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Abstract
D _Clonsider¢the sequenceof positive integers (Un)n, 1 de ned by uy = 1 and up+1 =
b 2 u,+ % c. Graham and Pollak discoveredthe unexpectedfact that uzn+1 i 2U2n; 1
is just the n-th digit in the binary expansionof = 2. Fix w 2 Rsq. In this note, we
‘rst givetwo in nite families of similar nonlinear recurrencessuc that uzn+1 i 2U2n; 1
indicates the n-th binary digit of w. Moreover, for all integral g, 2, we establish a

recurrencesud that uzn+1 i Qu2n; 1 denotesthe n-th digit of w in the g-ary digital
expansion.

1 Intro duction

In 1969,Hwangand Lin [6] studied Ford and Johnson'salgorithm for sorting partially-sorted
sets(seealso[7]). In doing so,they cameacrossthe sequenceof integers

1,2, 3 4,6;9; 13 19, 27, 38, 54, 77, 109: ::
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de ned by the nonlinear recurrence
jp___ kK
up = 1, Un+1 = 2up(up+1) ; n, L (1)
Sincethere is no integral squarebetween2u? + 2u, and 2u2 + 2u, + = 2(u, + 3)? we can
rewrite the recurrencein a more striking form, i.e.,
ip_ k
u, = 1 Up+1 = 2up +1=2) ; n, L (2)

While investigating closed-formexpressiondor u, in (2), Graham and Pollak [4] discovered
the following amazingfact:

Fact 1 (Graham/P ollak). We havethat

dn = Uznst | 22Uz, 1

is the n-th digit in the binary ex@nsion of P 2= (1:011010100::),.

Sincethen, sequencesrising from the recurrencerelation givenin (2) are referredto as
Graham-Pollak sequence$9, 10. Sloane[9] givesthree special sequenceslepending on the
initial term u,, i.e., sequenceA001521for u; = 1, A091522for u; = 5 and sequencet091523
for u; = 8.

The curiosity of Fact 1 hasdrawn the attention of seweral mathematiciansand hasbeen
cited a few times, seeEx. 30in Guy [5], Ex. 3.46in Graham/Kn uth/P atashnik [3] and in
Borwein/Bailey [1, pp. 62{63]. A generalizationto numbers other than = 2 is, howewer, not
straightforward from Graham and Pollak's proof. N%vertheless,Erd})s and Graham[2, p. 96]
suspectedthat similar results would also hold \for = m and other algebraicnumbers”, but
they concludedthat \w e have no ideawhat they are.”

By applying a computational guessingapproad, Rabinowitz and Gilbert [8] could give
an answer in the binary case:

Theorem 1.1 (Rabino witz/Gilb ert). Letw 2 R,o andt = w=2", whele m = blog, wc.

Furthermore, set u q
a=2 1; ! ) b= 2.
B i+ 2 T a

De ne a sequene (u,)n 1 by the recurrence
ur=1
ba(u, + 1=2)c; if nis odd;
bb(u, + 1=2)c; if nis even.
Then uzn+1 | 2uz,; 1 IS the n-th digit in the binary ex@mnsion of w.

Note that for w = P 2wegeta= b= P 2 and the statemert of Fact 1 is obtained.
Howe\er, the valuesof a and bin Theorem1.1are somehav wrappedin mystery. Rabinowitz
and Gilbert rst varied a and b in order that Uz | 2uz,; 1 2 f0;1g. They found that
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ab= 2 and discoveredthat the represeted w indeedequals2(aj 1)=(2j a) provided that
1< a< 3=2.

It is a natural questionto ask, whether there exist other valuesof a and b sud that the
binary expansionof w is obtained. Here we prove

Theorem 1.2. Letw 2 R, andt = w=2", where m = blog, wc. Furthermore, letj 2 Z.,
and set the valuesof a and b according to one of the following cases:

Case |:
a-zu" 1ﬂ' b-2'
—e i T a
Case I1I: ‘ 5
=2 i —; = —;
e b= 2

De ne a sequene (u,)n, 1 by the recurrence

u=1
ba(u, + 1=2)c; if nis odd;

Un+1 = o
n bo(u, + ")c; if n is even,

whee 1=3- " < 2=3in Case | and" = 1=2 in Case |I, resgctively. Then uzn+1 | 2U2n; 1
is the n-th digit in the binary exmnsion of w.

In the closing paragraph of [8], the authors nally posedthe question, whether there
exists an analogousstatemert for ternary digits. Here we prove

Theorem 1.3. Letw 2 R, andg, 2 bean integer. Furthermore, sett = w=d¢", whewe
m = blog, wc and
g

S (g0 Lt+ Q)
De ne a sequene (u,)n, 1 by the recurrence

a b=

Q@

ur=1
ba(u, + ")c; if nis odd;

Un+1 = . .
bo(u, + 1=(gi 1))c; if nis even,

whee i 1=g- " < (g+ 1)(gi 2)=0 Thenuzy+1 i Quan; 1 IS the n-th digit in the g-ary digital
exmnsion of w.

In view of Fact 1, we note two immecB'a_te consequencesf Theorem1.2and Theorem1.3.
To begin with, we s%;s_titute w=1t= 2in Case lpgnd Case Il of Theorem 1.2, This
impliesa= 2 j 2+ 2(Case l)anda= 2 +1j 2(Case Il) forj , 1. By ordering
all sud valuesinto a single sequenceye obtain



Corollary 1.1. Letag = j + (; 1)ip§forj = 0;2,3:::and g = 2=8. De ne a sguene
(Un)n’ 1 by
u, = %
ba; (un + 1=2)c; if nis odd;
b (u, + 1=2)c; if n is even.

Un+1 =

Then uzn+1 | 2uz,; 1 is the n-th digit in the binary ex@nsion of P 2= (1:011010100::)5.

Note that forj = 1wehavea; = 1j p§< Oandusj 2uz= 7 2¢2= 3,which is not
a binary digit. p_
On the other hand, if wetakeg= 3,w=t="2and" = 1=2in Theorem1.3 we get

Corollary 1.2. De ne a sgquene (un)n 1 by
ur=1

ba(u, + 1=2)c; if nis odd;

Un+1 = . .
bb(u, + 1=2)c; if n is even,

whee a = (9 3p 214 and b= 6+ 2IO 2. Then U1 i 3Uon; 1 iS the n-th digit in the

ternary ex@nsionof = 2= (1:102011221::)s.

2 Pro ofs

For later referencewe state an easy but useful proposition.

Prop osition 2. Letg, 2beanintegerandw = (did,ds:::)q be the g-ary digital exgnsion
of wwithd, 6§ 0Oand0 - d, < gfor n, 1. Supmsefurther that for n , 1 not all of
dn;dns1;ii:equalgi 1. Then

2 t= (diidadz:i)gwithl- t<g,
2 d, = btg"i 'cj ghtg"i %c:
Proof. Sincem = blog, wc it is immediate that 1- w=¢" < g. Moreover,

btg" 'ci gbtg" *c= (di0p:::dh)gi (didz::idn; 10)g = dy:

2.1 Proof of Theorem 1.2

First, we prove that in Case | there hold

Uy = 2491+ bt2¢i e+ (j j 1)(2+ 2bt2¢ 2¢c+ 1);
Ut = 244+ b2 Ic;



sothat Proposition 2 givesuzn+1 | 2Uzn; 1 = dy. To beginwith, we haveu; = 2°+ bt=2c = 1
becauseof 1 - t < 2. We are going to employ an induction argumert. Supposethat the
result holds true for uy; 1. Then

tu . Tu AL
Ux = 2 | okily Tpoki2h 4=
t+ 2 " 2 0 ]
= (i DE+BE2r D+ 1 o X+ 2 129 41
Thus, it suxcesto show that
1 )
+1 i ¥ ¢ _ ¥
:E+_2¢|2k oK 2l p T = kil Tpoki @)

¥ ¥ !
Since2 t2«i2' = "t2ki1' ; d, by Proposition 2, we may rewrite (3) in the equivalert form

v g T ¢
(t+2) 2004 1291 (e 1) 2 121 de 1
i 1
< (t+2) 214 kit 417,

Straightforward algebraicmanipulation leadsto
. ¥ o i ¥ o ¢
124 1 12N L 2 (L d(t+ )< 29T 124w 1 Le(t+ 1),
. . ¥ o : ¥ o
which is obviously true becauseof t2<i 1" . t2kil< 2k 1 + 1
Now, assumethat the result is true for uy. Thus, we have to show that
1 o]

t+2 |
uac+ ") =2+ b2 e (4)

The equality of integer °oors (4) can be rewritten in terms of two inequalities, i.e.,
¥ ' ' ¥ | ¥ | ¢
((t+2)i D@+ 1297y (t+2) 200+ 1200 e (5 1)+ 2 12492 + 1)
<((t+2)i DE+ 29 + 1)
Again, we use Proposition 2 and proper term cancellingsud that (4) translatesinto
¥ 1
0- 291 29+ (t+2)("+ (i DAi d))<j(t+2i L
¥ o
Sincej 1< t2¢i1 ; t2%i1. 0and" < 2=3 we have
¥ 1
29 129 (t+ 2)("+ (i D@ d)) < (t+2RB+ (i 1) j(t+2)i L
On the other hand,"” , 1=3 implies
¥ o . :
295 29+ (t+ 2)("+ (i D@ d) > 1+ (t+2)", O

This nishes the proof of Theorem 1.2 for Case |.
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Let now a, band " be accordingto Case I1. Again, by Proposition 2 it sutcesto show
that

Uy = 2+ bt2 2c+ () § 1)(2% + 2bt28i 2c+ 1);
Usksr = 2+ bt28i ¢

As before,we have u; = 2° + bt=2c = 1. Assumethat the closed-formexpressionholds true
for uy; 1. Then

1 (6]
S SR L SR
Ux = 2 j 28 T+ 27 7+
t+ 2 o
H T |
BRI e E PO PUMP PRI P PO e
! L 2@+ 2)
Hence,it is suxcient to prove that
. t+ 4 ) .
24+ pt2ki 2¢ . 5T+ 2) ¢(2% + 2bt2ki 2c+ 1) < 2%+ bt2¥i 2c+ 1 (5)

By multiplying (5) with 2(t+ 2) and simply cancelingout all termswith bt2ki 2¢, (5) simpli es

to .
, ¢

0. 4'btki2c; t2X12 +t+4< 2+ 4 (6)

Relation (6) is obviously true, sincej 1< bt2ki 2¢cj t2<i2. 0.
For the induction step from uy to ux+; we have to ensurethat
1

B 2(t+ 2) H N 1ﬂo = K4 oK I
Uok+1 = W Uok > = G
or equivalertly, that
u 1
2(t+ 2)

2+ pt2ki ic . 2+ pt2ki 2¢c + %+ (i 1)(2*+ 2bt2¢ 2¢c+ 1)

2j(t+2) t
< 2+ pt2ki o+ 1
' ¢
We replaceall bt2%i 2c by b2k lcj d¢ =2 and after someterm sorting we obtain
0- (t+2)(2) i (@A d)+ 12 2t lc< 2 (t+2)j t (7)

Since0 - t2¢| 20t2¢i ¢ = dgyy + t2€ bt2C = (Oys1:Okso Oiaz 1:2)2 < 2, the inequalities
givenin (7) hold true for all k , 1. The proof of Theorem 1.2, Case |1 is done. It is not
dizcult to seethat " = 1=2 cannot be replacedby any other value.

2.2 Proof of Theorem 1.3

Here we prove

ux = (¢ 'i 1)=gi 1)
Uza = ¢+ bighi c:



Similarly as before, the statemert of Theorem 1.3 is then obtained from Proposition 2.
Again, u; = g° + bt=gc = 1. Supposerst, the result holds for uy. Then
LU Ty |
= b 1 - ki 1. I K bt Ki 1.
Uz Vot T (t+o)(g" "i D+ (t+g) =g +hbg" “c:

Vice versa,assumethe result holdsfor uy.; . Let f xg denotethe fractional part of x 2 R, .
Then

Uz = ba(Uzkr + )€ = ba(k))gki Yt + gct a’c

‘ ‘. 2 7 °
- g 91 1 g "
a(gi 1) gi 1 gil a(gi 1)
Since0O< a- g=g®i 1),wehavel=(gj 1)j a, a=g Thus,for" , | 1=gwe get
Yoo | Ya
L a 9 +a">i'a+a" 9?:0
gi 1' 7 agi 1) gi 1' gl g
On the other hand, if " < (g+ 1)(gj 2)=gthen
1L EZ0
k .
1 i a J +a"- +a" < ! + 2g ¢(g+1)(g| 2): 1
gi 1 a(gi 1) gi 1 gi 1 @i 1l g

This nishes the proof of Theorem 1.3,
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