
M P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E JM P E J
Ma thema tical Physics Electr onic Journal

ISSN 1086-6655
Volume 10, 2004

Paper 4

Received: Nov 4, 2003, Revised: Mar 3, 2004, Accepted: Mar 18, 2004

Editor: R. de la Llave

SPA CE AVERA GES AND HOMOGENEOUS FLUID FLO WS

GEORGE ANDR OULAKIS AND STAMA TIS DOSTOGLOU

Abstra ct. The relation betweenspaceaveragesof vector ¯elds in L 1
lo c(R3) and averages

with respect to homogeneousmeasures on such vector ¯elds is examined. The space
average,obtained by integration over balls in space,is shown to exist almost always and,
whenever the measure is ergodic or the correlation decays, to equal the ensemble average.

1. Intr oduction

In statistical theories of turbulence the velocity vector ¯eld u(t; x) of a °uid is taken for
each t > 0, x 2 R3 to be a random variable on some(usually unspeci¯ed) probabilit y space,
see[McC] for example. u(t; x) is also required to solve the Navier-Stokesequationsin t and
x. In more mathematical formulations, the °ow is described by a measureon a function
space,the support of the measureconsisting of solutions of the Navier-Stokes equations,
see[VF] or [FT ].

Of particular interest are homogeneous°ows: Flows with statistical properties indepen-
dent of shifts in the x argument, alternatively °ows describedby measuresthat are invariant
under shifts of the argument.

In his \Theory of HomogeneousTurbulence," G.K. Batchelor considersfor ¯xed time the
spaceaverageof a quantit y F depending on the velocity ¯eld u of a homogeneous°ow

lim
jA j!1

1
jAj

Z

A
F (u(t; x)) dx;(1.1)

claims that this averageis the samefor almost all realizations of the ¯eld, and equals the
probabilit y averageat (any) x:

(1.2)
Z

F (u(t; x)) du;

see[B], page16. This note is motivated by Batchelor's claim and provides rigorous proofs
of his claim within the setting of homogeneousmeasureson function spaces.It adopts the
point of view of [VF], [FT ], [FMRT], in particular their de¯nition of averagesat a point in
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2 GEOR GE ANDR OULAKIS AND STAMA TIS DOSTOGLOU

spaceover all °ow realizations. The conditions on F will always be compatible with this
de¯nition.

It is ¯rst shown that the spaceaverage exists for almost all realizations of the °ow u
(Theorem 3.1) with respect to a homogeneousmeasure. This follows from the standard
ergodic theorem after (3.4) has expressedspaceaveragesas averagesof a 3-dimensional
family of measure-preservingtransformations. Then yet another application of the ergodic
theorem and a factorization lemma (Lemma 4.3) show that the limit of the spaceaverages
equalsthe probabilit y averageat a point in space,asde¯ned in [VF], [FT ], [FMRT], provided
that the homogeneousmeasureis also ergodic (Theorem 4.4).

Sinceit is not clear that Batchelor was assumingergodicity of measure,but he certainly
argued later that correlations decay, it is also shown here that the spaceaverage equals
the probabilit y average at a point in spaceif the correlation function with respect to a
homogeneousmeasuredecays as the distance of separation increases(Theorem 4.6).

The main results, Theorems3.1, 4.4 and 4.6, follow from classicalergodic theoremsas in
[Kh], [Ko], [P], and [W]. They are discussedin the setting of homogeneous°ows in section
5.

2. Ba ck gr ound

Throughout, BR denotesthe ball in R3 of center 0 and radius R, jBR j its volume, and
dx or d¸ the Lebesguemeasureon R3. (Everything that follows appliesequally well on any
Rn .)

The Ergodic Theoremfor continuous,3-dimensionalfamilies of measurepreservingtrans-
formations, cf. [P], [W], will be usedrepeatedly as follows:

Theorem 2.1. For (X ; ¹ ) a probability space, F a ¹ -integrablefunction on X , and f T¸ ; ¸ 2
R3g a 3-dimensional family of measure-preserving transformations on X such that T¸ Th =
T¸ + h for all ¸; h 2 R3, the limit

(2.1) F1(u) := lim
R!1

1
jBR j

Z

B R

F (T¸ u) d¸

existsfor almost all u in X , and F1(u) is invariant under T¸ : If F1(u0) exists, then F1(T¸ u0)
exists for any ¸ and equals F1(u0). F1 is integrable with respect to ¹ , and

(2.2)
Z

X
F1(u) d¹ (u) =

Z

X
F (u) d¹ (u):

Moreover, if F 2 L p(¹ ) for some 1 · p < 1 then F1 2 L p(¹ ) and the convergence (2.1)
holds in L p(¹ ) as well.

It is also standard that if ¹ is ergodic with respect to the T¸ 's (i.e. the only invariant
subsetsare either of full or zero measure)then (2.1) is constant, therefore (2.2) becomes

(2.3) lim
R!1

1
jBR j

Z

B R

F (T¸ u) d¸ =
Z

X
F (u) d¹ (u):

Now for a vector ¯eld u = (u1; u2; u3) on R3 whosecomponents ui are distributions in
L 1

loc(R
3), T¸ will be the translation operation de¯ned by

Z

R3
(T¸ u)(x)Á(x) dx =

Z

R3
u(x)Á(x ¡ ¸ ) dx(2.4)

for all Á : R3 ! R smooth and with compact support.
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De¯nition 2.2. Let X be a space of vector ¯elds with T¸ : X ! X for each ¸ . A measure
¹ on X is homogeneous if it is translation invariant: For any ¹ -integrable F on X and ¸
in R3,

Z

X
F (u) d¹ (u) =

Z

X
F (T¸ u) d¹ (u);(2.5)

for all ¸ .

Assumptions 2.3. For the rest of this note the following wil l hold:
(1) X wil l be a subspace of the Fr¶echet space of vector ¯elds u on R3 such that u and

r u belong to L 1
loc(R3).

(2) The measure ¹ wil l be a homogeneous Borel measure on X .
(3) For any ¸ in R3 and u in X , T¸ (u) wil l also be in X .
(4) f̂ (v0; v1; v2; v3); vi 2 R3, wil l satisfy the following:

f (u(x)) = f̂ (u(x); r u(x)) 2 L p
loc(R3);

Z

X

Z

B R

jf (u(x)) jp dx d¹ (u) < 1
(2.6)

for somep, 1 · p < 1 , all u 2 X , and all R > 0.

Example: Of interest are probabilit y spacesX with a Banach spacestructure and ¹ a
Borel measureon X . L p spacesdo not support homogeneousmeasuresother than the
Dirac measureat 0, see[VF]. However, X = H 0(r ), the spaceof vector ¯elds on R3 with
¯nite (0; r )-norm

kuk2
0;r =

Z

R3

¡
1 + jxj2

¢r
ju(x)j2 dx; r < ¡

3
2

;(2.7)

supports homogeneousmeasures.See[VF] or section 5 below for more.

Example: Functions usually studied in stochastic turbulence are products of components
of u and its derivatives: (f ± u)(x) = @k1

j 1
ui 1 (x) ¢¢¢@kn

j n
ui n (x).

3. An Er godic Theorem

Theorem 3.1. Let (X ; ¹ ) and f satisfy the assumptions2.3. Then for ¹ -almost all u in X

S(u) = lim
R!1

1
jBR j

Z

B R

f (u(¸ )) d¸(3.1)

exists, de¯nes a function in L p(¹ ), and is translation invariant:

S(u) = S(Th(u)) for all h 2 R3:(3.2)

Moreover, (3.1) holds in L p(¹ ) as well.

Similar results appear in [T] (Theorems 6.1, 6.9 and Corollary 8.1)and [NZ] (Corollary
4.9, Proposition 4.23). The (short, direct) proof here appealsonly on the classicalErgodic
Theorem as in [P] and [W].

Proof of Theorem 3.1. Let (X ; ¹ ) and f : R3 ! R as in the statement of the theorem.
Writing f as f = f + ¡ f ¡ , it su±ces to prove the result for f : R3 ! [0; 1 ) satisfying (2.6).

Notice that in Theorem 2.1 the function F is de¯ned on the probabilit y spaceX , but in
Theorem 3.1 the function f is de¯ned on the values of u for any u 2 X . De¯ne therefore
F : X ! R by

(3.3) F (u) := lim inf
n!1

n3
Z

[0; 1
n ]3

f (u(x))dx:
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Since for every u 2 X , f ± u 2 L 1
loc(R

3), the Lebesguedi®erentiation theorem implies that
for almost all ¸ 2 R3,

F (T¸ (u)) = lim inf
n!1

n3
Z

[0; 1
n ]3

f (u(x + ¸ ))dx = f (u(¸ ))

where T¸ is de¯ned in (2.4). Thus for R > 0,

(3.4)
1

jBR j

Z

B R

f (u(¸ ))d¸ =
1

jBR j

Z

B R

F (T¸ u)d¸:

Since the transformations T¸ (¸ 2 R3) are measurepreserving, Theorem 2.1 ¯nishes the
proof once it is shown that F 2 L p(¹ ) for the samep that (2.6) holds. In order to show
that F 2 L p(¹ ),

kF kp
p =

Z

X

Ã

lim
n!1

inf
m¸ n

m3
Z

[0; 1
m ]3

f (u(x))dx

! p

d¹ (u)

=
Z

X
lim

n!1
inf

m¸ n

Ã

m3
Z

[0; 1
m ]3

f (u(x))dx

! p

d¹ (u) (since f ¸ 0)

· lim inf
n!1

Z

X
inf

m¸ n

Ã

m3
Z

[0; 1
m ]3

f (u(x))dx

! p

d¹ (u) (by Fatou's lemma)

· lim inf
n!1

Z

X

Ã

n3
Z

[0; 1
n ]3

f (u(x))dx

! p

d¹ (u)

· lim inf
n!1

Z

X

Z

[0; 1
n ]3

f (u(x))p dx
n¡ 3 d¹ (u)(3.5)

where the last inequality holds by Jensen'sinequality sincethe function [0; 1 ) 3 x 7! x p is
convex and dx

n ¡ 3 is a probabilit y measureon [0; 1
n ]3. Fix n 2 N and let I = f (i=n; j =n;k=n) :

i; j; k 2 f 0; 1; : : : ; n ¡ 1gg: Notice that for every (a;b;c); (a0; b0; c0) 2 I ,
Z

X

Z

(a;b;c)+[0 ; 1
n ]3

f (u(x))pdxd¹ (u) =
Z

X

Z

(a0;b0;c0)+[0 ; 1
n ]3

f (u(x))pdxd¹ (u)

by the homogeneity of ¹ . Hence,since# I = n3,
Z

X

Z

[0; 1
n ]3

f (u(x))pdxd¹ (u) =
1
n3

X

(a;b;c)2 I

Z

X

Z

(a;b;c)+[0 ; 1
n ]3

f (u(x))pdxd¹ (u)

=
1
n3

Z

X

Z

[0;1]3
f (u(x))pdxd¹ (u):(3.6)

Equation (3.6) givesthat the right hand sideof (3.5) is boundedby a constant independent
of n, which implies that F 2 L p(¹ ). ¤

4. Est ablishing Batchelor 's Claim

Batchelor claimsthat (under appropriate assumptionson the measure¹ or the function f )
for ¹ -almost all realizations u in the probabilit y space,the ensemble averageof f equalsthe
limit of the spaceaveragesof f ±u (seeequation (4.11)). In the present section Batchelor's
claim is established. The main results are Theorems4.4 and 4.6.

First recall from [VF] or [FMRT] the de¯nition of the ensemble averagefor homogeneous
measuresat any point in space. Let (X ; ¹ ) and f satisfy the assumptions 2.3 for some
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1 · p < 1 . Note that after applying HÄolder and Jensen'sinequalities f satis¯es (2.6) for
p = 1, too. Then the linear functional I de¯ned by

I (Á) :=
Z

X

Z

R3
f (u(¸ ))Á(¸ ) d¸ d¹ (u) for any Á 2 C1

0 (R3; R);(4.1)

is a continuous distribution on C1
0 (R3; R) and invariant under translations of the Á's:

I (TxÁ) =
Z

X

Z

R3
f (u(¸ ))Á(¸ + x)d¸d¹ (u) =

Z

X

Z

R3
f ((T¡ xu)(¸ ))Á(¸ )d¸

=
Z

X

Z

R3
f (u(¸ ))Á(¸ )d¸ (since ¹ is homogeneous)

= I (Á):

Sincethere is only one translation invariant measureon R3 up to a multiplicativ e constant,
there is a constant E(f ) such that for all Á 2 C1

0 (R3; R) and for all x 2 R3,
Z

X

Z

R3
f (u(¸ ))Á(¸ + x) d¸ d¹ (u) = E(f )

Z

R3
Á(¸ )d¸:(4.2)

By homogeneity, the constant E(f ) doesnot depend on x 2 R3. Then use
R

X f (u(x))d¹ (u)
as an alternative notation for E(f ).

De¯nition 4.1. The ensembleaverageof f at (any) x 2 R3 is
Z

X
f (u(x))d¹ (u):(4.3)

When ¹ is ergodic, the following proposition givesthat the ensemble averageof f can be
computed as the limit of the spatial averagesof f ± u for almost all u's:

Prop osition 4.2. Let (X ; ¹ ) and f satisfy the assumptions2.3. Let Á : R3 ! R be a ¯xed
smooth function with compact support. Then

(4.4) SÁ(u) = lim
R!1

1
jBR j

Z

B R

Z

R3
f (u(x + ¸ ))Á(x) dx d¸

exists for almost all u. SÁ is translation invariant and in L 1(X ). In addition, if ¹ is ergodic
then for almost all u

(4.5) SÁ(u) =
Z

X

Z

R3
f (u(x))Á(x) dx d¹:

Proof. After noticing again that if (2.6) is valid for some1 · p < 1 then it is valid for
p = 1, this is an immediate application of the standard multidimensional ergodic Theorem
2.1 for the integrable function

(4.6) u 7!
Z

R3
f (u(x))Á(x) dx

and the one3-dimensionalfamily of measurepreservingtransformations T¸ de¯ned in (2.4).
¤

Lemma 4.3. Let (X ; ¹ ) and f satisfy the assumptions2.3. Let Á be in C 1
0 (R3) with Á ¸ 0.

Then for ¹ almost every u 2 X ,

lim
R!1

1
jBR j

Z

B R

Z

R3
f (u(x + ¸ ))Á(x)dx d¸

= lim
R!1

1
jBR j

Z

B R

f (u(¸ ))d¸
µ Z

R3
Á(x) dx

¶
:

(4.7)
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Proof. Fix Á 2 C1
0 with Á ¸ 0. Writing again f = f + ¡ f ¡ , assumethat f : R3 ! [0; 1 )

and satis¯es (2.6). Notice that the limits in the left and right hand side of (4.7) exist and
are ¯nite for ¹ almost all u 2 X by Proposition 4.2 and Theorem 3.1 respectively.

Sincef ¸ 0 and Á ¸ 0 Fubini's theorem applies:

(4.8) lim
R!1

1
jBR j

Z

B R

Z

R3
f (u(x + ¸ ))Á(x) dxd¸ = lim

R!1

Z

R3

1
jBR j

Z

B R

f (u(x + ¸ ))Á(x)d¸ dx

and Fatou's lemma on any sequenceof R's going to in¯nit y estimates the right hand side
of (4.8) as:

lim
R!1

Z

R3

1
jBR j

Z

B R

f (u(x + ¸ ))Á(x)d¸ dx ¸
Z

R3
lim

R!1

1
jBR j

Z

B R

f (u(x + ¸ ))Á(x)d¸ dx

=
Z

R3
lim

R!1

1
jBR j

Z

B R

f (u(x + ¸ ))d¸Á (x) dx

=
Z

R3
lim

R!1

1
jBR j

Z

B R

f (u(¸ ))d¸Á (x) dx(4.9)

(by Theorem 3.1)

= lim
R!1

1
jBR j

Z

B R

f (u(¸ ))d¸
Z

R3
Á(x) dx:

On the other hand, since Á has compact support, assumethat x 2 B R0 for someR0 > 0
and changevariable to x + ¸ = y. Then estimate the right hand side of (4.8) as:

lim
R!1

Z

B R 0

1
jBR j

Z

x+ B R

f (u(y))Á(x)dy dx · lim
R!1

Z

B R 0

1
jBR j

Z

B R + R 0

f (u(y))Á(x)dy dx

(since f ¸ 0 and Á ¸ 0)

= lim
R!1

1
jBR j

Z

B R + R 0

f (u(y))dy
Z

B R 0

Á(x) dx

= lim
R!1

jBR+ R0 j
jBR j

1
jBR+ R0 j

Z

B R + R 0

f (u(y))dy
Z

B R 0

Á(x) dx(4.10)

= lim
R!1

1
jBR j

Z

B R

f (u(y))dy
Z

R3
Á(x) dx

(since lim
R!1

jBR+ R0 j
jBR j

= 1.)

¤

The following is preciselyBatchelor's claim for an ergodic measure¹ .

Theorem 4.4. Let (X ; ¹ ) and f satisfy the assumptions2.3. If ¹ is an ergodic probability
measure then for almost all u in X the following holds:

lim
R!1

1
jBR j

Z

B R

f (u(x + ¸ )) d¸ =
Z

X
f (u(x)) d¹ (u)(4.11)

for all x in R3.

Proof. Fix Á 2 C1
0 (R3; R) with Á ¸ 0 and

R
R3 Á(x)dx = 1. Then by Proposition 4.2, since

¹ is ergodic, the ensemble averageof f (at any x 2 R3) is given by

(4.12) E(f ) =
Z

X
f (u(x))dx = lim

R!1

1
jBR j

Z

B R

Z

R3
f (u(x + ¸ ))Á(x)dxd¸:
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By Lemma 4.3 sinceÁ ¸ 0 and
R

R3 Á(x)dx = 1, oneobtains that for ¹ almost every u 2 X ,

(4.13) lim
R!1

1
jBR j

Z

B R

Z

R3
f (u(x + ¸ ))Á(x)dxd¸ = lim

R!1

1
jBR j

Z

B R

f (u(¸ ))d¸:

Theorem 3.1 implies that for every x 2 R3 and ¹ almost all u 2 X ,

(4.14) lim
R!1

1
jBR j

Z

B R

f (u(¸ ))d¸ = lim
R!1

1
jBR j

Z

B R

f (u(x + ¸ ))d¸:

Thus (4.11) follows from (4.12), (4.13) and (4.14). ¤

Batchelor hasnot explicitly indicated the existenceof an ergodic measurein [B]. However,
it is likely that he wasassumingdecay of correlations. In fact, [BP] arguesthat correlations
should decay with rate r ¡ 5, where r is the distanceof separation. The following shows that
the original claim in [B] is correct when correlations decay.

De¯ne correlations following [VF] as follows: Let (X ; ¹ ) and f satisfy the assumptions
2.3 for p = 2. Then useDe¯nitions (2.4) and (4.1) to de¯ne the correlation R f : R3 ! R of
the function f by

(4.15) R f (h) = E(( f ¡ E(f ))(( f ± Th) ¡ E(f ± Th))) :

SinceE(f ±Th) = E(f ) for all h 2 R3,

R f (h) = E(f (f ± Th)) ¡ (E(f ))2:

Notice that if f satis¯es (2.6) for p = 2, then for every h 2 R3 and for every Á 2 C1
0 (R3; R),

HÄolder's inequality gives that
Z

X

Z

R3
jf (u(x)) f (u(x + h))Á(x)jdxd¹ (u) ·

· Z

X

Z

R3
jf (u(x)) j2jÁ(x)jdxd¹ (u)

¸ 1=2 · Z

X

Z

R3
jf (u(x + h)) j2jÁ(x)jdxd¹ (u)

¸ 1=2

< 1 :

The following is neededin the proof of the main result of this section, Theorem (4.6):

Lemma 4.5. There existsa constant C > 0 suchthat if g on (X ; ¹ ) satis¯es the assumptions
2.3 for p = 2, then for every R ¸ 1,

(4.16)
Z

X

1
jBR j

Z

B R

g(u(x))2dxd¹ (u) · C
Z

X

Z

[0;1]3
g(u(x))2dxd¹ (u):

Proof. Fix R > 0 and let CR to denotethe smallestsetC = [f (a;b;c)+ [0; 1)3 : (a;b;c) 2 F g
such that F is a ¯nite subsetof Z3 and BR µ C. Then

Z

X

1
jBR j

Z

B R

g(u(x))2dxd¹ (u) ·
Z

X

1
jBR j

Z

CR

g(u(x))2dxd¹ (u)

=
1

jBR j

Z

X

X

(a;b;c)2 F

Z

(a;b;c)+[0 ;1]3
g(u(x))2dxd¹ (u)

·
1

jBR j

X

(a;b;c)2 F

Z

X

Z

(a;b;c)+[0 ;1]3
g(u(x))2dxd¹ (u):

Notice that for every (a;b;c); (a0; b0; c0) 2 F ,
Z

X

Z

(a;b;c)+[0 ;1]3
g(u(x))2dxd¹ (u) =

Z

X

Z

(a0;b0;c0)+[0 ;1]3
g(u(x))2dxd¹ (u)
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by the homogeneity of ¹ . Hence

1
jBR j

X

(a;b;c)2 F

Z

X

Z

(a;b;c)+[0 ;1]3
g(u(x))2dxd¹ (u) =

# F
jBR j

Z

X

Z

[0;1]3
g(u(x))2dxd¹ (u)

=
jCR j
jBR j

Z

X

Z

[0;1]3
g(u(x))2dxd¹ (u):

Now set C := supf jCR j
jB R j : R ¸ 1g to obtain (4.16). This ¯nishes the proof of Lemma 4.5. ¤

The next result establishesBatchelor's claim when the correlation of f tends to zero at
in¯nit y, cf. [Kh], p. 68.

Theorem 4.6. Let (X ; ¹ ) and f satisfy the assumptions2.3 for p = 2. Assumethat

(4.17) R f (h) ! 0 as jhj ! 1 :

Then for almost all u in X the following holds:

lim
R!1

1
jBR j

Z

B R

f (u(x + ¸ )) d¸ =
Z

X
f (u(x)) d¹ (u)(4.18)

for all x in R3.

Proof. Recall that

S(u) := lim
R!1

1
jBR j

Z

B R

f (u(¸ ))d¸

exists for ¹ almost all u 2 X by Theorem 3.1. To show that S(u) = E(f ) for ¹ almost all
u 2 X , it will be shown that

(4.19) kS ¡ E(f )k2 = 0:

(Notice that S 2 L 2(¹ ) by Theorem 3.1, sincef satis¯es (2.6) for p = 2). For R > 0 let

SR(u) :=
1

jBR j

Z

B R

f (u(¸ ))d¸:

Then

(4.20) kS ¡ E(f )k2 · kS ¡ SRk2 + kSR ¡ E(f )k2:

By Theorem 3.1,

(4.21) kS ¡ SRk2 ! 0 as R ! 1 :

To estimate kSR ¡ E(f )k2, let " > 0 and choose¤ > 0 such that jR f (¸ )j < " for all j¸ j > ¤.
For R > max(¤ =2; 1) useFubini's Theorem and changethe variable ¸ to x + ¸ to obtain
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kSR ¡ E(f )k2
2

=
Z

X

µ
1

jBR j

Z

B R

f (u(x)) ¡ E(f )dx
¶ 2

d¹ (u)

=
1

jBR j2

Z

X

Z

R3

Z

R3
(f (u(x)) ¡ E(f ))ÂB R (x)( f (u(¸ )) ¡ E(f ))ÂB R (¸ )dxd¸d¹ (u)

=
1

jBR j2

Z

X

Z

R3

Z

R3
(f (u(x)) ¡ E(f ))ÂB R (x)( f (u(x + ¸ )) ¡ E(f ))ÂB R (x + ¸ )dxd¸d¹ (u)

=
1

jBR j2

Z

X

Z

B ¤

Z

R3
(f (u(x)) ¡ E(f ))ÂB R (x)( f (u(x + ¸ )) ¡ E(f ))ÂB R (x + ¸ )dxd¸d¹ (u)

(4.22)

+
1

jBR j2

Z

X

Z

B c
¤

Z

R3
(f (u(x)) ¡ E(f ))ÂB R (x)( f (u(x + ¸ )) ¡ E(f ))ÂB R (x + ¸ )dxd¸d¹ (u):

Notice that ÂB R (x)ÂB R (x + ¸ ) = 0 if j¸ j > 2R, thus the last term of (4.22) is equal to
(4.23)

1
jBR j2

Z

X

Z

B 2R nB ¤

Z

R3
(f (u(x)) ¡ E(f ))ÂB R (x)( f (u(x + ¸ )) ¡ E(f ))ÂB R (x + ¸ )dxd¸d¹ (u):

Notice that for every ¯xed ¸ 2 B2RnB¤ the function

Á¸ (x) =
ÂB R (x)ÂB R (x + ¸ )
jBR \ (BR ¡ ¸ )j

is integrable and
R

R3 Á¸ (x)dx = 1. Since the function Á¸ can be perturb ed to be equal to
a smooth function except on a set of arbitrarily small measure,the correlation of f can be
expressedas

R f (¸ ) =
Z

X

Z

R3
(f (u(x)) ¡ E(f ))( f (u(x + ¸ )) ¡ E(f ))Á¸ (x)dxd¹ (u):

Henceafter applying Fubini's theorem, and multiplying and dividing by jB R \ (BR ¡ ¸ )j,
(4.23) can be rewritten as:

1
jBR j2

Z

B 2R nB ¤

jBR \ (BR ¡ ¸ )j
Z

X

Z

R3
(f (u(x)) ¡ E(f ))( f (u(x + ¸ )) ¡ E(f ))Á¸ (x)dxd¹ (u)d¸

=
1

jBR j2

Z

B 2R nB ¤

jBR \ (BR ¡ ¸ )jR f (¸ )d¸:(4.24)
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By the choice of ¤, the last integral of (4.24) can be estimated by

¯
¯
¯
¯
¯

1
jBR j2

Z

B 2R nB ¤

jBR \ (BR ¡ ¸ )jR f (¸ )d¸

¯
¯
¯
¯
¯

·
1

jBR j2

Z

B 2R nB ¤

jBR \ (BR ¡ ¸ )jjR f (¸ )jd¸

·
1

jBR j2

Z

B 2R nB ¤

jBR j"d¸

·
jB2R j
jBR j

"

= 8":(4.25)

Putting equations (4.22) and (4.23)-(4.25) together,

kSR ¡ E(f )k2
2 · 8" +

1
jBR j2

Z

X

Z

B ¤

Z

R3
(f (u(x)) ¡ E(f ))ÂB R (x)

(f (u(x + ¸ )) ¡ E(f ))ÂB R (x + ¸ )dxd¸d¹ (u):(4.26)

To estimate the last term of (4.26) use¯rst HÄolder and then Fubini's onceagain to obtain

1
jBR j2

¯
¯
¯
¯

Z

X

Z

B ¤

Z

R3
(f (u(x)) ¡ E(f ))ÂB R (x)( f (u(x + ¸ )) ¡ E(f ))ÂB R (x + ¸ )dxd¸d¹ (u)

¯
¯
¯
¯

·
1

jBR j2

Z

X

Z

B ¤

Z

B R

j(f (u(x)) ¡ E(f ))( f (u(x + ¸ )) ¡ E(f )) jdxd¸d¹ (u)

·
1

jBR j2

· Z

X

Z

B ¤

Z

B R

j(f (u(x)) ¡ E(f )) j2dxd¸d¹ (u)
¸ 1=2

· Z

X

Z

B ¤

Z

B R

j(f (u(x + ¸ )) ¡ E(f )) j2dxd¸d¹ (u)
¸ 1=2

(4.27)

=
jB¤ j1=2

jBR j2

· Z

X

Z

B R

j(f (u(x)) ¡ E(f )) j2dxd¹ (u)
¸ 1=2

· Z

B R

Z

X

Z

B ¤

j(f (u(x + ¸ )) ¡ E(f )) j2d¸d¹ (u)dx
¸ 1=2

:

Now there exists a constant C which doesnot depend on R ¸ 1 such that

(4.28)
Z

X

Z

B R

j(f (u(x)) ¡ E(f )) j2dxd¹ (u) · CjBR j
Z

X

Z

[0;1]3
j(f (u(x)) ¡ E(f )) j2dxd¹ (u):

(4.28) follows when Lemma 4.5 is applied to g(¢) = jf (¢) ¡ E(f )j. Now, (4.28) and (2.6) for
p = 2 imply that there exists a constant D which doesnot depend on R such that

Z

X

Z

B R

j(f (u(x)) ¡ E(f )) j2dxd¹ (u) · CjBR j
Z

X

Z

[0;1]3
j(f (u(x)) ¡ E(f )) j2dxd¹ (u)

· D jBR j:
(4.29)
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Also the homogeneity of ¹ implies that (perhapsby increasingD which still doesnot depend
on R) for every x,

Z

X

Z

B ¤

j(f (u(x + ¸ )) ¡ E(f )) j2d¸d¹ (u)

=
Z

X

Z

B ¤

j(f (u(¸ )) ¡ E(f )) j2d¸d¹ (u) · D :
(4.30)

By equations (4.29) and (4.30) the right hand side of (4.27) is lessthan or equal to

(4.31)
jB¤ j1=2

jBR j2
D 1=2jBR j1=2

· Z

B R

Ddx
¸ 1=2

=
D jB¤ j1=2

jBR j
! 0 as R ! 1 :

Thus the right hand side of (4.26) tends to 8" as R ! 1 . Since " > 0 is arbitrary , this
¯nishes the proof of Theorem 4.6. ¤

5. Applica tion to Homogeneous Flo ws

For homogeneous°uid °ows apply the results of the previous sectionswhen X = H 0(r ),
r < ¡ 3

2. Families of homogeneousmeasureson such spaces(measures supported on
solenoidal trigonometric polynomials and Gaussian measures),are given in [VF] (p. 209
and p. 210 respectively). Theseinclude examplessatisfying condition (2.6) for p = 2.

The choice of spaceis justi¯ed by the following from [VF] which shows that, for almost
all initial conditions, weak solutions of the Navier-Stokes equationsstay in H 0(r ):

Theorem 5.1. ( cf. [VF ], p. 260) For any homogeneous probability measure ¹ 0 on the
divergence-free elementsof H 0(r ), r < ¡ 3

2 , such that
Z

H 0 (r )
ju(x)j2 d¹ 0(u) < 1 ;

there is a set V of ¹ 0(V ) = 1, such that for any u0 in V there is u(t; x) in L 2(0; T; H 0(r )) ,
satisfying for any Á in C1

0

¡
(0; T) £ R3

¢
\ C((0; T); H 0(r ))

(5.1) < u(t; :); Á > 2 ¡ < u0; Á > 2=
Z t

0

0

@< u(¿; :); ¢ Á > 2 +
3X

j =1

< uj u;
@Á
@x j

> 2

1

A d¿

for almost all t in [0; T].

[VF] also produce a family of homogeneousmeasures¹ t , supported for each t by the
restrictions at time t of the solutions of (5.1) satisfying condition (2.6) for p = 2 whenever
¹ 0 does. Therefore, whenever ¹ t is ergodic or its correlation decays, Batchelor's claim will
hold. In work currently in progress,the authors investigate conditions for the ergodicity of
the ¹ t 's and rigorous decay estimatesfor their correlation functions.
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