n, 0, beginning

0;1;3,2;4;,7,6;,5;11,10,9; 12 15,14, 13, 8;:::: (A105025)

We recognizethis as being obtained from d(n) by omitting repeated terms (compare ([1)).
Both f3n) :n, Ogandfx(n):n, Ogarepermutations of the nonnegatiwe integers.

4.2. A second downward-sloping version

We might have begunby left-adjusting the array of binary numbers, sothat it lookslike

RPRRPRRPRRRPRRPRRRRRO
OO0OO0ORRFROORO
PRPOORORO
RORO

<
<
<

Now if we read by downward-sloping diagonals,we obtain the sequenced; 10,110 103, :::,
or in decimal,
0;2;6;5;4;14,13,8;11,1G,9; 12 30;: :: (A105029):

This seemdessinteresting than the previoussequenceand we have not analyzedit in detail.
There are no repetitions, and the numbers2™ j 1, m , 1, do not appear.

Further related sequencesan be found in the list appendedto the end of this paper.
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:;S(32) in both base2 and

(s(n)j n)=2

s(n)
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Table 1: The sloping binary numbers s(n) are obtained by reading the array of binary

numbers along upward-slopingdiagonals. The table givess(0);::

basel0, aswell asthe valuesof (s(n) j n)=2.
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Table 2: By using 2's-complemen notation for the binary expansionof negative numbers,

s(n) canbede nedfor all n 2 Z. The valuesfs(n) : n -  1g are the numbersmissingfrom
fs(n) :n, Og.
n s(n)

i6 ¢¢11010({111110 62
i5 ¢¢11011| 11101 29
i4 ¢¢11100 1100 12
i3 ¢¢l1101 111 7
i2 ¢¢11110 10 2
il ¢¢c11111 1 1
0 ¢¢00000 0 O
1 ¢¢00001 11 3
2 ¢¢00010 110 6
3 ¢¢00011 101 5
4 ¢¢00100 100 4
5 ¢¢00101 1111 15
6 ¢¢00110 1010 10
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