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SPACE AVERA GES AND HOMOGENEOUS FLUID FLO WS
GEORGE ANDR OULAKIS AND STAMATIS DOSTOGLOU

Abstra ct. The relation betweenspaceaveragesof vector elds in Li .(R®) and averages
with respect to homogeneous measures on such vector elds is examined. The space
average, obtained by integration over balls in space,is shown to exist almost always and,
whenever the measureis ergodic or the correlation decays, to equal the ensenble average.

1. Intr oduction

In statistical theories of turbulence the velocity vector eld u(t; x) of a °uid is taken for
eah t > 0, x 2 R® to be a random variable on some(usually unspeci ed) probability space,
see[Mc(] for example. u(t; x) is alsorequired to solve the Navier-Stokesequationsin t and
X. In more mathematical formulations, the °ow is described by a measureon a function
space, the support of the measureconsisting of solutions of the Navier-Stokes equations,
see[VF] or [FT].

Of particular interest are homogeneousows: Flows with statistical properties indepen-
dert of shifts in the x argument, alternatively °ows described by measureghat are invariant
under shifts of the argumert.

In his\Theory of HomogeneousTurbulence," G.K. Batchelor considersfor xed time the
spaceaverageof a quantity F depending on the velocity eld u of a homogeneousow

VA

1
1.1 im —  F(u(t x)) dx;
(1.1 Am s FU(tx)
claims that this averageis the samefor almost all realizations of the eld, and equalsthe
probability averageat (any) x:
z
1.2) F (u(t; x)) du;

see[B]], page 16. This note is motivated by Batchelor's claim and provides rigorous proofs
of his claim within the setting of homogeneousneasureson function spaces.It adopts the

point of view of [VF]], ], [FMRT]], in particular their de nition of averagesat a point in
1
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spaceover all °ow realizations. The conditions on F will always be compatible with this
de nition.

It is rst shawn that the spaceaverage exists for almost all realizations of the °ow u
(Theorem B.3) with respect to a homogeneousmeasure. This follows from the standard
ergadic theorem after (B.4) has expressedspace averagesas averagesof a 3-dimensional
family of measure-preservingransformations. Then yet another application of the ergadic
theorem and a factorization lemma (Lemma f.3) shaw that the limit of the spaceaverages
equalsthe probability averageat a point in space,asde ned in [VF], [ET], [EMRT], provided
that the homogeneousneasureis also ergadic (Theorem £.4).

Sinceit is not clear that Batchelor was assumingergadicity of measure,but he certainly
argued later that correlations decg, it is also shavn here that the spaceaverage equals
the probability average at a point in spaceif the correlation function with respect to a
homogeneousneasuredecas asthe distance of separation increases(Theorem £.6).

The main results, TheoremsB.], B.4 and .4, follow from classicalergadic theoremsasin
[Knl, [Kdl, [Al, and [W]. They are discussedin the setting of homogeneousows in section

2. Backgr ound

Throughout, Br denotesthe ball in RS of certer 0 and radius R, jBRrj its volume, and
dx or d, the Lebesguemeasureon R3. (Everything that follows applies equally well on any
R"))

The Ergodic Theorem for contin uous, 3-dimensionalfamilies of measurepreservingtrans-
formations, cf. [P, [W], will be usedrepeatedly as follows:

Theorem 2.1. For (X;*) aprokability spce, F a* -integrablefunction on X, andfT ;, 2
R3g a 3-dimensional family of measure-preservingtransformations on X such that T Th=
T +p for all ;; h 2 R3, the limit

’ Z

(2.1) Fi(u) == lim

RI1  JBR] By (’ ) d.

existsfor almostall u in X, and F1(u) is invariant under T _: If F1(up) exists,then F1(T uo)
existsfor any , and equalsF;(ug). F1 is integrable with resgect to *, and
VA Z

(2.2) Fi(u) dt(u) = F(u) dt (u):
X X

Moreover, if F 2 Lp(*) for somel - p< 1 thenF; 2 Lp(*) and the convergene (.)
holdsin Lp(*) as well.

It is also standard that if * is ergadic with respect to the T 's (i.e. the only invariant
subsetsare either of full or zero measure)then (R.1) is constart, therefore (.2) becomes
Z Z

(2.3) F(T.u)d, = F(u) dt (u):
X

RIL  JBR] By

Now for a vector "eld u = (ui;u»;us) on R® whosecomponerts u; are distributions in

LﬁJC(R3), T will bethe translation operation de ned by
z Z

(2.4) (T u)(x)A(x) dx = u(x)A(x i ,) dx
R3 R3

for all A: R®! R smooth and with compact support.
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De nition  2.2. Let X be a space of vector elds with T : X ! X for each,. A measure
1 on X is homagen®us if it is translation invariant: For any ! -integrable F on X and ,
in R,

z z

(2.5) F(u) dt(u) = F(T u) d(u);
X X

for all | .

Assumptions 2.3. For the rest of this note the following will hold:

(1) X will be a subspice of the Fr&chet space of vector “elds u on R® suchthat u and
r u belongto L (R3).

(2) The measure * will be a homayen@us Borel measure on X.

(3) For any, in R®anduin X, T (u) will alsobein X.

(4) f(vo;vi;Vvo;va):vi 2 R3, will satisfy the following:
F(u00) = Fu):r u() 2 Li(RY);

if (U(x)jP dx dt(u) < 1
X Bgr

for somep, 1- p<1,alu2X,andall R> 0.

(2.6)

Example: Of interest are probability spacesX with a Banad spacestructure and ! a
Borel measureon X. LP spacesdo not support homogeneousmeasuresother than the
Dirac measureat 0, see[VF]. Howewer, X = HO(r), the spaceof vector "elds on R3 with

“nite (0;r)-norm
Z

(2.7) kukg, = 1+ jxj2¢'ju(x)j2 dx; r<j g’;
R3

supports homogeneousmeasures.See[VF]] or section f below for more.
Example: Functions usually studied in stochastic turbulence are products of componerts
of u and its derivatives: (f zu)(x) = @11uil(x) ¢¢¢@n" Ui, (X).

3. An Er godic Theorem

Theorem 3.1. Let(X;1) andf satisfy the azssumptionsE. Then for t -almostall u in X
1

3.1 S(u) = lim — fU, d>

(3.2) W= Jim o 1)

exists, de nes a function in LP(1), and is translation invariant:

(3.2) S(u) = S(Th(u)) for all h 2 R:

Moreover, (B.1) holdsin LP(1) as well.

Similar results appear in [[T]] (Theorems 6.1, 6.9 and Corollary 8.1)and [NZ] (Corollary
4.9, Proposition 4.23). The (short, direct) proof here appealsonly on the classicalErgodic
Theorem asin [F] and [[MV].

Proof of Theorem B Let (X;*) and f : R®! R asin the statemert of the theorem.
Writing f asf = f*j fi it sutcesto provethe resultfor f : R3! [0;1 ) satisfying (B-6).

Notice that in Theorem .1 the function F is de'ned on the probability spaceX, but in
Theorem B.] the function f is de'ned on the valuesof u for any u 2 X. Dene therefore
F:X! Rhby .

(3.3) F(u) = Iimlinf ns f (u(x))dx:
n! 0113

n
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Sincefor every u 2 X, f +u 2 L (R3), the Lebesguedi®ereniation theorem implies that
for almost all , 2 R3, .
F(T (u)) = liminfn3 f(u(x+,))dx="f(u(,))

’ nt [0:3F

where T is dened in (2.4). ;hus for R > 0, .
1 1

3.4 P fU, d>=f FTUd):
(3.4) IBR] Bg i) IBR] Bg (T.w
Since the transformations T (, 2 R®) are measurepreserving, Theorem P. "nishes the
proof onceit is shown that F 2 Ly(1) for the samep that (.6) holds. In order to show

that F 2 Lp(*),
z A Z 'p
KF KB = lim inf m3 f(u(x))dx  dt(u)
X n'l m n [0'i3

N

o] |
Z 4 P
= lim inf m?3 f(u(x))dx d*(u) (sincef , 0)
x Ml m n [O;% 3
Z Az o
« lim inf inf  m?3 f(u(x))dx d(u) (by Fatou's lemma)
"o oxmen 071
z Az Yo
- lim inf n3 f (u(x))dx  dt(u)
n'l X [0;&]3
z 2z n dx
- limi P2
(3.5) I|rr11!11|nf y [o-i]sf (u(x)) = 5 (u)
where the last inequality holds by Jensen'sinequality sincethe function [0;1 ) 3 x 7! xP is
corvex and n"% is a probability measureon [0; % 3. Fix n2 Nandlet | = f(i=n;j=n;k=n) :
i k2 fO;Zl; :Z::;n i 1gg Notice that for eve% (%b;c);(aﬂ,bo,c(b 21,

f (u(x))Pdxd? (u) = f (u(x))Pdxd? (u)
X (ab;0+[0 ;113 X (a%h%cH+[0 ;23
by the homogeneiy of 1 . Hence,since# | = n3,
Y Z g y 1 X Z Z
f (u(x))Pdxd! (u) = — f (u(x))Pdxd? (u)
X O n (b g2! X (abig+[0 53
(3.6) = i3 f (u(x))Pdxdt (u):
n° x [o1p

Equation (B.6) givesthat the right hand side of (B.5) is boundedby a constart independert
of n, which implies that F 2 Ly(*). a

4. Est ablishing Batchelor 's Claim

Batchelor claimsthat (under appropriate assumptionson the measuret or the function f)
for 1 -almost all realizations u in the probability space,the ensenble averageof f equalsthe
limit of the spaceaveragesof f +u (seeequation (f.13)). In the presern section Batchelor's
claim is established. The main results are Theoremsf.4 and §.§

First recall from [VF]] or [FMRT]| the de nition of the ensenble averagefor homogeneous
measuresat any point in space. Let (X;1) and f satisfy the assumptions .3 for some
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1- p< 1. Note that after applying H8lder and Jensen'sinequalities f satis’es (£.6) for
p= 1,too. Then theZIin%ar functional | de ned by

(4.1) 1 (A) = f(u(, DA(,) d, d*(u) for any A2 C§ (R%R);
X R3
is a cortinuous distrzibuéion on C¢ (R%R) and invariagt %nder translations of the A's:
| (TxA) = f(u( A + x)d,d (u) = (T xu)(, DA )d,
ZX ZR3 X RS3

f(u(,))A(,)d, (since! is homogeneous)
X R
I (A):

Sincethere is only onetranslation invariant measureon R® up to a multiplicativ e constart,
there is a constar} Eéf) such that for all A2 C} (R3R) aan for all x 2 R3,

(4.2) FUC DA +x)d, di(u)=E(f) A()d.:
X R3 R3

R
By homogeneiy, the constart E(f ) doesnot dependon x 2 R3. Then use x f(u(x))d* (u)
as an alternativ e notation for E(f ).

De nition 4.1. The ensembleavezlage of f at (any) x 2 R%is
(4.3) f (u(x))d* (u):
X

When t is ergadic, the following proposition givesthat the ensenble averageof f canbe
computed as the limit of the spatial averagesof f +u for almost all u's:

Prop osition 4.2. Let (X;') and f satisfy the assumptionsP-3 Let A:R®*! R be a xed
smaoth function with compact supyort. EhenZ

(4.4) Sa(u) = lim jBiRj : Rsf(u(X + ., )A(Kx) dx d,

existsfor almostall u. Sy is translation invariant andin L1(X). In addition, if * is ergadic

then for almost all u
Z Z

(4.5) Sa(u) = f (u(x))A(x) dx dt:
X R3

Proof. After noticing again that if (R.6) is valid for somel - p < 1 then it is valid for
p = 1, this is an immediate application of the standard multidimensional ergodic Theorem
.1 for the integrable function

(4.6) u7! f (u(x))A(x) dx
R3

and the one 3-dimensionalfamily of measurepreservingtransformations T de ned in (R.4).
o

Lemma 4.3. Let(X;) andf satisfy the assumptionsP.3. LetAbein C} (R®) with A, 0.

Then for * almost everyu 2 X, s 7

lim —— f(u(x+ ,))A(x)dx d,
4.7) | oy ¥ uz T

1 .
= |lim — f(u d A(X) dx
dm me o fulnd A
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Proof. Fix A2 C} with A, 0. Writing againf = f*j fi assumethat f : R3! [0;1)
and satis es (B.6). Notice that the limits in the left and right hand side of (£.7) exist and
are nite for 1 almostall u2 X by Proposition .3 and Theorem B.] respectively.

Sincef , 0Oand A_ 0 Fubini's theorem applies:
Z Z Z

(4.8) lim 1 3f(u(x+ O)A(X) dxd, = RI![n f(u(x+,))AX)d, dx

RI1  jBrRj By R r3 BRI Bg

and Fatou's lemma on any sequenceof R's going to in nit y estimatesthe right hand side

of (£.9) aZs:

Z Z Z
. 1 .

lim —— f (u(x + A(X)d, dx im —— f (u(x + A(X)d, dx

I Bl 5, O DAL O O AN

1 p

= lim — f (u(x + d A(x) dx

o B, (U0 DAAW

. 1 "
(4.9) = lim f(u(,))d,A(x) dx

rReRIL BR] By

by Theorem
(by o <) .

1 .
= lim —— f(u d A(X) dx:
dm g L teend A

On the other hand, since A has compact support, assumethat x 2 Br, for someRg > 0
and chazngevariablze to x + , = y. Then estimate tge right haznd side of (£.8) as:

1 p 1 .
i P f (u A(X)dy dx - lim P f(u A(X)dy dx
A Bl s, UOVARI O e OAY

(sgncef ., 0andA, 0)

Z
= lim — f (u(y))d A(x) dx
R BRI Basn, (();)) y - (X) ‘
(4.10) = jim BReRd 1 fuydy A dx
R!1 JBRi JBR+R0J Bi+Ro BRO
1 .
= lim — f (u(y))d A(X) dx
R Bri s, (u(y))dy - (x)
: . JBR+Ro) _
(smceRIHn 7jBRj =1)

The following is precisely Batchelor's claim for an ergadic measure? .

Theorem 4.4. Let (X;1) and f satisfy the assumptionsp.3 If 1 is an ergadic probability
measure then for almost all uzin X the following hoZIds:

(4.11) Jim jBiRj BRf(U(X+ ) d, = Xf(U(X)) d (u)

for all x in R3.

; . R .
Proof. Fix A2 C} (R%R) with A, 0and s A(x)dx = 1. Then by Proposition f.3, since
1 is ergadic, the ens%ntnle averageof f (at any >22 R;) is given by

—_ —_ H l A .
(4.12) E(f) = § f (u(x))dx = Rllgn Bri . Fzsf(u(x +, )AX)dxd,:
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] R .
By Lemmaf.3sinceA, Oand ; A(x)dx = 1, oneobtains that for * almostewery u2 X,

z

1 . 1
413 lim — f(u(x+ ,)AX)dxd, = lim — f(u(,))d,:
(4.13) AN Ba 6. el UOCHDAKIG, = Jim (U ))d,
Theorem B.J implies that f%r every x 2 R®and ! almostall u2 X,

1 1

4.14 lim ry— f u d = lim —_ f u(x + d:
(4.14) AR )L SR CCR L
Thus (B.13) follows from (B.12), (£.139 and (E.19). a

Batchelor hasnot explicitly indicated the existenceof an ergadic measurein [B]. However,
it is likely that he wasassumingdeca of correlations. In fact, [BP] arguesthat correlations
should decay with rate ri ®, wherer is the distance of separation. The following shows that
the original claim in [B] is correct when correlations decay.

De ne correlations following [[/F] as follows: Let (X;1) and f satisfy the assumptions
R.3for p= 2. Then useDe nitions (R.4) and (£.1) to de ne the correlation Ry : R®! R of
the function f by

(4.15) Re(h) = E((f i E(f)NWF £Th) i E(f £Th))):
SinceE(f +T,) = E(f) for all h 2 R3,
Re(h)y= E(f(f £Th)) i (E(f)*

Notice that if f satis es (R.6) for p= 2, then for every h 2 R3 and for every A2 C} (R%;R),
Héldzer'szinequality givesthat

Jf (DT (u(x + h))A(x)jdxd? (u) -

' E E s 1=2" Z Z s 1=2
if (U())i?JA(X)jdxd (u) jf (U + h)jZjAX)jdxdt (u) < 1:
R3 X R3

The following is neededin the proof of the main result of this section, Theorem (£.6):

Lemma 4.5. There existsa constant C > 0 suchthat if gon (X ;1) satis es the assumptions
3 for p= 2, thenfor everyR | 1,
VA VA Z Z
g(u(x))2dxd? (u) - C g(u(x))2dxdt (u):
]3

(4.16) —
x IBR] Bg X [0

Proof. Fix R > Oand let Cg to denotethe smallestsetC = [f (a;b;c)+[0;1)3 : (a;b;c) 2 Fg
such thzat F is%_nite subsetof z3 andZBR sl CZ. Then

i g(u(x))2dxd? (u) - i g(u(x))2dxd? (u)
x IBR] Bg X JBfJ Ch o
1 X
= g(u(x))2dxd? (u)
IBR] x (abizF _(@bioHO 1P
L ox Fz
— g(u(x))?dxd? (u):
JBRJ (a:b;0)2 F X (ab;0)+[0 ;1]3
Notice that for every (a;b;c); (@%b 2 F,
Z Z Z Z
g(u(x))?dxd? (u) = g(u(x)) %dxd? (u)
X (ab;0+[0 ;13 X (a%b%c9+[0 ;13
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by the homogeneiy of 1. Hence

1 X Z Z , 1 4E Z Z , 1
— g(u(x))cdxdt (u) = —— g(u(x))“dxd?* (u)
|BRJ (abg2F X (@bH0:1P IBRI x [013

v icil 2
= 1R g(u(x)) 2dxd (u):
IBRI x [013

Now set C := supf }gii R, 1gto obtain (#.16). This nishes the proof of Lemmafl.§. =®

The next result establishesBatchelor's claim when the correlation of f tends to zero at
innit y, cf. [KR[, p. 68.

Theorem 4.6. Let (X;1) andf satisfy the assumptionsp.3 for p= 2. Assumethat
(4.17) R¢(h)! Oasjhj! 1:

Then for almost all u in X the following holds:

Z Z

(4.18) Tim JBiRJ T ) b= F(u60) ¢ )

for all x in R3.

Proof. Recall that

z
_ 1
S(u) := lim Bai E;Rf(U(,))d,

exists for  almost all u 2 X by TheoremB.1 To show that S(u) = E(f) for ¢ almost all
u2 X, it will beshowvn that

(4.19) kS| E(f)kp = O:

(Notice that S 2 L2(*) by Theorem B-J, sincef satis es (£:6) for p= 2). For R > 0O let
Z

-1 :
Sr(u) := Bri BRf(U(, )d.:

Then

(4.20) kSi E(f)ka- kS Srko+ kSgri E(f)kz:
By Theorem .1,

(4.21) kSi Srko! OasR! 1:

To estimatekSgr i E(f )k, let " > 0and choosea > 0 sud that jR¢(,)j< " forallj,j> o.
For R > max(==2; 1) use Fubini's Theorem and changethe variable , to x + , to obtain
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kSri E(f)k3

Z M VA 1,

- 1 i !
= . iBa] BRf(U(X))n E(f)dx d*(u)

zz z
= B « w Ra(f (u() i E(f)Ags (x)(f (u(,)) i E(f))Asg(,)dxd,d* (u)

= = (fFu) i E(f)As, ()(f (u(x +,)) i E(f))Ag, (x+ ,)dxd,dt (u)
IBRJ* x R3 R3

(4.22)

Z Z Z

= J_B:II;JZ X R3(f (U(X)) i E(f ))ABR (X)(f (U(X + )) i E(f ))ABR (X + )dXd>d1 (U)
1 Z Z Z

+ Bri? « F23(f (Ux)) i E(F) A, )(F (u(x+,)) i E(f)As,(x+ ,)dxd,d (u):

Notice that Ag, (X)Ag,(x + ,) = 0if j,j > 2R, thusthe last term of (f.23) is equalto

= (fFux) i E(F)As (X)(f(u(x+,)) i E(f))Agg(x+ ,)dxd,d (u):
IBRI® X BurnB. R3

Notice that for every xed , 2 B,rnBx the function

ABR(X)ABR(X+ =)
iBrR\ (Bri ,)i

A (x) =

R
is integrable and A (x)dx = 1. Sincethe function A can be perturbed to be equal to
a smooth function excepton a set of arbitrarily small measure the correlation of f can be
expressedas
Z Z

Re(,) = y Rs(f (UE)) i EEN(f(u(x+,)) i E(F)A (x)dxd* (u):

Henceafter applying Fubini's theorem, and multiplying and dividing by jBg\ (Bri .)i,
(B-23) can be rewritten as:

y z z

'BL'Z jBr\ (Bri ,)I (F(ue) i EEN(F(u(x+,)) i E(F)A (x)dxd: (u)d,
J RJ Bor NBg X RS Z

(4.24) S iBr\ (Bri ,)iR¢(,)d.:

JBRJZ Bor NBg
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By the choice of r, the last integral of (.24 can be estimated by

— Z - Z
e o, 1BRY BRI RS jBijzzBZRnBujBR\ (Bri iR (.)id,
1 N
BRP eyure, )
~ iB2Rrj,
IBR]
(4.25) = 8"
Putting equations (#.22) and (§.23)-(£.25) together,
Z Z Z
kSri E(f)k5- 8"+ ——— (F(u(X) i E(f))Asg(X)
|BRJ = RS
(4.26) (F(u(x+.)) i E(f)Ags(x+ ,)dxd,d (u):

To estimate the last term of (B.26) use rst HAlder and then Fubini's onceagain to obtain

Z 7 Z -

jBRj2: < B R3(f (UX) i E(f)As, ()(f (u(x+,)) i E(f)Ag,(x+ ,)dxd,d® (u)-
1 Z Z Z
" BRIZ x s, s, J(F(uex)) i B (u(x +,)) i E(f))jdxd,d* (u)
1 44 <2 . 1=2
" BRZ x s, BR](f (u(x)) i E(f))j*dxd,d (u)
Z Z Z s 1=2
; j(f (u(x + ,)) i E(f))j%dxd,d (u)
(4.27) )
Baj2 % . 172
= [Brj? E;RJ(f (u(x)) i E(f))jedxd! (u)
L 27 s 1=2
j(f (u(x + ,)) i E(f))j*d,d (u)dx
BrR X Bs

Now there exists a constart C which doesnot dependon R , 1 sud that
zZ Z zZ Z
(4.28) y j(f(ux)) i E(f))j?dxdt (u) - CjBgj y [0'1]3j(f (u(x) i E(f))j?dxdt (u):

Br

(B.29 follows when Lemma.§is applied to g(§ = jf (9 i E(f)j. Now, (£.28 and (R.6) for
p= 2imply that there exists a constart D which doesnot depend on R sud that

Z Z Z Z
j(f (u(x)) i E(f))j%dxd (u) - CjBR] § [o-1]3j(f (u(x)) i E(f))j*dxd (u)

- DJBRj:

(4.29) x Bg
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Also the homogeneiy of t implies that (perhapsby increasingD which still doesnot depend
on R) for ege% X,

j(f (ux + ,)) i E(f))j*d,dt (u)
(4.30) X Ba zz
= s j(f(u(,)) i E(f))jd,d* (u) - D:

By equations (#.29) and (£.30) the right hand side of (f.27) is lessthan or equal to

. .= z s 1=2 . +1=2

jBoi™ J1min e DjBaj
(4-31) jBRrj? JERI Br |BR]
Thus the right hand side of (£.28) tendsto 8" asR ! 1 . Since" > 0 is arbitrary, this
“nishes the proof of Theorem f.8. o

5. Applica tion to Homogeneous Flo ws

For homogeneousguid °ows apply the results of the previous sectionswhen X = H(r),
r< j % Families of homogeneousmeasureson sud spaces(measures supported on
solenoidal trigonometric polynomials and Gaussian measures),are given in [VF] (p. 209
and p. 210respectively). Theseinclude examplessatisfying condition (R.6) for p= 2.

The choice of spaceis justi ed by the following from [VF] which shaws that, for almost
all initial conditions, weak solutions of the Navier-Stokes equations stay in H°(r):

Theorem 5.1. ( cf. [VF], p. 260) For any homayen@us prokability measure 1 o on the
divergen@-free elementsof Ho(r%, r<i % suchthat

ju(x)j® dio(u) < 1;
HO(r)
there is a setV of 2 o(V) =.1, suchthatgfor any up in V there is u(t; x) in L2(0; T:HO(r)),
satisfying for any Ain C} (0;T) £ R® \OC((O;T); HO(r))
Z, 3

(5.2) <u(t:);A>,i < ugA>,= @< u(e);¢A>, + < uju;g>2A de
0 o j
j=1

1

for almostall t in [O; T].

[VHI also produce a family of homogeneousmeasures! ¢, supported for ead t by the
restrictions at time t of the solutions of (§.7) satisfying condition (B-6) for p = 2 wheneer
1, does. Therefore, whenewer 1 ; is ergadic or its correlation decas, Batchelor's claim will
hold. In work currently in progress,the authors investigate conditions for the ergadicity of
the 1{'s and rigorous decg estimatesfor their correlation functions.
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