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Abst t

ro u io

Thi a er deal ith a Cayley tran form hich ma a homogeneou Siegel
domain  biholomor hically onto a bounded domain. Since Siegel domain are
holomor hically e ui alent to bounded domain  hat actually concern herei a
canonical bounded model of ( ) by hich e mean a reali ation that reduce

in an a ro riate en e to Hari h Chandra reali ation (cf. 18 Cha ter  for
e am le)if ( )i ymmetric. nthi regard enney 1 ha gi en areali ation
named the Hari h Chandra reali ation hich i identi able ith the image of

an e licitly de ned Cayley tran form of . hile hi de cri tion of Cayley
tran form i uite retty e feel a lack of ati faction on the follo ingt o oint .
ir t an e licit formula for the in er e Cayley tran form i not gi en. are ult

a direct roofi mi ing for the fact that the Cayley tran form actually ma the
Siegel domain biholomor hically onto the Hari h Chandra reali ation e en though
thi biholomor hy can be conce tually con inced. The econd ointi that hen
i ua i ymmetric the identi cation ith orfmei ter Cayley tran form i
not o ob iou although thi i alluded in the ntroduction of 1
nthi a er e modify a little the de nition of enney Cayley tran form
to get rid of the abo e t o di ati faction . ur Cayley tran form till look
like a fractional linear tran form  hich re uire a ort of denominator. enney
denominator i gi en by the ma con idered by Vinberg in 1
herea our come from a function that i related to the Bergman kernel of
ee ection 2.1 of thi a er for detail . e of thi function 1 not ne
and already found in orfmei ter tudy of Siegel domain . To be reci e
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let  be a regular o en con e cone in a real ector ace . Then our in er e
() of an element i log () minu of the gradient of log ( ) and
e hall call the ma () the . ne kno by

that 1 a rational ma and gi e a di eomor hi m of onto the dual cone

in . Since i relati ely in ariant under the im le tran iti e ol able Lie
grou acting on e can introduce it dual counter art ea ily by duali ing
the relati e in ariance. The function induce another di eomor hic rational
eudoin er e ma and e hae o that 1 birational.

Then e continue (re . ) analytically to (re .to )and ho

that (re . )i holomor hic on the tube domain (re . ).
hat i more im ortant to our ur oei to ho that the image ( )

(re . | )) i contained in the holomor hic domain of (re . ).

Thi i done in Theorem 2.11. t hould be noted that in general e do ha e
( ) unlike the ca e of ymmetric tube domain . ne am le of

thi failurei gi en in ection 5.

o itha ed ecicelement our Cayley tran form  of the
tube domain i de ned to be () () 2 ( ). e refer the
reader to the formula (2 ) in thi a er for the de nition of our Cayley tran form

for a general Siegel domain . enney roof 1 that the Cayley image of

i bounded till ork for ( ) ith a uitable minor modi cation. The e licit

in er e ma and of and illbegi enin ( )and ( )re ecti ely and

the biholomor hy of ( )i 1iiblyclari ed.
n ection e com are our ith orfmei ter Cayley tran form hen
i wua i ymmetric. e ill de cribe the rele ant Jordan algebra tructure of
in term of the normal algebra tructure ith hich e begin thi a er. Some
con tancy of dimen ion of root ace e uate Vinberg ithour () u to

a con tant multi le. By u ing a kno n ro erty of  in the ca e of elfdual cone
( ) i naturally identi ed ith the Jordan algebra in er e of . nother

technical oint i to ho that the linear ma () a earing in the

de nition () of i a Jordan algebra re re entation of . To carry
out thi e halle re () for in our language of normal algebra
and ro ide ome detail in order that the reader can trace a uotation from

orfmei ter  ork ithout di cultie . wur Theorem .10 ho that the Cayley

tran form i coincident in a canonical ay ith orfmei ter .

The Cayley tran form de ned in thi a er ill lay a fundamental role

in the forthcoming a er 1 for a characteri ation of ymmetric Siegel domain .



1 r imi ari

11 Norma a ra i kno n by the ork of atet kii Sha iro 15
(eeal o 16 1 ) homogeneou Siegel domain are de cribed by mean of normal
algebra . Thu e begin thi a er ith the de nition of normal algebra.

i atrile ( ) of a lit ol able Lie algebra  a linear

o erator on  uch that and a linear form on  ati fying
(for all ) (1)
de ne a in ariant inner roduct on . (2)

e ummari e here ome of the fundamental fact about normal algebra follo
ing 15 and 1 (eealo 16). Let ( ) be anormal algebra. Let

be the deri ed algebra of and the orthogonal com lement of in . ehae
oreo er i acommutati e ubalgebra of uch that ad( ) con it
of emi im le o erator on . ore ery e et
for all
Take all uch that 0 and and number them a
e ha e dim and dim 1 for e ery . The number i called the

of the normal algebra . e can reorder if nece ary o that all the

uch that 0 (uchan i called a of the normal algebra) are of

the follo ing form (not all o ibilitie need occur)

- ) ( ) - ) a )
- (1 ) (1 )

e note that if are di tinct root then i orthogonal to . ut

()

(0) (12)

(1)

nder tanding () 0 for 1 ehae () () ( ). oreo er

( ) (1 ) ()

o that  (0) (1) and (1 2) (1 2). Taking ( 1 ) uch
that () e ut . Then form a bai of
Set

(5)




e remark here that the action of  on the element of (0) i de cribed a

C  (0) (6)

e rite do n here the con tant u ed fre uently in thi a er

dim dim (1 )

1 omo ou i omai Let ( ) be a normal algebra
and e the connected and im ly connected Lie grou corre onding to
Since (0) i a Lie ubalgebra of e denote by  (0) the corre onding ubgrou
e (0)of .Byll ekno that (0) act on (1) by ad oint action.
ecall in (5) and let  bethe (0) orbit through . By 1 Theorem .15
i aregularo encon e conein  and (0) act on im ly tran iti ely. By
( )the ub ace (1 2)i in ariant under o that it i con idered a a
ector ace by mean of . e hall ritethi com le ector aceby . e
ut the com le i cation of . The con ugation of relati e to the
real form i ritten a . The real bilinear ma de ned by

() 3 () ®)

turn out to be a com le e uilinear (com le linear in the r t ariable and
antilinear in the econd) Hermitian ma hich i o iti e. Thi
mean that

C ) ) ) () 0 forall 0

ith the e data ede nethe corre onding to the normal algebra
( ) to be

() C ) ()

ote that e take a generali ed half lane rather than a more familiaru er
half lane.
Con ider the Lie ubalgebra (1) (12). ti atmot 2 te
nil otent by 1.1. Let e be the corre onding connected and im ly

connected nil otent Lie grou contained in .  riting the element of by
( )( (1) (1 2)) e eebythe Cam bell Hau dor formula that the
grou o erationi de cribed a ( ith a in (8))

)0 ) () ) (10)

here denote the real alternating bilinear formon (1 2) (1 2) de ned by
() m (). The grou act on by

) ) - ) () )y



Concerning the action of (0) on e 1t note that by a im le ob er ation
u ing (1) the ad oint action of (0) on (1 2) commute ith . Thi im lie that
(0) act on  com le linearly. n the other hand the ad oint action of (0) on

(1) e tend com le linearlyto . Thu (0) act on  com le linearly

o that (0) act on  im ly tran iti ely. ut (0 ) . Gi en

( ) ecan nd auni ue (0) ati fying e () 2.

Then taking (m ) e ee by (11) that . Thi make
e licit the im le tran iti e action of  on
or e ery ( ) e ut

e e ( ) (12)

Then i a one dimen ional re re entation of e . 1 the other hand it
i clear that

i anil otent Lie ubalgebra of (0) and e ha e . Let e

and e . ti al oclear that and (0) . ee tend
to a one dimen ional re re entation of by de ning () 1 for

Let u de ne function ( ) on by

) ) (0)) (1)

idently it hold that

C) ) ) (0) ) 1)

n articular utting e ith log ( 0) e ee that
() () here for ( )
urthermore e kno that e tend to a holomor hic function on the tube
domain (cf. for e am le 10 Corollary 2.5 ).
or (0) let d () (d) for 1 2 1. Similarly e
de nead () (ad ) for (0).
mma 11 ( ) ()

det d () () (0))

roo Since  act on  uni otently and ince (0) iti enough
to ho the lemma for e for 1 by the de nition of . o

det d (e ) dete ad ( ) e trad ( )

Since trad () by irtue of ( ) and ( ) the roofi com lete. n

Let d () ( (0)) tand for the linear o erator on  de ned
by the ad oint action of (0) on (1 2) and det d ( ) it determinant a a
com le linear o erator. Then utting ( ) ith a in() e

ha e



mma 1 det d () () (0)

roo The lemma i clear from the fact that det d () det d ()
and trad () 2 (1 2) . The detail are imilar to the roof of
Lemma 1.1. n

u oi r ma

1 ro u io o uoi r ma Let ) be a normal
algebra and  the corre onding Siegel domain ( ee ( )). By 5or 18 .6
it i kno n that ha a Bergman kernel . The function ha the follo ing

ro erty if Hol( ) denote the Lie grou of the holomor hic automor hi m of
then

() Jdet ()det () ( Hol( ) ) (15)

here ()i the com le Jacobian ma of at . The di cu ion in 1.2
of the im le tran iti e action of on  together ith the ro erty (15) and
Lemma 1.1 1.2 ho that

C ) C ) «c C ) ) (16
ith () 2 ) o.
e ut in hat follo for im licity. Let be the direc

tional deri ati e in the direction

() — )

ore ery ede ne () to be log () thati
() log () () (1)
i called the . By 2 gi e adi eomor hi mof onto
the dual cone in here
0 for all 0
o the grou  (0) act on by the coad oint action here
(0) and . tieayto ho byuing (1 )that i (0) e ui ariant
() () (0) ) (18)
n articular () () for all 0 and (0) act on im ly
tran iti ely.
n order to rite do n the image ( ) of e de ne by

( )

lement of  are canonically con idered a element of the ace of com le
linear form on . n the other hand e e tend e ery to a linear form on
(0) by etting 0 for and then to a com le linear
form on (0) naturally. o fore ery ( ) e et
(0)

Clearly (e ) e ()( (0)) and ( ).



11

mma 1 (1) ()
(2) ()
roo (1) Let (1) and con ider (0). Then by (6) e
ha e
(de ) () () C ) 1)

Hence e get by (1)

(2) By (1) e ha e for

1
() — ()
()
hich com lete the roof. ]
e note here that
log (1) ) (20)
de ne an inner roduct on  ( ee 2). Let u rite thi inner roduct in a
more concrete ay.
mma
roo t i enough to ho the e uality for by olari ation. By
de nition e ha e
log () — )
By (18) and (1 ) it hold that
— ) — (de ) (ad ) ()
()
Since () by Lemma 2.1 the roofi com lete. u
or e ery e denote by  the element in  determined by
(for all ) (21)
ora ( ) and ( ) uch that none of i ero
e uta ( ). Then



roo ote that by ( ) ( ) and Lemma 2.2 the root ace for

are till orthogonal relati e to the inner roduct .Thu () i a

linear combination of and it u ce to ro e the ro o ition for the
linear form ( 12 ). But thi i clear from (2 )

hichi een by Lemma 2.2. [ ]

iraio ai o The fact that i a birational ma i tated in the

a er orfmei ter Lemma 2.5. Ho e er for our later ue e ould like to

make the matter more e licit here by u ing the normal algebra tructure. To

ee rtthat 1 arational ma e introduce a (non a ociati e€) roduct in
by

ad( ) ( ) (22)

ote that by (6) the ma i utanin er ema to thelineari omor hi m
(0) (1)  hich i the di erential of the orbit ma  (0)
e hall rite ( ) . Then () and
() . Therefore det ()i anon ero olynomial function on
Hence the ub et det () O i anonem ty arikio en et.
Ithough the follo ing lemma i a im le tran lation of 5 Sat . . into the

re ent conte t e rite do n a roof for reader con enience.

mma () ()

roo By the de nition (22) of e ha e for and
de ()
Thi together ith (1 )and (1 )gie
(log )( ) —(log ) ( de )
—(log ) (de ) (log )( )

Thi im lie () () by the de nition (1 Jof . o eget
the lemma immediately from (2) of Lemma 2.1. n
n order to nd an in er e ma of e need to duali e the matter
concerning . ir t for ( ) e ut ( ) and et
( ) () ( (0))
i afunction on uch that () () ()for (0) and
e de ne and
() log () )
Thu () and gie adi eomor hi mof onto . oreoer i
(0) e ui ariant that i ( ) ( ()) for any (0). Con idering the
in er e ma of the linear i omor hi m (0) (ad ) e ee that

i arational ma on . The follo ingi the counter art of Lemma 2.1.



roo Gi en e con ider the element (0). ehae
d (e ) () C )
Since the de nition (21) of and Lemma 2.2 gi e e
get

«C ) = d (e )

Since by (21) and Lemma 2. the a ertion (1) follo
The roof of (2) i left to the reader. [

ro oiio () )

roo Thi i a direct con e uence of the formula ( ) in (2) of
Lemma 2.1 and  ( ) in (2) of Lemma 2.5 together ith the fact that
both and  are (0) e ui ariant. u

By analytic continuation e ha e thu ho n that i a birational ma
ith
0 omor o o e no con ider the com le i cation
of a in enney 1 . Since i lit ol able and of tri ial center e can
think of a a triangular linear grou ittingin ide () by a ingto d( ).
Thu the com le i cation of iinide ( ). wurthermore e con ider the
com le i cation (0) ( ) othat () (0) . Here ( ) i the
com le nil otent Lie grou ith grou la de cribed like (10) here (1)
and (1 2) and i e tended by com le bilinearity. The com le grou
(0) act on by ad oint action. n the other hand the roduct in
introduced by (22) e tend to by com le bilinearity here i continued
to a com le linear o erator on . Let () be the right multi lication by
. e ut det () 0. By Lemma 2. ehae
() () for . othat i holomor hic on

mma (0)

roo Let . By de nition e ha e

()

here the la t e uality follo from (6). Hence eget () d ()
d () othat det () 0. n

Let be the o en ub et in de ned imilarly to . Then i
holomor hicon . oreo er if (0) then ehae ut
in the ame ay a abo e. Hence i holomor hic at



ro oiio (0)

To ro ethe ro oition e need ome more tructural de cri tion of our
normal algebra. ut

Then (re . )itelfi arank 1 (re . rank 1) normal algebra and e
ha ea in ariant decom o ition . oreo er iti eayto eethat i
an ideal of . e al o note that

0 0 (2)

here the latter follo from ( ). Let ()( 01 2 1) be the eigen ace of
ad ( )on and ut

Clearly eha e (0) (0) and (1) (1) . oreo er
iti e ident that both  and are in ariant under (0) e (0).
o e are ready to begin the roof of ro o ition 2.8.

roo The roof i done by induction on .  hen 1 then (0)
and (1) ith . Thu gi en (1 ) ( ) eha eonlyto
take e (log(1 ) (0) .
o u o ethat the lemmai true for 1. Gi en e rite
ith (1) and . Setting (e (e )
ith (0) and e hall look for and  uch that
Let . ehae (e )( ). Since
(e ) and

—~
¢
N—r
|
N |

e get
1
()
here note and (2 ). Therefore ol ing i e ui alent
to nding uch that

() (25)
1 (26)

N =



o by induction hy othei e nd (0) that ati e (2 ). Then
(25) gi e () . enote here that ith a in ()
( )
Thi mean that de ne aninner roduct on hich
e e tend to a com le bilinear form on denoted by the ame ymbol
Letu ut () (d ) . Then ol ing 1in(26) iththealready ed
i e ui alent to determining by
1
5 () () @)
here tand for the ad oint of an o erator  on relati e to the non
degenerate bilinear form . Since it i enough to ho that the real

art of the com le ymmetric o erator ( ) ( )i o iti e de nite becau e
then oi it inere ( ) ( ) and the real art of the right hand ide of
(2 )i non ero.

Before roceeding further e ut and . Then

i a Hei enberg algebra. n fact

0

oreo er the alternating bilinear form on de ned by ( )
i non degenerate and e ha e

( ) ( ) (28)

ee tend to by com le bilinearity o that (28) remain alid for
or e ery (1) e et
() ad( ) ad( )
Thu ( )i acom le ymmetrico erator on uch that ()i the identity
o erator.

mma ® ) (ad )( )

roo Let .
(1) By de nition e ha e

(ad )

here e ha e u ed the Jacobi identity in the la t e uality. Since
e get 0 by (2 ). ntheother hand (1) together ith 0
gie . Hence it hold that

(ad )



Thi im lie (ad ) ad (ad ) on .
(2) Since ad( ) (ad ) iti u cient to ho that () d
on by (1). ehae

() () d( )
d( )
here ehaeued d( ) by (2 ). Therefore by the de nition of
C ) ) d() )
Since i non degenerate on the roofi com lete. |
o  ereturn to the roof ro o ition 2.8. Since by (2 )

e ha e by Lemma 2.

)y ) ) (ad )

Since (1) it follo that e () () hich i o iti e de nite.
Thi i hat ehadto ho . u

T orm 1

roo Since (0) ro o ition 2.8 ay that (0)( )
(0) . o Theorem 2.10 follo from Lemma 2. . The roof for i imilar
and omitted. |

T orm 11 ( ) ( )

roo ing to (18) and Lemma 2.1 e hae ( ) for any
(0). By analytic continuation thi e uality hold for all (0) .
Therefore e obtain ( ) (0) : [
mark 1 n general e cannot ha e ( ) if i no

longer elfdual. e re ent ane am lein ection 5.

a ra orm

Let  be our Siegel domain ( ). e ut

() 2 ( ) ( )

t i e ident that 1 a rational ma ing hich i holomor hic on

by Theorem 2.10. Let denote the ace of all antilinear form on

e et

() 2( ) () () C ¢ ) ) (2)
Clearly i a rational ma .t hould be noted that if

() then e ha e o that ( ) i holomor hic on
e hall call a . Thi i a light modi cation of the Cayley

tran form de ned by enney 1 . irt e tate the follo ing.



mma 1 ()

roo the roof roceed ith a erbal tran lation of 1 e only gi e
here it ketch. Let u denote by the eigen ace of the o erator on
By the integrability condition (1) of it i clear that are ubalgebra of
Let e be the analytic ubgrou of corre onding to . Since

0 a i eaily een the formula
e ) e ( )

de ne one dimen ionalre re entation of . ehae a enney

roedin 1 Theorem and e et ith for e ery

eno de ne afunction on by

() c)y )y ¢ )

e remark that enney in 1 (18) i de ned out of in our notation
here one hould note dim by (). Let ( ) (0) and ut
ith the ro ection

- () () (cf. (11))

Then the key formula are

cC ) O) ( )
log ((( )) 2 ( ) (1))
log (()) 2 ( ) ) (12)

here () () ((e ) ) for . nthi ay thelemmai a
con e uence of the fact that log 1 a bounded function on  for e ery ed
hichi ho nin 1 . 10. ]
n order to gi e a formula for e 1 trecall the inner roduct
on de ned by (20).  tending to by com le bilinearity e
de ne

C ) C ) ( )

mma ()
roo Let u rite e ery a ith . Then e
ha e ith . Therefore (8) and
Lemma 2. im ly
2( ) 2 ()
(2 ) (2 )

here are a in ( ). The lemmai no clear. u



e de ne linear ma from to and from  to by

C ) C ) ) (0)

ti ob iou that they are in er e to one another. Similarly e de ne and
for and re ecti ely by (cf. (21))

( ) (1)

oreo er fore ery let () bethecom le linear o eratoron de ned

through
() ) C ) ( ) (2)

Clearly ( ) i the identity o erator and iti eay to ee that ( ) ().
Let u et

ti e ident that both and are rational ma ing .

ro oiio () ()
roo ir t of all e ha e for and
() 2 () ( )
() 2. ( () ) ( )
Before roceeding further e note that if then
() () () () )
Hence () () othat i re rittena
() 2 (( ) ) () (5)
rom thi e eeimmediatelythat () ( ). The roof for i imilar
and omitted here. ]
or each linear o erator on e denote by it tran o erelati e to

the inner roduct

mma (d ) (d ) ()Cd ) (0)



roo By de nition e ha e
(Cd 1)) (d) () ( )
Since ( d ) () ((d) (d) ) thelemmafollo ea ily. u
e need to e tend Lemma . to and (0) . irt e til
denote by the tran o e of a com le linear o erator on relati e to
the nondegenerate ymmetric bilinear form . et e ut
e ( ) ( (1 2)). Thi i a real inner roduct on (1 2) hich
e e tend to a com le bilinear form on (1 2) (1 2)  ritten by the ame
ymbol. Let beacom le linearo eratoron (1 2) . t tran o e ithre ect
to ie re eda . ote that e ery com le linear o erator on can
be naturally e tended toacom le linearo erator  on (1 2) commuting ith
t i clear that for (12). ee () () ( ).
Con ider Lemma . r ta anidentity ofo erator onthereal ector ace (1 2)
and thu on it com le i cation (1 2) canonically. Then analytic continuation
gi e the follo ing corollary ith the ob iou notation d for (0)
and 121.
oro ar (0)

e are no able to ro e the main theorem.

T or m
()
roo irtofall e ho thatif () () then the o erator ( )
i in ertible. Since () for ome it i enough to ro e the
in ertibility of the o erator ( ) . By the roof of Theorem 2.11 e
kno  ( ) (0) . Hence the in ertibility of  ( ) for
(0) u ce. o if e ha e

(d )

Therefore e get  ( ) (d ) and the right hand ide i
an in ertible o erator in ie of Corollary .5.

The re t i a direct con e uence of Theorem 2.10 2.11 and ro o ition
together ith Lemma 2. and the remark thereafter. ]

mark nle i uaiymmetric it i not true that ()
() in general. Thi can be eri ed for the uni ue dimen ional non
ua i ymmetric Siegel domain due to  atet kii Sha iro 15 .26 (eealo ).
etail are left to the reader.



om ari o i ormi r a ra orm

Let be a ua i ymmetric Siegel domain. Thi mean that the cone in the

de ning data of in ( )i elfdual ith re ect to the inner roduct (20) ( ee

Theorem 2.1). Let u u o e further that i irreducible o that the cone

i al o irreducible ( ee 11 Theorem 6. ). Then ro oition in 1 ay that

the con tant (re . )in () are inde endent of (re . ). Thu i

al oinde endent of . e et and for im licity. oreo er by the
roof of that ro o itionin 1 the roduct de ned by

- g () )

i a Jordan algebra roduct. t1i clear by de nition that the inner roduct
i a ociati e that i e ery Jordan multi lication ( ) for
i a ymmetric o erator on ith re ect to thi inner roduct. Thu ia
uclidean Jordan algebra in the en e of 6.
n order to de cribe the Jordan algebra tructure in term of the normal
algebra tructure that e tarted ith e introduce o iti e de nite ymmetric
o erator () ( ) by (cf. 2)

() log () )

ti clear that ( ) . oreo eriti eayto ee that
((d)) d ) ()d ) ( (0)) ( 6)
n articular ehae ( ) () for all 0.
mma 1 2 ad
roo By de nition e hae 2 ( ) log ( )
for any .By (1) ekno ( de ) (). Hence
2 — log (de )
— (de )
ing ( 6) e obtain 2 from hich the
lemma follo immediately. [ ]
oro ar (1) () ad 1

(2)
(1 )

n articular the Jordan algebra rank of i . Let denote the
trace inner roduct of tr ( ) here tr tand for the Jordan
algebra trace of the element . Since i im le o ing to the irreducibility

of 1 a con tant multi le of the trace inner roduct 6 1.



mma (2 )
roo t u ce to ho 2 . But thi i immediate from
Lemma 2.2. ]
Before roceeding e note that e ery element i in ertible in

the com le i ed Jordan algebra

ro o i io ()

roo By analytic continuation it i enough to ro e the ro o ition for
. Let be the characteri tic function of

() e C ) ()

Let (0).  change of ariable yield () () by Lemma 1.1
here 0i a con tant. Since ( ) and ( ) it hold that
() () for all othat () () . Hence e get
1 — 1 —
og () 3 og () 5 () C )
n the other hand ro oition . . in 6 together ith Lemma . ho
dim
1 -
og () 5
here note that dim in the re ent ca e. Thu ()
for each hich im lie () . u

Thu it follo that for any

() 2( ) ) ( ) (8)

Let u recall the com le linear o erator ( ) ( ) on  de ned
by ( 2).
ro o i io ()

( ) 5 () C) ) A )

Thi ro oitioni due to orfmei ter. Ho e er in tead of making a mere

reference to ~ Theorem 2.1 (6) hich force the reader into ur uing art of

orfmei ter ork e ould like to indicate here the ay togetto ro o ition .5
in our language of normal algebra for the readability of thi a er.

mma () ad (ad ) ad

(0)
(12)



roo The de nition (8) of  together ith the fact that ad commute
ith im lie

(ad ) () (@ ) ) ( (ad ) ) )

othat ehae

() (ad ) (ad ) ) (@@d ) ) ()

Here Lemma .1 and (6) gi e

(ad ) 2 2

Hence the left hand ide of ( )i e ualto ( () ) . n

mma tr () tr
tr ( )

roo e note that by Lemma .6

tr () 2 etr(ad ) trad

Thu tr () 2 (12 tr  for all  becau e are rimiti e
idem otent . f ( ) then and the o erator
ad i nil otent. Hence egettr () 0 tr . m

mma det () (det ) det

roo Lemma 1.2 and . giedet ((d ) ) () for any

(0). n the other hand 6 .. and Lemma 1.1 im ly det(( d ) )

() () herel (1 1). Since i elfdual ith re ect to
the inner roduct there e it for a gi en an element (0)
uch that ( d ) . Hence det () (det ) for any and thu for
any becau e both ide are olynomial function on . [ ]

Let () denote the linear automor hi m grou of the cone . ti a
reducti e Lie grou a i elfdual. Let ( ) be the connected com onent
of the identity of ( ). Since det( ) (det ) det for () and
by 6 . e get the follo ing corollary though e do not yet ha e

the formula of the form ( ) () ith an o erator on at thi tage

hen i a general element of ( ) .

oro ar det () (det ) det () ()

ith Corollary . and Lemma . in hand one can trace the roof of
Lemma 5.2 and Theorem 5. in 2 ea ily to gi e a roof to the di layed identity
of ro oition .5. The other identity ( ) ( ) ha been already mentioned
u t after ( 2).

0 e return to the Cayley tran form in the wua i ymmetric ca e. The
formula turn out to be the ame a the one gi en by orfmei ter  (2.8) e ce t
for a minor modi cation. or ymmetric domain the formula a eared in 12
10. and 18  ercie



T orm 1 ( )

roo By (5) (8) and ro oition . ehae
C ) 2 ) ) ) )
Since i a Jordan algebra re re entation ehae (( ) ) ( )
n the other hand ro o ition 2.6 im lie () . Thu eget ()
( ) ( ) andthee re ionfor ( )i obtained from ( ). m
uoi r r a o i r o
n thi ection e e hibit an e am le in  hich ( ) i not contained in

. Let  bethe 5 dimen ional real ector ace re ented by the follo ing
form of ymmetric matrice

0
0
The ector ace i e ui ed iththeinner roduct tr( ). hen
e er e identify the dual ector ace ith e ue thi inner roduct
throughout thi ection. o the i de ned to be
0 () 0 () 0
t dual cone i de cribed a
i o iti e de nite
ne kno that there i no linear i omor hi m of  that ma onto . n
articular i elffdual (ee 1 8 or 6  ercie .10). Set for e ery
0
f (2 )( 12) ede ne ( ) () by the
formula () here  denote the tran o ed matri of . Let

C ) () 0 0( 12

Then  act on im ly tran iti ely.

0 e con ider the tube domain . Let u de cribe the
corre onding normal algebra . Let Lie( ) the Lie algebra of and
e form the emidirect roduct . e nea linear ma on by the rule
2
0 0 9 0
0 2
2 0 2 0



t i clear that . ith 0 tr iti eay to ee
that the tri le ( ) 1 anormal algebra. n order to re ent the root ace
decom o ition of  let ( 2 ) be the matri unit ith the only
non ero () entry e ual to 1. Set

- ) -0 -0 )
(0 o )
( 12)

The e 10 element form a linear bai of  uch that (12 )and
( 12). ut and let be the
bai of  dual to . n elementary calculation ho

( 12

Since ( 12 ) ehae
ote that the root ( ) 2 are ab ent. The con tant in ( ) are
1 0 2 2 0
e ha e and ob er e that ( 12 ).
ut . or any let () be the
uni ue element uch that () . Then ehae () () . direct

com utation yield

) 0 O

othat ehae

llo inge ery  being a com le number in the abo e formula gi e an analytic
continuation of to . n articular if a real ector ati e
0 then




Hence if and are u ciently large the diagonal matri e ( )i no
longer o iti ede nite thati no longer belong to . Thi eri e emark2.12.
e conclude thi a er by riting do n the formula for

det det det
— 0
) det det
0 _
det det

etail are left to the reader.
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