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A Clifford algebra approach
to i ple ie algebra o realra t o
the ca e

ommunica ed y o ling
1
ince he ime of ar an in he udyoflLiealge ra a enionha een focu ed
on hein oluion of healge ra 1 ell no n ho e er ha if
1 he aa adecom o1 ion of hen he alge ra 1 uni uely de ermined y
he u alge ra Thu 1 hould e o 1le ocla ify real emi im le Lie
alge ta y cla ifying heir aa a u alge ra Thi 1 he r a erof
a erie de oed o hi a
Thi a roach a follo ed in o aer vy o ling ooley
oranyi and iccl 3 in  hich he au hor cla ify real ran one Lie

alge ra and de cri e hem Thee a er re on heo er aionof oranyi 8
ha henil oen u alge rain he aa a decom o1iion of areal emiim le
Lie alge ra of ran onei ei her  elian or lie in he cla of alge ra in roduced
y a lan in  and called generali ed Hei en erg alge ra
The follo ing o er aion hold for general real emi im le Lie alge ra
and 1 he ai of oura roach o wudying hem The nil o en u alge ra
i he emidirec roduc of a generali ed Hei en erg alge ra  and a nil o en
u alge ra of healge ra hichnormali e and cen rali e he cen re Thi may
e een a a generali aion o ar irary ran of oranyi original o er aion n
hi ae eue hi fac ocla ify and de cri e im le real Lie alge ra 1 h
roo y emof y e hichi he im le ca e of a higher ran alge ra
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fara e no hi a roach o hecla i caionha ne er een ried
efore n 1eofi di cul y our echni ue hicha oid com le i caion eem
o e more na ural han he cla ical me hod for dealing 1 h real alge ra Thi
a roach al o lead u o di co er omeinere ing ro erie of and clari e
he role layed y ©i ordalge ra in he ruc ureofreal emi im le Lie alge ra

e fur her o er e ha o h com le and noncom le Lie alge ra are

rea ed imul aneou ly in our me hod The real ran o alge rta a ociaed o
roo y em of y e are (3 ) (3 ) () and corre onding
o hecae here heroo ace ha e dimen ion 2 and 8 (our no a ion

for Lie alge ra follo Helgaon 5 5 8)

Here i an ou line of he a er n ecion2 eli ome general re ul
on emi im le Lie alge ra focu ing a en ion on re ric ed roo and on he

u alge ra n hi ecion e uoemo andard re ul 1 hou ro iding
he roof  hich may e found in 5

ecion 31 de oed o generali ed Hei en erg Lie alge ra e gi e he
de ni ion and af er ome generali ie  ho e roof may e found in e udy

he deri a ion of a generali ed Hei en erg alge ra in he ca e of in ere for u
n ec ion e chooea e of oi1 eroo and
ro e ha hema imalnil oen wu alge ra gien y

i a generali ed Hei en erg alge ra ie

here 1 he cen re and 1 a module for he 1i ord
alge ra () eue hi fac ogi eanelemen ary rtoof ha alltoo in aroo
y emof y e ha e he ame mul i liciy ay and hen ee a lih ha
1 in 2 8 inally e ho ha hedecom oiionof ino heor hogonal
direc  um corre ond o heu ual decom o iionofa ( ) modulein o
he direc or hogonal umof o () module
ecionbHi de oed o he udyof he u alge ra  of areal im le Lie
alge ta 1hroo y em e de ermine e lici ly and de cri ei ac ion
on and for in 2 8
n ec ion eue hereul of ecion and5 ocon ruc a ecor
ace endo ed 1ha e ymmeric roduc and an in olu i e
au omor hi m for all in 2 8
n he ola ecion e r1oe ha i alie rac e ho ing ha
i ai e helaco iideniy n aricular in ec ion e ho ha ( )
i iomor hic o hemari Liealge ra (3 ) here i eual o and
hen 2 and re eciely n ecion8 e conider he
ca e here 8 To chec he Jaco iideniyin e rto e ha for any hree
elemen of here area ec or u ace con aining all hree elemen and a
one o one linear ma ing from on o uch ha

incea ha age eha ealready ro ed ha ( )1 a Lie alge ra i

follo.  ha he Jaco iiden iy hold in ( )



1)

inally u o 1omor hi m here i e acly one irreduci le generali ed
Hei en erg alge ra 1 h  dimen ional cen re herefore he calcula ion in ec
ion 5 de ermine he commu a ion rela ion uni uely and ro e ha for each
in 2 8 herei e ac lyonereal emi im leliealge raof y e for hich
he dimen ion of each of he roo  ace 1

n hi ecion e r recall ome familiar fac a ou emiim le Lie alge ra
and hen 1o e omereul a ou he u alge ra in hi general cone Le

e a real emi im le Lie alge ra no nece arily of real ran 2 and le e
he illing form of  Le ea ar an in olu ion of  and

e he corre onding ar an decom o1 ion  here

and
Le ea oilecon an o e edlaer or and in le
C ) ()
Then i a oi1iede nieinner roduc The corre onding norm ill e
deno ed 'y follo from he in ariance of he illing form ha

(2)

e illofenue(2) ihou commen in he a er
i ama imal a elian u alge ra in non ero linear func ional
on i aid o eare ricedroo of () if

()

i nonri ial The u ace i called a oo  ace and i dimen ion i called

he mul i lici y of he roo and deno ed y e ill deno e he e of roo

of () vy and y he commu an of in By in ariance

ay  or and in 0 e ha e and in ar icular
or in le e heuni ue ecorin  uch ha

C ) )

or in e

C )
hi de ne an inner roduc on hich de end on he con an  in () i
ell mo n(ee b ) ha



e in  uch ha () O0forall in and order heroo vy
aying ha a roo i oiieif () 0 Then

C )

here i he e of oiieroo Le
hen
i clear ha oh and arenil oen u alge ra eo ain he decom o
1 ion

C )

eno e amine he ruc ureof more carefully eem haie ha he

reul in hi eciondono relyon hea um ion ha i ofrealran 2  uch
of ha folloo i mon u no codi eda here (a fara e no )
1 0
0
2 0
To ro e ha e r o ere ha lie 1in
ince he decom o 1 ion 1 or hogonal lie in  if and only
if 0 fore ery in e nd ha
() 0
Hence n ar icular ince e i follo ha
inally if 2 1 no aroo hen 0 ince
( )
and  ( ) 0 y(3) ]
or any roo de ne
an and 0
ince e ha e
ince ad i linear i u ce o ho ha ad( ) lie in for
all in and all or hogonal ec or and in e nd ha
n hi formula herigh hand ide lie in and he lef hand ide lie in

o oh ide arein ( ) ]



The inclu ion follo from ro o1iion 2

or he con er e le

and
ince each i an ideal in i an ideal in and i an ideal
in e 1o e ha i an ideal in ir 11 a u alge ra ince and

are u alge ra and

and ince and re er e roo  ace under he ad oin acion oh eing
u ace of remain o ho  ha i an ideal i already clear ha
Le e a generic elemen of ince ad( ) reer e
roo  ace and i an ideal in e ha e y lineari y
ad( ) )
Thu i an ideal in ince 1 im le and o |
2

0 ()

The formulae ( ) are ea y con e uence of he Jaco iiden iy and of
he fac ha 2 ince

or (5) e ha e



o8

ermu ing he indice  ice e ge

Hence

0
o () follo y he Jaco iiden iy u ing ( ) and (5)

( )

imilarly ege () from he Jaco iiden iy and (5) [ ]

Le e an or honormal ai of hen

By de ni ion
an
e no ha 0 y ro otiion 2 ince
i follo from ro oiion 2 ha 0 if and only if () ( )
or () () Therefore i an or hogonal ai of rom
ro oiion2 ege (8 The ecommu aionrelaion ho ha ()
Hence dim - ) ]
e recall from he cla i caion of healge ra () ha i im le
hen 5 or hen 3 and ha  hen
here and are ideal i omor hic o (3) and he decom o iioni or ho
gonal
2
2
0



Thi hold ince ac  on a ( )ac on n
2
The aemen 1 acuou if and o 1ou if 2 ume
herefore ha 3 end o an or hogonal a i
of Then he e an il 3 ince

i follo from( ) ha

( )

The ame argumen ho  ha hene er ro ing
he a emen ]
2
0 3
0
Ta e in ince e ha e
0
Ho e er lie in and he ac ion of on i fai hful y orollary 2
Hence 0
ume ha 3 and 0 in Lemma 22 he in er
ec ion i an ideal in o h and ince i a u e
of i1 rial noher ord for all in he o era or ad( )
lie in he commu an of Bu ( )andany e ymme rico era or
on hich commue 1h ( ) 1 ero hen 3 ]
oe ha in he aemen of 1o 01iion 2 e u oe ha 3

i clear froma udyof (3 ) ha hi hy ohei i nece ary

n hi ecion ein roduce generali ed Hei en erg Liealge ra andne e amine
heir deri a ion e hen e amine carefully four e am le of he e alge ra and
nally ho ha he aa a ummand of im le Lie alge ra of y e are
generali ed Hei en erg Lie alge ra
The follo ing de ni ion of generali ed Hei en erg (or H y e) Lie alge ra
1 due o a lan



1 Le ea o e realnl oen Liealge ra endo ed 1h
an inner roduc enoe y  he or hogonal com lemen of he cen re
of  and for each de ne a ma y

e ay ha i a if i or hogonal hene er

or e ui alen ly if

ince he lie tace i e ymmeric ehae

for all and in Hence

By olari aion eo ain

and
2
n ar icular hela relaion ho  ha if denoe he dimen ionof  hen
i amodule for he 1i ordalge ra ih generaor ( ) (for hede niion and
ro er ie of 1i ord alge ra ee forin ance or 0)

Ta e in Le e hee enion o of hich ac  on he
cen re a minu  he re ec ion in he hy er lane or hogonal o Then 1 an
au omor hi m of he Lie alge ra

i e recall ha here ei an H y e alge ra 1h a
dimen ional cen re e ay ha oH y ealge ra and  are if
here i an or hogonal Liei omor hi m e een  and e ay ha
i if herei no uch ha i Hye

e ill deno e heirreduci le generali ed Hei en erg alge ra 1 h dimen ional

cenre y
eno dicu hederi aion of agenerali ed Hei en erg alge ra follo
ing iechm Le () e he aceof deri a ion of
f () hen eing a deri a ion ma inoi elf and ince i
e ymme rici al o ma inoi elf

Le e an or honormal a i of e ill e or
each air () ih de ne a linear endomor hi m of y
and



Then e
() an

1 eay o erify ha ()i au aceof () e ee from he de ni ion
ha he re ricion of he elemen of () o an he alge ra of all linear
e ymmericma of inoi elf o ince he are derl a lon aneay
com u a ion ho ha hey aify he commu a ionrelaion of () Hence

()i aLiealge raiomor hic o ()
Le () deno e he aceof he e ymme ric deri a ion of hich
ac 11 lally on

ince 1 e ymme ric and a derl a ion

forall 1n andall and in hich to e he r reul
Le e he re rtic ion of a deri a ion o} ince i a e
ymme ric linear ma of inoi elf i i anelemen of () Therefore

here he coe cien in are uni uely de ermined y Le
Then i a e ymme ric deri aion of acing ri ially on ur her he
decom oiion ( )i uni ueand and commu e ince
() () 0
a re uired ]

o earein ere edin udying he generali ed Hei en ergalge ra ih

cen re of dimen ionof 2 and 8 or hereader con enience erecall ha

() (2) () (2) and (8) () here () denoe he
ace of marice 1henrie in he eld

i ell no n (ee forin ance or 0) ha any li ord alge ra

() li ino hedirec umofi e enandodd ar denoed y () and



()re eciely and ha ()i a 1 ord alge raiomor hic o ( )
orre onding o hi decom oiionof () hen in 2 8 he ()
module li ino he um here and are irreduci le ()
module The alge ra ()and (2) hich arei omor hic o and ha e
u oe ui alence only one irreduci le module he irreduci le module for ()i
iomor hic o and ha for (2)i iomor hic o Ho e er ()
and  (8) (8) (8) ha e oine ui alen irreduci le module and
ay real ec or ace he irreduci le () module are of dimen ion
hile he irreduci le module of  (8) are of dimen ion 8 The e module may e
di ingui hed yloo inga heac ion of hichac a heiden iy
on and a minu heiden iy on

ince  ac 11 ially on ege from ro oiion 33
hich for 1 h norm one im lie

a re uired ]

edenoe y () he u aceof () hichconi ofderi a ion

re er ing he () module and ngeneral ()i a ro er u ace

of () eo er eho e er ha for in 8 hen i he umof o

ine ui alen module hen nece arily () () inceany in ()
hich commue ih al o commue ih

eo er ed and are irreduci le () module oreo er

any deri a ion in ( J)commue ih heacionof () o for ince
() he commu an 1 or 2 ince (2) he commu an

i or ince () he commu an i or 8 ince

(8) (8) (8) he commu an i [

e conclude hi ecion y ho ing ha generali ed Hei en erg alge ra
occur na urally in real im le Lie alge ta  Thi 1o ide helin e een he
li ord alge raica roach u  re en ed and emi im le Lie alge ra



2 2
S T T ) ()
ecall ha if are di inc roo hen ( ee ha erV 3 )
( ) 0 (2)
moreo er if ( ) 0 hen
(3)
e al o recall ha
()
2 0 2 3
) ()
e claim ha
( ) 0 and ( ) 0 (5)
ndeed if ( ) 0 hen 2 y ( 2) con radic ing he hy o he i
and ( ) 0 y(3) ince Thu ( ) 0 e changing he
role of and ho ha ( ) 0 ince
( ) ( )
( ) )
( )and ( 5)im ly ( ) [ |
e
( ) and
o ha
or in e de ne an o era or on y
( ) 2
()
()



e r rt0e ha i e ymmeric Ta e and in rom

he de ni ion of and (2) 1 follo ha

ie () hold
0 e 1o e ha for all in Le ein and
u oe ha 1 1n rom he de ni ion of e ge

Hence from he Jaco iiden iy

y (38) The cae here i imilar
i clear from he ruc ure of heroo y em ha e 1o e
he con er e  follo from Lemma 3 and formula (3 8) ha
C X )
5< )
Thi ro e ha forallnon ero in  he ecor i uch ha 0
hence 0 Therefore  coincide 1 h [ ]
romno on e con ider real emi im le Lie alge ra 1 hroo y em Thi

mean ha
(20)

and ha all roo ha e he ameleng h hence

)50 )

i clear ha

efore e e
and

{ e chooe hecon an in( ) o ha forall in

2

ha i



for all in hen  endo ed 1ih heinner roduc i a generali ed

Hei en erg alge ra y Theorem 38 rom (2 ) and (22)i follo  ha
( ) ) (23)

forall 1in and ha
( ) and ( ) (2)
for all  in and all  in
1
ad
ad
f 0 and 0 i follo ha 0 from () Therefore
1 one oone Thi ma i1 aloono ecauegi en in u ing he
Jaco 11den 1y and he fac ha e nd ha
( )
The in er eof hi ma i ad  y( )
By ymme ry he amei rue for ]

rom he lemma e immedia ely ge he follo ing corollarie

(25)

cually a e ho in 2 formulae (25) hold inall im lereal Lie alge ra

2 8 ()
I heroo ha e he amemul i liciy y Lemma no her ord
he num er of genera or (dim dim ) of he 1i ord alge ra in ol ed in

he generali ed Hei en erg alge rai half he dimen ion of he 1i ord module
( hich i dim dim ) There are fe li ord module ih hi 7ro ery
The e are he irreduci le module for he li ord alge ra () (2)

() () and (8) () ho e real irreduci le module ha e dimen ion
2 8 re eci ely ( ee 28 ) [ ]



8 ()

The r ar follo from he di cu ion receding orollary 3
o a ume ha 8 ince commue 1h
for all in and ince 1 follo from he irreduci ili y of he
() module and ha 1 on and ince an i commu e
ih 1 follo ha if on hen on and ice er a ]
1
ro oiion 23 im lie ha Thu o ro e ha

i u ce o ho ha

u oe ha 1 in By tro oi1ion23 emay rie
here  and  are or hogonal ec or in for each inde i u cien o
ro e ha if and 0 hen ince
y orollary 2 here are ec or and in and

re eci ely uch ha

here 1 a oiieineger By he Jaco iiden iy
( )
Bu helef hand ide lie in hence elong o
The o her e uali ie are 1o ed imilarly ]

ince y( ) helJaco iideniyim lie (2 ) ]



er e ha if hen 0 or in 2 8 e con ider he
decom o i ion

The elemen of  are clearly deri a ion of he generali ed Hei en erg alge ra
f are in and 1 in hen

(2)

o ince ( ) and ince he ace of re ricion o of he
elemen of ()i iomor hic o ( ) e ee ha

()

e ill eelaer ha ()
2 0 2

2 0 (2)

()
ume ha 0 f ere grea er han or e ual o 3
hen he ac ion of on ould e riial y ro oiion 2 yielding a

con radic ion ince (ad ) Hence 2

or he con er e a ume ha 2 and u oe y con radic ion ha

0 Then e ould ha e
(28)

ih in lying (28) o e deduce from he Jaco iiden iy ha

2

hence 2 n heoherhand (28)a lied o gie

2 2 ( )
hich im lie ha ( ) 2 yielding a con radic ion Thu  he um of
and i direc and e conclude from Lemma 5 ha
rom orollary 2 1 follo ha (2)

rom (2 ) eo ain immedia ely ha

an



hich im lie ha

i no clear ha

()

ince dim () y 1o oiion35 i follo ha
()
a re uired ]
8
(2)
oice ha  hen 11 al ay o 1 le oreorder any gi en or ho
normal a1 of in ucha ay ha (2 ) hold

rom (2 ) and (2 ) ege

umming hi formula and (2 ) eo ain

hich gi € he r e uali y enuncia ed The o her may e ro ed imilarly =

an

an

arn



rom to oiion 53 1 follo ha
in and in Ho e er e eefrom (2 ) ha
0
hich im lie ha y orollary 2 ince
() (3) (3)
1 follo ha (3)
By Lemma 5 e ha e

i a non ri ial ideal

o ha
ince i an ideali follo from ro oiion2 ha
and
Hence
an
The re  of he ro oiion follo imilarly ]
8
(8)
By 1o oiion 53 i a non ri ial ideal in and
ince (8) hichi im le i follo ha and imilarly
ha ]
8 ()
By rto oiion5 (8) Therefore each of
he e and ( here 8) are ae
of ]

Le e an or honormal ai of



The o era or

and

commu e
1 h each o her are ymme ric and ha e uare e ual o he ideniy o he
lemma follo |
enoe ha if and only if
(30)
e are in ere ed in  udying he u alge ra  generaed y
and The e of ecor
an a nil o en Lie alge ra Thi u alge ra of endo ed 1h here
ric ion of i a generali ed Hei en erg alge ra  ince here i only one

irreduci le generali ed Hei en erg alge ra
e ul alence

ince
he ca e Le
and
learly and ac 1l ially on
fore and lie in he linear an of
ince he re re en a ion of (8) on i fai hful

Lemma 58 o com are he ac ion of (3 ) and (32) on

(3)

he commu a ion rela ion in

i h four dimen ional cenre u o
i i omor hic o heirreduci le generali ed Hei en erg alge ra

a e he ame form a in

an
(3)
an There

8 ie

(32)
yuing ro oiion 2 and
e o ain
|

n hi ecion for any in 2 8 e ulda ecor ace and hen e
endo iha e ymme ric roduc n he ne o ecion e 1O €
ha ( )i a Liealge ra  urcon rucioni moiaed y he ruc ural

analy i of ecion 2 0b



u oe ha 2 8 andle deno e ihi andard inner

roduc e an or honormal a i of  once and for all
Le () e he i ord alge ra a ociaed o ( ) Ta e an irreduci le
module  of () and denoe y () nd( ) he corre onding re
re en a ion The module 1 na urally endo ed 1h an inner roduc

1hre ec o hich i e ymmeric for all in () eo ered
in ecion ) for in 2 8 he dimen ion of 1 2 By rooiion 32

u oe ul alence herei e ac ly one irreduci le generali ed Hei en erg alge ra
( ) ihcenre here

ince 2 8  he module li ino he direc or hogonal um of
o irreduci le () module and e no ha ()i iomor hic
o ( ) and ha he () module and are e ui alen hen i
or 2 and ine ui alen hen i or 8 f i or 8 hen e may and hall
a ume ha 1 heideniyon and minu he iden 1 y on (a
efore e ue he no a ion ) Tae in uch ha and
hen
and
are or honormal a e of and re eciely e e
and
eno uild he alge ra Le e endo ed 1h he canonical
inner roduc Then le e he ace of real linear form on 1 hi canonical
inner roduc denoed y () e o elemen and  in a i fying

he condi ion

() C )2z ad () (33)

nce e ha e and e in roduce he no a ion
and
and call TOO ace eno de ne he Lie rac e of an elemen
of i h an elemen of
1 or all in e e
for all in in and in
i clear ha ac on y deri a ion in ecion2 ea ociae o

and he ec or and in



ene e

() ) () () and () ()
and le he Lie rac e in hich i an alge ra of deri a 1on of e he
ordinary commu a or

oe ha he umin () ()i direc y rooiion33 n

ie of orollary 2 and ro oiion 35 e
() () 0 and (8) 0
echooeno a ecic ai of ( ) ndoing hi gi en alinear ma
e ille endi oama on y

here i anyuni ecorin and hen ee endi o e eroon

hen 2 e e

3 and 3

i eay o erify ha hee ended ma on o ained a de cri eda o e
i aderi aion

hen e e

gaini 1 eay o erify ha hee enion o of he e ma are deri a ion
ill called and re eci ely
eare no ina oiion o egin he con rucion of e need o
co ie of o e ae he areian roduc

To im lifyno aion e e

and
and 1ie
eal o e
orre ondingly for  in edenoe y he air ( ) and 'y he

air ( )



Le

and le e he linear in olu ion de ned o e he ideniy on
minu  heideniyon and vy

and

learly i he iden iy on oice al o ha he image under  of an
or honormal ai of i an or honormal ai of

Le ac on y heac ion de ned in e ni ion
and 2 orall in in and in e e

Then ac  yderi aion no only on u al oon e ill deno e
y and he Lie alge ra con i ingre eci elyof he emi direc roduc

of and ih

eo er e ha hen 2 ince herei only one irreduci le ()
module he di incion e een and i irrele an in he u e uen con
ruc ion hen 8 he () module and are ine uil alen and
e are free o iden ify one of he roo  ace i heiher of hem Bu
af er ha 1in accordance ih ro oiion 5 all heo herroo ace arede er
mined or in ance e may choo e a heroo ace hen e ha e o
a e i omor hic o i omor hic o and i omor hic o
remain o de ne he Lie rac e of air of ecor lyinginroo  ace
and ih and in e do hi y analogy 1h hereul of
ecion and )

Ta e n n and e e
0
and
u oealo ha 2 8 orall( ) ih e e
(3)
ur her if 2 eim o e he condi ion

and



y analogy 1h ro oiion 53 The e relaion de ne he ingle Lie rac e
and f eim o e he condi ion

(35)

and

y analogy 1 h Lemmab and hen e e

The e rela ion de ne he ingle rac e and inally if
8 ede ne for

and

here and are gi en y orollary 5 Il he remaining rac e are
de ned y im o ing he condi ion ha

n he la o ecion e 10oe ha he e ymmeric roduc u
de ned really i a Iie rac e Then ince herei e ac ly one irreduci le gener
ali ed Hel en ergalge ra ih dimen ional cen re u  oe ui alence y ro o
iion 32 he con idera ion in ecion 5 de ermine he commu a ion rela ion
uni uely ro ing ha for any in 2 8 herei only one real emiim le

Lie alge ta 1 h

2
n hi ecion e il roe ha he ecor ace endo ed i1h he roduc
i a Lie alge ra hen 2 y erifying he Jaco iiden iy
edenoe y he real num er he com le num er and he ua er
nion  hen 2 and re eciely e r1ie
ih in  for in i h heunder anding ha 0

hen and 0 hen 2 orre ondingly e rie m for



f edenoe y = heconugaeof and y he
modulu of 1e

- and -

Le (3 ) e he Lie alge rta of 3 3 ma rice ihenrie in
uch ha r 0 hen 2 and e 0 hen e iden ify
( ) ih (3 ) endo ed ih hemari commuaor ri en and

ih he aranin oluion gien y

for in (3 ) here

or and in e e
0
( ) 0 0
0 00
e ne
00 )
00)
(0 0)
e de ne he inner roduc on y
C ) ) e )
§< )
may eea ily eri ed ha i h hi inner roduc i a generali ed Hei en
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