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Abstract

Let X be a nite set having n elemeris. How many di®erert labeled topologies
onecande ne on X ? Let T(n; k) be the number of topologieshaving k open sets. We
compute T(n; k) for 2 - k - 12, aswell as other results concerning To topologieson
X havingn+ 4- k- n+ 6 opensets.

1 Intro duction

Recallthat atopology ¢, onthe setX 6 Ais asubsetof P(X) that cortains Aand X, and is
closedunderunion and nite intersection. A topologyon X is a sublattice of (P (X); u) with
the maximum elemen X ; denotedby 1, and the minimum elemen, which is A, denotedby
0: Let X beannj elemen set. The number T(n) of topologieson X is exactly the number
of sublatticesof P(X), with 0 and 1.

There is another connectionbetweenthe number of topologieson X , and the number of
somekind of binary relationson it. A relation on X is called a preorder if it is re°exive and
transitive. Let Q, denotesthe number of sudh relations. It is known that T(n) = Q,. A
preorderon X which is transitiveis a partial order. The subsetA ¥2 X of the preorderedset
X iscalledanideal if x 2 A andy - x impliesy 2 A. Let P, denotesthe total number of
partial orderson X. Then P, is alsothe number of T, topologiesonecande ne on X . Note
that the open setsin the topology correspnd to the idealsin the preorder: a topology on
X having k open sets, correspndsto a preorderwith k idealsand vice versa.

E+cient computation of the total number of labeled topologiesT(n) one can de ne on
X is still an open question. There is no known simple formula giving T(n). For small values
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of n, this may be doneby hand; for example,T(1) = 1, T(2) = 4,and T(3) = 29. Forn , 4;
the calculations are complicated. The online encyclopedia of N. J. A. Sloane[f] givesthe
valueof T(n) forl- n- 14.

An approad towards the determination of T(n) is asfollows. Let t(n; k) be the set of
all labeled topologieson X and having k open sets (or, which is the same,the Igumber of
preorderson X having k ideals),2 - k- 2", and T(n; k) = jt(n;k)j. So,T(n) = T(n; k):

k, 2
Obviously, we have
T(n; 2) T(n;2")=1
T(n;3) = 2" 2

Fork , 4;the determinationof T (n; k) is not asstraightforward asfor T(n; 2)and T (n; 3).
The numbersT (n; k) have beendeterminedfor somevaluesof k. For instance,R. Stanley 3]
computed T(n; k) for large valuesof k, viz.; 3¢2" 3 < k < 2", Also, he determined labeled
To topologieson X having eithern+ 1, n+ 2, or n + 3 open sets.

In this paper, we compute T(n; k) for 2- k - 12, aswell asthe total number of labeled
To topologieson X having n+ 4, n+ 5, n+ 6 open sets. We alsogive di®eret proofs (shorter
or simpler) of someknown resultsin [fl, B, Al

We needsomepreliminary de nitions and results. Let us recall the de nition of Stirling
numbers of the secondkind:

De nition 1.1. The numter of partitions of a nite setwith n elementsinto k blacks, is
the Stirling numler of the second kind. It is denotal S(n; k).

The explicit, and somewhatcomplicatedformula for Stirling numbers of the secondkind

1 X T
S(n;k) = Spk =+ (i 1) j (ki j)™ 1)
j=0

is

Lemma 1.2. Let¢ beatopologyona nite setX. Then¢¢= fA°% A 2 ;gis alsoa topology
on X.

Remark 1.3. The previouslemmais not necessarilytrue if X is in nite. Note, also, if ¢ is
a topolagy, it may happen that ¢ = ¢ TakeX = fa; b;cg, and ¢ = fA; X; fag; fb; cgg:

De nition 1.4. A chain topology on X, is a topology whoseopen setsare totally ordered by
inclusion.

2 Topologies with small number of open sets

In this sectionwe compute T(n; k) for 2- k - 12. We needthe following lemma

Lemma 2.1. (D. Stephen)Let C(n; k) be the numter of chain topologies on X having k
open sets. Then
X 13,

C(n;k) = |

=1

Cliki 1)= (ki 1)!S(mki 1) (2)



Pro of.  This proof is shorter than that in Stephen[f]. First, there is a bijective corre-
spondencebetweenthe kj ordered partitions (partitions having k blocks) of the set X and
the chains of subsetsof X having k (non empty and di®eren from X ) menbers: the chain
A6 A1 $ A $ Az:ii$ A $ X, isassaiated with the partition (B1; By Ba :::By), where
Bi= A;;Bi = Aji Ai; 1, Aks1 = X i Ax: In the other hand, if (B1; B2 Bs. :::By) is an
ordered partition, the chain A6 A; $ A, $ Az:::$ A, $ X, whereA; = By A =

Aii1[ Bi;2- i - ki 1, is asseiated with the partition (Bj; BQ‘B3’ :::Bk): Now the
cardinal of the orderedk-partitions is k!S(n; k), which is the desiredresult.
For the recursion, note that a chain topology on a subsetA p X; 1- jAj=1- nj 1,

having kj 1 open sets is a chain topology on X with k opensets. The total number of such

¢ Pl ¢
topologieson A is ' C(I:k i 1). So,C(nk = ' C(iki 1). ¥
=1

Now we are ready to prove our main result.
Theorem 2.2. For every n, 1, wehave
T(n;4) = Spo+31S,3=3"j 5¢2"1+2
T(n;5) = 3I1S, 3+ 41S,,=4"; 3" +3¢2"; 1
T(n;6) = 3I1S, 3+ g4lsn;4+ 5ISy 5

9
T(n;7) = 2:4!8”34+ 2:51S,. 5 + 61S;. 6

T(N;8) = Spa+ 2418, 4+ %‘55'5n 5 + g6lsn 6+ 7!Sn. 7

T(n;9) = gmsn 4+ 551, 5 + 1?16'Sn 6+ 3:7!S. 7+ 8IS, g

T(n;10) = 4IS,. 4+ 155!5,1.5 7—8?’elsn 5+ 1—257'5n 7+ 28'Sn g+ 9IS,
T(n;11) = %55'3, 5 + 7—696|Sn 6+ %wsn 7+ 37498!Smg+ 4:91S,,. o + 101, 10:

1 9 295 85 49
T(N;12) = Z41Sy4+ S50Sys+ 1661Sye+ T57Sy 7+ 4 81Sys+ 191y

9
+ élolsn 10+ 11|Sn 11-

Pro of. Forewery T(n; k), welist all the forms of the topologiesin t(n; k); and then compute
the topologiesof ead form. Let ¢ = fA; X;A; Bg 2 t(n;4); then either ¢ is a chain or has
the form (A\ B = AandA[ B = X).

ZX X
2
;_B i | @@
A% @ B
tA @ i
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The two casesare disjoint.

Case(1): this is the number of chain topologieshaving 4 open sets; so the number is
3IS(n; 3):

Case(2): This is the total number of partitions of X into two blocks, and is donein
S(n;2) = 2"i 1 1 di®eren ways. Finally, the desirednumber is

T(n;4) = 3!S(n; 3) + S(n; 2):

For T(n;5), there are 3 forms:

2 X X X
2 2
i @
2C o @ l
AZ @B C
2B @ i i @
@ i i @
@ C Aa@ @B
A J‘ @ ||
@y

1) Chain topologieswith 5 open sets.

2)(A 2C%B; A %C%A; A[ B=X)or

3)A LA %C; A %B¥%C,A[ B=C ( X):

The number of topologiesin the rst caseis 4!S(n; 4): Cases(2) and (3) are symmetric
(and di®eren, i.e., thesecasescorrespnd to t and t€). So,we complut@ only one, case(3).
Let C ( X besud that jCj = k;2- k- nj 1. This is chosenin | di®eren ways, and
then it is partitioned into two disjoint blocks: this is donein S(k;2) = 2K 1 1 di®eren
ways. Furthermore, the number in case(3) is:

X1 i, (02 30 3020+3_3S(n3),

., k 2 2

So, the total number for (2) and (3) is 3!S(n; 3): Consequetly, we get

T(n;5) = 3IS(n;3) + 4IS(n;4) = 4" 31+ 3¢2"; 1
For T(n; 6); we have 5 forms, asindicated in the gure below:
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1) Chain topologieswith 6 open sets.

2)(A\ B= A;A[B=C;A%C;C\ D=B;C[ D=X)

A (AL ( As( As( X;and A( Ao ( As( As( X;A1\ A, = A): andits symmet-
ric case.

DA AL ( Ao ( As( Xsand A( AL ( As( As( X A A= Ay

The number of topologiesin the rst caseis 5!S(n; 5): The number in the secondcaseis
computedasfollows: let C ( X; sucdhthat 2- jCj= k- nj 1. Wethen partition C in to
two blocks A; B. To ead partition (A; B) corresppndstwo topologies:

(A;A;B; A[ B=C;A[ (X i B); X)

and
(A;A;B;A[ B=C;B[ (X A); X):
So, the total number of topologiesin this caseis
Xty ¢
2 ‘ 21 1 =3"; 32"+ 3= 3IS(n; 3):
k=2
For the third case,we chooseAs;2 - jA3j = K- nj 2;in 'E di®ere ways and then
partition it into 2 blocks, (A1; Az) with S(k;2) = 2< 1 1 di®eren ways. There remain
(nj k) elemerts, from which we Ioosq,the elemens of A;: notethat jA4j=k+i- nj 1.
The number of thesechoicesis | ”‘i" S(k; 2). Finally the total number for the third case
and its reciprocal is
w 2nxki 13 7 M _kﬂ. ¢
2 E n'i 'Ky 1 = 4" 463+ 362" | 4= 41S(n: 4):

The last caseis computedsimilarly and is equalto
41S(n; 4)
—
So, we obtain
T(n;6) = 3!S(n; 3) + 24!S(n;4)+ 5IS(n; 5):
The computation of the remaining casesis similar to T(n;5) and T(n; 6); but much

longer. We note that for T(n; 7), we have 8 forms, for T (n; 8), there are 15forms, for T(n; 9)
there are 26 casesand soon. ¥



3 Topologies with large number of open sets

The following result is due to H. Sharp [[] and D. Stephen[d].
Theorem 3.1. Forn, 3; T(n;k) = Ofor 3¢2" 2< k< 2"

Sharp[f] proved this result using graph theory. Stephen'sproof [4]usedtopologicalfacts.
Hereis another one, which is direct and allows us to compute T (n; 3 ¢2"i ?):

Pro of. Sincewe are looking for a non-discretetopology ¢, having the maximum of open

sets, it must not cortain all the singletons,so, thereis an a 2 X; sudth that fag Z ¢ .We

have to remove all subsetsfrom P(X) sud that their |ntersect|onsq|V@fag those are all
n

fa;xg, exceptone, sa, fa;yg: The number of these r@mwed setsis |, . Setsof the form

fa; X1; X,g are also removed. Their number is ”'22 . In generalall subs tsof the form

fa;Xy; Xo;i:1;Xkg; 3+ k- nj 2must beremoved. Their number is ”;(2 . Finally, the
total number of the rema/ed setsis

(2 1 T

X 2 n | 2 — Zni 2

k=0 k

The remaining elemers form a topology having 2" j 2" 2 = 3¢2" 2 opensets. ¥

The following theorem givesthe number of topologiesfor large k. The notation (n)y =
n(nij 1)¢e¢(n; k+ 1)is used.

Theorem 3.2. (R. Stanley) For n, 5; we havethe following values
T(m;3¢2"2) = (n);
T(n;5¢2"3) = (n)s

T(n9e2" %) = 5(2)5
T(n;17¢2" %) = %

T(n;15¢2" %) = (n)s
T(n;7¢2"% = %(n)5+(n)5

T2 = (n)s+ (n)s+ %:

Pro of. We give only the proof of Ih% “rst assertion, which is related to the previgus
Theorem. The elemen a is chosenin " = n ways. The other one, i.e; fa;yg, in ”'11 =
(nj 1) ways. Sothe total numberisn(nj 1): ¥

Now let To(n; k) be the number of labeled T, topologieson X having k open sets.
This is also the number of labeled posetson X having k ideals. Since a topology is
To if and only if it has a minimal baseof n + 1, it follows then that To(n;k) = 0 for
2. k- n:R. Stanley [ determined To(n; k) forn+ 1 - k- n+ 3. We now determine
To(n;n + 4); To(n;n+ 5); To(n;n+ 6):



Theorem 3.3. We have
(nj 3)(n?>+ 15n+ 20)n|_

To(n;n+ 4) = 28 'n, 3
4 + 3 + 2 - -
To(n;n+5) = "+ 20T+ S 478N 248n!; n, 4 To(3;8) =1
384
n®j 15n*+ 18853 15262+ 53954 ; 97680
‘N + — |
TO(n1 n 6) 3840 n:; n, 5
Pro of. A topology with n + 4 2
open sets, on a set of n-elemen, 3 il @@2
is T if and only if it cortains 3 @ i
copiesof the graph in the Figure _
on the right. Figure 1

Thoseare 8 elemerts, insertedin any placein the chain formed by the remaining elemets,
asindicated in the following gure:

P—P—N AN
AN
) P—P—N . P— N
.S
E PN N

X ¢
2 '2@1' 2 '@I@Z %@%@
KRG
| | |
| | |

The total number in the rst caseis 2(nj 3)n!, in the secondcaseis (nj 3)(nj 4)n!=2,
and the total number in the last caseis (nj 3)(nj 4)(nj 5)n!=48. Summing, we obtain
the desiredresult. Also, for To(n; n + 5); thesetopologiesare constituted by 4 copiesof the
graph in Figure 1, or a copy of a booleanalgebrahaving 8 elemerts asindicated in Figure
2 (note that Ty(3;8) = 1).

According to the disposition of thesecopieswe have 5 cases:in the rst, the number is
(n+ 3)(nj 4) 2nj 9Mnij 4)+1

n! in the third casethe num-

2
ber is 5 n!. In the fourth case,(nl A i Z)ézl e)ni 7)n!. In the
last one, for the topologieshaving a copy of a boolean algebra of 8 elemens, the number

i (ni 2)

> n!, in the secondwe have
(ni 4)(ni 5)(ni 6)

n!. The total number is obtained by summing these numbersin all the previ-
ous cases. For To(n;n + 6), we proceedin the samemanner: A topology with (n + 6)
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open setson an n-elemen setis Ty if and only if it cortains 5 copiesof the graph in Fig-
ure 1, or a copy of a boolean algebrawith 8 elemeints and a copy of Figure 2. Note that
To(4;10) = 48. Let n > 4. Here too, accordingto the disposition of the graph in the

- . . T
chain, we have 6 cases: 2(n>j 6n + 6)n! in the Tst case. (ni 5)n '4 6)(n 1)n! in
(nj 5)(n?j 12n+ 38)n

the secondcase. The number in the third caseis 1. The num-

ber in the fourth caseis (i 2)Ni B 7)ni 8)
(nj 5)(nj 6)(nj 7)(nj 8)(nij 9)

n!.The number in the fth caseis

n!. In the last case, we have a copy of a booleanalge-

3840
o N . (n?2+5nj 12)
bra and a copy of the graphin Figure 1. The total number in this caseis 1 n'.

The total number is obtained by computing all topologiesin all cases. ¥

Figure 2

Let T§(n; k) be the number of homeomorphicT, topologieswith k open sets. From the
last theorem, we easily deduce

Theorem 3.4. We have

. 2. +
To(n;n+4) = (ni 3)(n6| 3n 8); n, 3
1 ' 2. + 32
T(n;n+5) = (i H(ni 3;8: i én+3 ); n, 4 TJ(3;8)= 1
5i 25n*+ 34m3 20152+ 5054 | 4320
Thnin+6) = ' 1 4320 5 Th4:10)= 2

120 '

For small n, we can usethe previousresultsto compute T (n).
T(3;2)=1,T(3,3)=6,T(3;,4)=9T(3,5=6,T(3;,6)=6T(3,7)=0;, T(3;8) = 1:
For n = 4, we have

T(42) = LT(43)=14T(4 4)= 43 T(4,5)= 60, T(4,6)= 72 T(4;7) = 54
T(4;8) = 54;T(4;,9)= 20 T(4;10)= 24 T(4; 11)= 0, T(4;12)= 12 T(4; 16)= 1
T(4; k) 0 for12< k< 16

So,T(4) = 355



4 Remarks and questions

There are someinteresting questionsrelated to the sequencerl (n; k): whereits maximum
is readhed? Perhapsit is nearn + Ko; wherek, is the integer which maximizesthe Stirling
numbers of the secondkind. Is it true that T(n;k) 8 0,for2- k- 2" 2: |t is easyto prove
that T(n;k) 6 0,for2- k- 2n:
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