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I. Introduction

Let (X;1), 1(X) = 1, be a standard Lebesguespaceand let ® : X ! X be an
automorphism of (X;1). Then ® de nes an unitary operator, called the Koopman
operator [K], in L?(X;d!) and denoted by the sameletter.

In the important papers [VN] and [HvN], von Neumann and Halmos classi ed all
classicalergadic systemsfor which the Koopman operator has purely discrete spectrum.
The main result of their analysisis that such systemsare classi ed by the spectrum,
which forms a discrete subgroup of U(1), and eat suc a systemis conjugate to a shift
on a compactabelian group, the Pontriagin dual of the spectrum. Here, and throughout
the paper, U(1) is the group of complex numbers with absolute value 1 and discrete
topology. For a clear accourt of that result, seee.g. [CFS], [W], or [Si].

This theory was extendedto noncomnutativ e setting by Olsen, Pedersenand Take-
saki [OPT]. It turns out that noncomnutativ e ergodic systemswith discrete spectrum
are classi ed by the spectrum of the automorphism, which as above is a discrete sub-
group H of U(1) and a secondcohomology classof H. This theorem is stated more
carefully in Sectionll.

The notions of quasi-eigewvalue and quasi-eigenfunction were introduced by von
Neumannand Halmos[H]. They proved, using those concepts,that there exist spectrally
equivalent but not conjugateautomorphismswith mixed spectrum. Later Abramov [Ab]
gave a complete classi cation of totally ergodic systemswith quasi-discrete spectrum.
A topological version of Abramov's theory for minimal systemswas discussedin [HaP],
[HoP].

Let us shortly describe what quasi-eigewalues and quasi-eigenfunctionsare and
state the Abramov's theorem. With the above notation ® is called totally ergadic if ®"
is ergadic for every n = 1;2;:::. Ordinary eigervectors and eigernvaluesof ® are called,
correspondingly, quasi-eigewvectors and quasi-eigewvalues of the rst order. A function
f 2 L?(X;d?) is called a quasi-eigewvector of the secondorder if

®&f) = Af;

where A is a quasi-eigewectors of the rst order (i.e. an eigervector) of ®. In suc
a caseA is called a quasi-eigevalue of the secondorder. Continuing this processone
obtains quasi-eigewectors and quasi-eigewalues of arbitrary order - seeSection Il for
a more precisede nition. The crucial obsenation is that, if ® is totally ergadic, quasi-
eigervectors corresponding to di®erert quasi-eigewvaluesare orthogonal. One considers
then the situation when L?(X;d!) has a basis consisting of quasi-eigewectors of ®
possibly of arbitrary order. If this is the case,then we say that ® has purely quasi-
discrete spectrum. The Abramov's theorem can be formulated as follows.
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Theorem I.1. [Ab] There is a one-to-one correspndene between the conjugacy
classesof totally ergadic dynamical systemswith purely quasi-discrete spectrum and
the e%uwalence classesof pairs (H R) where H is a discrete alelian group of the form
H= _, HywhereH;%H,%:::is an increasing seuene of discrete alelian groups,
H; %2 U(1) and H; hasno non-trivial elementsof nite order, and R is a homomorphism
of H suchthat for everyn = 1;2;::: the kernel of R" is the group H.

This paper cortains an attempt to extend the Abramov theorem to the quan-
tum medanical context i.e. when the spaceX is replaced by a noncomnutativ e von
Neumannalgebra. One caseof this program that we wereable to understand fairly com-
pletely is when the secondorder quasi-eigewectors form a basisin the corresponding
L 2-space. This assumption is satis ed in the original example that has motivated our
work on the subject. The main results of the paper, Equivalence Theorem and Repre-
sertation Theorem, show that sud systemsare classi ed by quadruples(H; H»;[r]; k),
called quantum quasi-spectra, where H; and H, are groups, k : H, 7! H, is an iso-
morphism and [r] is (essemially) a k invariant secondcohomology classof H,. Sud
guadruples are also required to satisfy a number of conditions described in Section IV.

It seemsthat the classi cation problem in full generality leadsto an excessiely
complicated system of algebraic invariants and is left for future investigation. In what
follows we presen a detailed account of the classi cation theory under the above men-
tioned additional assumption.

Our proofs and organization of the material follow closelythat of Abramov's with
seweral important di®erences. Among them are:

2 The set of quasi-eigewalues forms a group but not with respect to operator
multiplication but rather a twisted version of it denoted by = in this paper.

2 We introduce a natural conceptof a normalized basisof quasi-eigewectors which
simpli es proofs of the EquivalenceTheorem and the Represemation Theorem.

The paper is organized as follows. In Section Il we introduce a fairly general
setup and precisely formulate the problem. In Section Il we shav how to construct
group-theoretic invariants for totally ergodic quantum dynamical systemswith purely
guasi-discrete spectrum (of the secondorder). We prove the equivalence theorem in
Section IV, and the represenation theorem in Section V. Finally, Section VI cortains
a simple example of such a quantum dynamical system.
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[l. Quantum Ergodic Systems

We begin by reviewing the basic conceptswhich are used throughout the paper.
We will work within the von Neumann algebra framework, seee.g. [BR], as this is
the natural setup for noncommutativ e (quantum) ergadic theory. We will adopt the
following de nition of a quantum dynamical system.

De nition [1.1. A quantum dynamical systemis a quadruple (A; G;®;¢) with the
following properties:

() A is avon Neumann algebrawith a separablepredual.

(i) G is alocally compact abelian group.
(i) ®:G! Aut (A) is an action of G on A by von Neumann algebra automorphisms.
(iv) ¢ is a G-invariant, normal, faithful state on A.

Sincelocally compact abelian groups are amenable, it allows oneto de ne the time
average of an obsenable and prove ergadic theorems, seee.g. [L], [J], and references
therein. The most relevant are the groups G = Z (in which casethe systemis called a
guantum map) and G = R (in which casethe systemis called a quantum °ow).

We will denote by K = L2 (A;¢) the GNS represettation spaceof A assaiated
with the state ¢. Since A has a separablepredual, K is a separableHilb ert space. It
is natural to think of K as a quantum version of the classical Koopman space. The
automorphisms ®, extend to unitary operators of the K-spaces. By a slight abuse of
notation, we cortinue to denote them by ®.

De nition [1.2.  Two quantum dynamical systems(A;G;®;¢) and (B;G; ;!) are
conjugateif there exists an isomorphismof von Neumannalgebras© : A! B suc that
() ©x®= =0

(i) ! tO=¢.

A non-zeroelemert U 2 K is an eigervector of ® if for every g 2 G we have
®y(U) = , (9)U, where, (g) 2 U(1). Clearly, each g! | (9) is a character of the group
G. The set Speg, (®) of all sudh charactersis called the point spectrum of ®.

De nition I11.3. A quantum dynamical system (A; G; ®;¢) is called a system with
purely discrete spectrum if K hasan orthonormal basisconsisting of eigervectors of ®.

As a consequenceof the separability assumption, Speg, (®) is a courntable subset
of the dual group ®.

Ergodic theory of von Neumann algebrashas been studied by many authors. For
referencesand a variety of results, seee.g. [C], [KL1,2], [KLMR], [L] and [J]. For our
purposes,the following de nition of quantum ergadicity will be suzcient.
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De nition 11.4. A quantum dynamical system (A;G;®;¢) is called ergadic if the
only G-invariant elemers of K are scalar multiples of I .

Equivalertly, the joint eigenspaceof ®y's corresponding to the eigervalue 1 is one
dimensional and consistsof the scalar multiples of the identit y operator. For quantum
ergadic systems,the time and ensenble averagesof an obsenable are equal. Also one
has the following classi cation theorem due to Olsen, Pedersenand Takesaki[OPT].

Theorem 11.5. [OPT] There is a one-to-one correspndene betwesn the conjugacy
classesof ergadic quantum dynamical systemswith purely discrete spectrum and the
family of pairs (H;%) where H % 8 is a discrete group and ¥is a second cohomola@y
classof H.

In fact, in analogy with the commutativ e theory, every quantum dynamical system
is conjugate to a shift on the noncomnutativ e deformation of B determined by %- see
[OPT] .

De nition I1.6. A quantum dynamical system (A; G;®;¢) is called totally ergadic
if for every g 2 G individually, the only elemers of K invariant under ®y, are scalar
multiples of I.

For an example of ergadic but not totally ergadic quantum dynamical system see
Section VI.

We shall call the eigervectors of ® quasi-eigewectors of the rst order. Similarly,
eigervalues of ® are called quasi-eigewvalues of the rst order. The set of normalized
guasi-eigenvectorsofthe rst orderis denotedby G; while the setof all quasi-eigewvalues
of the rst orderis denotedby H;. We de ne the setG, of normalized quasi-eigewectors
of n-th order and the set H, of quasi-eigewvalues of n-th order inductively. Suppose
that G,, and H, are de ned.

De nition |1.7. With the above notation, a non-zeroelemern U 2 K is called a quasi-
eigervector of order n+ 1 of ® if ®(U) = , (g)U, where, (g) 2 A\ G,. Then , is called
a quasi-eigewalue of order n + 1.

De nition  11.8. A quantum dynamical system (A;G;®;¢) is called a system
with purely quasi-discretespectrum if K has an orthonormal basis consisting of quasi-
eigervectors of ® of possibly arbitrary orders.

The subject of this paper is the classi cation problem for (noncommutativ e) totally
ergadic systemswith quasi-discretespectrum. This is to be solved by constructing a
complete set of algebraic invariants of such systems.
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II. Classi cation of Quasi-Discrete Systems

In this paper wetackle the program described in the previous sectionunder the following
additional assumptions:
1. We consideronly G = Z, i.e. quantum maps. The automorphism ®; corresponding
to the generator1 of Z will simply be denoted by ®.
2. We asumethat K has an orthonormal basis consisting of the secondorder quasi-
eigervectors of ®.
3. Werequire that ¢ is a normalized trace.
Additionally , throughout the rest of the paper we assumethat the system (A;Z;®;¢)
is ergadic. We do explicitly mention when total ergadicity is used.

With extra e®ort the classi cation program can be presumably carried out for
arbitrary abelian locally compactgroupsand, what is most challenging, arbitrary quasi-
discretespectrum. The trace assumptionis usedin the proof of unitarit y in the following
proposition and possibly is not really needed.In any caseit seemdikely that ergadicity
and discretenessof the quasi-spectrum will force any invariant state to be a trace.

Every constart is an eigervector belongingto the eigervalue , = 1, and therefore
Hi Y2 G;. Moreover, obviously:

Hi%H, %G1 % Gy: (111:1)

Prop osition |11.1. Let, be an eigenvalueof ®. If U 2 K is a normalized second
order quasi-eigenvetor of ®:

®WU)=.U ; (111:2)

thenU 2 A and U_ is unitary.

Proof. This needsa little von Neumann algebrastheory from [Ar]. Let P' % L2 (A;¢)
be the closureof A, 1, where A, is the positive part of A and where12 A% L2 (A;¢)
is the unit in A. It follows from this denition that P\ is invariant under ®. It is known
that every x 2 L?(A;¢) hasa unique decomposition:

X = UjXj;
whereu 2 A is a partial isometry and jxj 2 P'. Write U =uju jin (11.2). Then:
&u)B(U j) = (Lu)ju ]

It follows that jU j is an invariant vector for ® and so, by ergadicity, it is equalto 1.
But that meansthat U 2 A. Applying the ergadicity assumptionto U,"U’ we seethat
U"U =1

Sincelj U U®ispositiveand ¢(1j U U®) = ¢(1j UU )= 0weseethat U is
unitary. o ’ ’ ’
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Prop osition 111.2. If U;V 2 G, belongto the samequasi-eigenvalue, then thereis a
constant C, jCj = 1, suchthat U = CV.

Proof. Applying ®to Ui 1V yields:
Uitvy=uil ity =uily:
It follows from ergadicity of ® that U’ 1V is a constart. o

Let us recall from [OPT] the following structural result about G;.

;1 2 Hy, we have

UU =% 1)U U ; (111:3)

where U ;U. 2 G; are the correspnding eigenvetors and % : Hy £ Hy ! U (1).
Furthermore, ¥ has the following properties:

Prop osition 111.3. For each pair

Yu(,; )= 1, (1n:4)
Yo,y 1) = %, 1) ¥, °); (111:5)

and
Yt )= Y 1)t (111:6)

A map %:Hi £ Hi ! U(1) satisfying (111.4), (111.5), (111.6) is called a symplectic
bicharacter.
The following lemma dealswith e®ectsof noncommutativit y of A on the classi ca-
tion problem.

Lemma [11.4.
(i) If U 2 G; belongsto quasi-eigenvalue, 2 H, then there exist a number A(,) 2
U(1) suchthat
urtu =A,).
(i) fU2G,andV 2 G; thenUVUi 2 Gy.

Proof. We verify by direct calculation that U’ 1,U’ and , belongto the sameeigervalue
of ®. Consequetly, Proposition 111.2 implies item (i).

If U2 G, belongsto , 2 H,, , 2 Hy ¥2 Gy belongsto R(,) 2 Hy, andV 2 G;
belongsto * 2 H,, then we compute:

®UVUIi Y= uwvuitil= VRV ETIE
A.) (111:7)
=1y vV, Uit =134R(,);)uvuit

which proves(ii ). In the above calculation we used(i) twice aswell as Proposition 111.3.
o]

If ;* 2 Hy and U 2 G; is a quasi-eigewector belonging to , we de ne the
following product on H:
,et= Uy wik (111:8)

5

7



S. KLIMEK

Prop osition 111.5. Each of the setsH; G;; G, is a group under operator multiplic a-
tion while H, is a group under @ multiplication. Moreover H; ¥2H, is a sulgroup.

Proof. The fact that H; and G; are groupsfollowsfrom [OPT] sowe needto concerrate
on H, and G,. We rst verify that the right hand side of (111.8) is in Gy:

®&.U WY =R()RE)AR();RE)CU WU (111:9)

by (111.7). Here R(, ) and R(*) are eigervalues correspnding to eigervectors, and .
Additionally:

®U U)=,U WU:=,U WiteU U =, ateU U (111:10)

sothat , @1 2 H,. Consequetly the o- product is well de ned. The identit y operator
12 A is the unit for this multiplication. Since

il

U= -—¢eui!?
B W
the o inverseof | is -
I = =
(b) A(’)

with , i 1 the operator multiplication inverse. Asscciativit y of the @ multiplication fol-
lows from (111.9) which also shaws that G, is a group under operator multiplication.
Finally if ; * 2 H; then, st = 1 o

WedeneamapR : G, ! H; by R(U) := | if ®U) = ,U. In other words,
R assignsto a quasi-eigewector the correspnding quasi-eigewalue. Clearly R maps
G1 %Gy into Hy 2 H,. Also R mapsH;, %2 G; into Hj.

Prop osition 111.6. The mappingR : H, ! H; hasthe following properties:
(i) For every, 2H, and!® 2 H; wehave! %(*; R(,)) 2 H; and

,atal()=1*%R()*): (I1:11)

In particular, H; is a normal sulgroup of H .
(i) R is a\twisted" homomorphism:

R(, @)= R(,) =, aR(®)al(,) = R()R()AR( );R(*)): (11:12)

(i) The kernel of R is the group H .
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Proof. Item (i) is just a rephrasing of (111.7) and item (ii ) follows directly from (111.9).
Item (iii ) is a consequencef ergadicity of ®, aseigervectorscorresponding to eigervalue
, = 1 are proportional to the identity. @

Let N :=Image of R %2H;. Equip N with the following product:

Ny &Ny = NiN¥{nNq;ny) 2 N;

where the last inclusion follows from Proposition 111.6, item (i). It is easyto seethat
N is a group with respect to this product and R : H, 7! R is a homomorphism.
Consequetly, we have the following short exact sequenceof groups:

N ! 1 (111:13)

This sequences an extension with abelian kernel, and the N -module structure on H;
is given by (111.11), see[B].

Prop osition 111.7. The group H; is at most countable, and, assumingthat ® is totally
ergadic, H; hasno nontrivial elementsof nite order.

Proof. Since® is assumedto be totally ergodic no nontrivial elemers of nite order in
H1 can exist. Also H; is at most countable asa consequencef separability of K. Since
R de nes a one-to-onemap H,=H; 7! Hy, the group H, is at most countable. @

If U belongsto , 2 H, then ®&U) belongsto R(,) @,. Thus it makes senseto
study the properties of the map:

k(,) = R(,)m,: (111:14)

Prop osition 111.8. The mapk de ned by (l1l.14) is an isomorphism of H,. Moreover
k(,)al(,)2H,andk(,)=, i®, 2 Hj.

Proof. k is a homomorphism since

k(, =*)

R(, @t)m, ot = R(,)a, aR(E)eal(,)=a, ot
R(,) =, aR() =t =k(,)ak(*)

by Proposition I11.6. The inverseof k iski 1(,) = R(,)I ta, . Nextk(,)el(,)= R(,)
soit isin Hy. Finally k(,) =, i®R(,)=1so0, 2 H;. &

9



S. KLIMEK

Prop osition [111.9. If the automorphism ® is totally ergadic, then quasi-eigenvetors
belongingto di®erent quasi-eigenvaluesare orthogonal in K.

Proof. The statemert is true for ordinary eigervectors. Let K; be the closedsubspace
of K spannedby G;, and let K, beits orthogonal complemen. The assumption of total
ergadicity of ® is usedin the following lemma which says that quasi-eigewector which
IS not an eigervector can not be a linear combination of eigervectors.

Lemma [11.10. SupmseU 2 G, is not in G; and belongsto , 2 H,. Then U 6X;.

Proof. Assumethat X
U= a U (111:15)
12H;
We can compute ®"(U) in two di®erert ways. First use(l11.15) and apply ®" to eah
U. . This yields: X
@ (V) = adU: ;
12H,

wherea? di®ersfrom a: by a phase. Secondly use®U) = ,U n-times and then expand:

X
®1(U) = aPcUR(’)n1 ;

12H,

where, as before, a?° di®ersfrom a. by a phase. By Proposition 111.7 R(, )" are all
di®eren. Consequetly, for any ! there is an in nite number of coetcients in (I111.15)
equal, up to a phase,to a: , and sothey must be zero. o

Returning to the proof of Proposition 111.9, if U 2 G, and not in G1, then we claim
that U is in K,. In fact, let U = U; + U, be the orthogonal decomposition of U with
respectto K = K; © K». It follows from Lemmalll.10 that U, 6 0. Since® is unitary,
®U;) 2 K1 and ®&U,) 2 K,. Moreover ,U; 2 K; becauseG; forms a group. For the
samereason,U, 2 K, as:

(5 .U2)= (115 W) = 0

for 1 2 G;. Consequetly we have ®U;) = ,U; and & U;) = U, which implies, in
view of Proposition 111.2, that U; = CU,. This can happenonly if C = 0 asU; and U,
belongto perpendicular subspacesf K.

It remainsto prove that if U;V 2 G, are not in G; and belongto di®eren quasi-
eigervalues ; * 2 H, then U;V are orthogonal. But this is the sameas proving that
Ui 1V is orthogonal to 12 K;. SinceG; is a group with respect to operator multiplica-
tion, Ui 1V 2 G, and belongsto quasi-eigewvalue | (,) a®. If Ui 1V is not in G; then
the orthogonality follows from the previous argumert. It remainsto considerthe case
when Ui 1V 2 G;. But two elemens of G; are orthogonal unlessthey belongto the
sameeigernvalue, and, since, 6 *,1(,)a! 6 1. o

10
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Corollary 111.11. For every, 2 H, we have:
"1 0, =1
. U = 5 - .
(U.) 0 otherwise.

Proof. This is a direct consequencef Proposition 1.9 and ¢(U ) = (1;U ). =

IV. Equivalence Theorem

In this sectionwe spell out the complete set of group theoretic invariants for totally
ergadic quantum dynamical systemswith quasi-discretespectrum of the secondorder.
The equivalencetheorem proved here says that if two sud systemshave the sameset
of invariants then they are conjugate.

If H is agroup, then afunctionr :H £ H! U(1) is called a 2-cocycle if

ri;Hrey °)=r(;2)r°); (IV:1)

forall ;1 °2 H. A 2-cocycler is called trivial if there is a function d: H ! U (1),
suchthat r (,; 1) =d(,* )=d(,)d(*). The setof equivalenceclassesof 2-cacyclesmod
trivial 2-cocyclesis the secondcohomology group H?(H) of group H (with valuesin

U(1)).

Lemma IV.1. Let (A;Z;®;¢) be a totally ergadic quantum dynamical system with
purely quasi-discrete spectrum of the second order. Choosean orthonormal basisfU g,
. 2 H», in K, consisting of quasi-eigenvalue®f ® and suchthat U; = 1. Then for each
pair ;1 2 Hy,

UU =r(;*)VU w; (IvV:2)

wher r (,; ) is a 2-cocycle on H,. Moreover, any other orthonormal basis of K con-
sisting of quasi-eigenvetors of ® leads to a conomolagyousr and A is linearly spanned
by fU g.

Proof. (IV.2) is a consequenceof Proposition [11.2, (111.10). The assaiativity of the
operator multiplication implies that r is a cocycle. If fV g is any other orthonormal
basis of K consisting of quasi-eigewvectors of ® then V. = d(, )U , d(,) 2 U(1), and
d(, ) givesthe equivalenceof the corresponding cocycles. Finally, sinceU is a basisin
K it follows that A is a ¥sweakly closureof the linear spanof fU g. a

SinceH, % G4, given a choice of a basisin K we can write for any , 2 Hj:

. = C()Ur( ) (IV :3)

where C(,) 2 U(1). The main properties of the coezxcients C(, ) are summarizedin
the following lemma.

11
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Lemma IV.2. With the alove notation we have:

r; RC)(RE):, BRE)=I( ),

C(, B1) = C()C() = P s

(IV :4)

Additionally, if , 2 H; then C(,) = , .

Proof. Proof is a straightforward calculation using (1V.2), (IV.3), and Proposition 111.6
which we omit. =
Let D(, ) be the following U(1)-valued function on H:

n .
D(i‘)= 5 IszHl

. IV:5
1 otherwise. ( )

We shall shawv below that one can choosea basisfU g, , 2 Hj, in K, consisting of
guasi-eigewaluesof ®, sud that the matrix elemers of ® are particularly simple.

Prop osition IV.3. There is a basis fU g, , 2 Hy, in K, consisting of quasi-
eigenvaluesof ®, suchthat

®&U )= D(, )Uk(): (IV:6)
Sucha basis will be called a normalized basis.

Proof. Notice that (IV.6) saysthat ®&U ) = U is, 2 Hy, which is always true, and
®U ) = Uy if , 2 H;. Considerthe orbits of k. If , 2 Hy then k(,) =, and H;
is the set of xed points for k. If | 2 H; then k"(,) = R(,)" =, and, asH; hasno
elemerns of nite order, all k"(, ) are di®erert for di®erent n 2 Z. Chooseone elemen
s(,) from ead orbit k"(,), sothat ead , can be uniquely written as, = k"(s(,)).
Choose U y arbitrarily and set

i ¢
U’ = @®" IUS(,) .

' ¢
SinceUy( ) = @* IUS(,) , (IV.6) is clearly satis ed. =
Let fU g be a normalized basisand let r(,; *) be the corresppnding 2-cocycle on
H,. Applying ®to (IV.2) we infer that

r(k():k() _ D( =) )

rG;*) D(,)D(*)

Sudh a cocycle will be called a normalized cocycle. If V. = d(,)U , d(,) 2 U(Q1) is
another normalized basisthen

d(k(, )) = d(,): (IV:8)

By HZ(H2) we denote the set of equivalence classesof normalized 2-cocycles on H
modulo k-invariant coboundaries(IV.8).

12
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Remark. If H, is abelian the set HZ(H;) can be alternativ ely described as follows.
Let D be a homomorphism of H, into U(1) extending the natural embedding H; %
U(1). Sud an extension is always possible for abelian groups [Ab]. Then, just like
in Proposition (IV.5), a basis U can be constructed satisfying & 0 ) = D(, )Uy( ).
The corresponding 2-cocycle - on H, is then k-invariant by an analog of (IV.7), and
cohomologousto r by Lemma IV.1. So, in this case,HZ?(H>) is the secondgroup of
k-invariant cohomologiesof H,. In general, when H, is not necessarilyabelian, it is
desirableto have a better description of HZ(H ).

Let us denote by [r] the cohomologyclassof r in H2(Hz). When restricted to H;
the conditions (IV.7) and (IV.8) are void. Moreover, since H; is abelian, there is a
one-to-one correspondencebetween the secondcohomology classes[r] and symplectic
bicharacters ¥ seeProposition I11.3. The correspndenceis given by:

r(;t)=%rE,); (IV:9)

see[OPT].
Sofar to atotally ergadic systemwith purely quasi-discretespectrum of the second
order we have assaiated the following algebraic structure:
1. A countable abelian group H; % U(1) which has no nontrivial elemerts of nite
order.
2. A courtable group H», sud that H; %2 H» is a normal subgroup.
3. An isomorphismk : H, 7! H, sucdh that k(,)e, 12 Hyandk(,) =, i®, 2 Hy.
4. A cohomologyclass[r] in HZ(H3).

De nition IV.4. A quadruple (H1;H>;[r]; k) satisfying conditions 1-4 above is called
a quantum quasi-spectrum.

De nition  IV.5. Two quantum quasi-sgectra (Hq;Ho;[r];k) and (H%H2; [r9; k9 are
called isomorphic if
(i) Hy = HY
(i) There exists an isomorphism A of the groups H, and HY leaving "xed all the
elemerts of the group H; = HY and such that

k=A KA, [r]1= A[rY;

where A% is the induced isomorphism of the cohomologygroups.

We are now prepared to prove the following theorem which is the main result of
the section.

13
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Theorem [V.6. (Equiv alence Theorem) Let (A;Z;®;¢) and (B;Z; ;!) betwo

totally ergadic quantum dynamical systemswith purely quasi-disciete spectrum of the

second order, and let (H1(®); H2(®);[re]; ke) and (H1( );H2( );[r-];k-) denote the

correspnding quantum quasi-sggctra. The following statementsare equivalent:

(i) The quantum quasi-sgectra (H1(®); H2(®); [re]; ke) and (H1( );H2( );[r-]; k-) are
isomorphic;

(i) (A;Z;®;¢) and (B;Z; ;! ) are conjugate.

Proof. Only (i) ! (ii) is non trivial. Let K(®) and K( ) be the corresppnding GNS
Hilb ert spaces.We are going to construct a conjugation © : A 7! B asan isomorphism
implemented by a unitary map Q : K(®) 7! K( ). Let fU g and fV: g be normalized
orthonormal basisin K(®) and K( ) correspondingly, consisting of quasi-eigewectors.
Set:

Q(U)) = Va ), (IV :10)

where A is an isomorphism of H»(®) and H,("). By Lemma IV.1 we have u.,u, =
re(, 1;,2)U ;o , and Vi, Vi, = r-(*1;1 )i, m,. Sincerg and A°r- are cohomologous,
we may assume,renormalizing V. if necessarythat

re(, 15, 2) = - (A 1); A 2)) (IV:11)

We can deducefrom (1V.11) that ©(U ) := QU Qi 1 = Vj(, ) asfollows:

QU., Q' Vi ,) = QU U, =re(, 1;,2)QU ;o , = rel(, 1;, 2)VA( 10, »)

r= (A, 1); A 2)) VA 1)9A¢ 2) = VAC 0 VAC 2)

But A and B arelinearly generatedby, correspondingly, U and V. and so© extendsto
an isomorphismof A and B . A straightforward calculation veri es that ©+®= +©:

©+®) U

i ¢
D(,)© ¢Uk®(,) =D(, ) Vake(.)) = D() Vk-(a(
— 1 —
VA(’) = ( i@) U’

Also ! (©(U )) = ¢(U ) by Corollary 111.11. It followsthat (A;Z;®;¢) and (B;Z; ;!)
are conjugate. o

14
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V. Represemation Theorem

In this sectionwe prove a represettation theorem which says that for any systemof
invariants (i.e. a quantum quasi-spectrum) there is a corresponding quantum dynam-
ical system with exactly that system of invariants. Consequetly, the corresppndence
betweenthe conjugacyclassef totally ergodic systemswith purely quasi-discretespec-
trum and the isomorphism classesof quantum quasi-spectra is onto.

Theorem V.1. (Represen tation Theorem) Let (H1;H2;[r]; k) be a quantum
qguasi-sgctrum. There exists a totally ergadic quantum dynamical system (A; Z; ®;¢)
with purely quasi-disciete spectrum suchthat its quantum quasi-sgectrum is isomorphic
to (Hy;Ho: [r]; k)

Proof. ConsiderK := 12(H;) and let fA g be the canonical basisin K. De ne A to be
the von Neumann algebra generatedby the following operators U :

UA =r1(;)Au; (V:1)

wherer(,; 1) is a normalized 2-cocycle on H, corresponding to [r]. For any f 2 K we
obtain

UTE)=r(1G)an)fd()at):

It follows that
U’ Ul = r(), 1)U’nl;

Then set
_A, = D(, )Ak(,)i (V:2)
whereD(,) 2 U(1) wasde ned in (IV.5). Equivalertly, or any f 2 K we have

“t()=0 k1)t k) =D 0)f k)", V:3)

sinceD(, ) is k invariant. ~ is a unitary operator in K with the inversegiven by

—i 1A — 1 A .
AT Dty ey
or, equivalertly, for any f 2 K
. 1
PH() = mf(k(,)):

Conjugation with ~— givesan automorphism ® of A since one veri es that
®U ):="U "11=D(, ) (V:4)

15
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In fact,
1 ok 1(1)¢
L —i1s T .
A pay VA T Bay Ao
_ ot ki) D(, ki i) _rli k() D(, Bkit) . _
) D (ki I(")) Aok ey = D (ki I(")) A ye

Notice that by (V.1) we have

U )yA = 1(K(,)51) A yor :

Consequeltly,
TN |
y it = T KO DO AKIC) sy A
= D (ki i) r(k(,);t) oK)
by (IV.7).
De ne

d(A) = (Ag; AAy)

Since™ A, = Ay, the state ¢ is ® invariant. Moreover vector A; is cyclic and separating
for A and sothe GNS Hilb ert spaceof state ¢, is canonically identi ed with K. In this
identi cation U _is mapped to A’ and the unitary operator in K de ned by ® is simply
. Also ¢ is a trace sinceA is linearly generatedby U 's.

We needto verify that the system(A; Z; ®;¢) istotally ergadic and that its quantum
quasi-spectrum (H1(®); H2(®); [re]; Ke) is isomorphicto (H1; Ho;[r]; k). It follows from
(V.3) that the spectrum of  (and equivalertly of ®) is H, with A, , , 2 Hi being the
corresponding eigervectors. Also

.
() =D()"f R "e,

whereR(,) := k(,)=,i 12 H;. As H; hasno nontrivial elemens of nite order, A; is
the only invariant vector for " and ® is totally ergodic. Next obsene that

_DCIUr¢)y .
)= RO )Y

and so that H,(®) consistsof the operators of the form %. They are di®eren

for di®eren | 's asthey correspond to di®erert quasi-eigewectors of an ergodic system.

The map
D(,)Ur()

r(R():.)
16
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is consequetly bijective. A is a homomorphism as a consequencef the following cal-
culation:

&U o) = r(_11)®(u,ul):ﬁ

1 » 1 ] ) )
- - 1)U, = 1 . = 1 ot
& 1)A(,)U, AU & 1)A(,)°A( U U= A() =AU,
SinceR(A(,)) = R(,), it follows that k = Ai 'kegA. Finally, asfA g is a normalized
basisin K consisting of quasi-eigewectors of ®, formula (V.1) implies that [r] = A°[re].
o]

A, 81)U, o ®U, )&(U: )

VI. Examples: Quantum Torus

In this section we consider examplesof systems,de ned on on quantum tori, il-
lustrating our theory. The rst exampleis a system satisfying all the assumptions of
our classi cation scheme. Interestingly, it appearsasa quantization of a kicked rotor in
[BB].

Recall that the algebra A of obsenables on a quantum torus is de ned as the
universalvon Neumann algebrageneratedby two unitary generatorsU;V satisfying the
relation [R]:

uv = e"hvu :

P
One can think of the elemers of A asseriesof the form a= a,,m U"V™. A natural
trace on A is simply givenby ¢(a) = ag.o. The automorphism ® is de ned on generators

by:
®U) = e U; ®V):= UV:

It extendsto an automorphism of A. If ! isirrational, then ®is totally ergadic. In fact,
the eigervectors of ® are just powers of U:

®(Un) — e21/4'n! Un:

Consequetly H; = " ; n 2 Zg2 Z and the spectrum is simple which provestotal
ergadicity if ! is irrational. Moreover

®(Uan) — e21/4'(n! +hm (mj l)=2)Um ¢Uan;

which shaows that U"V™ are quasi-eigewectors of the secondorder for ®. Since they
form an orthonormal basisin L2 (A; ¢) we seethat (A;Z;®;¢) is atotally ergodic system
with purely quasi-discretespectrum of the secondorder.

17
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We can identify H, 2 Z2 asgroupsand H; is simply the subgroup Z £ f0g %2 Z2.
The mapping R is given by

R(n;m)=m2Z2 Hy;

and the isomorphismKk is
k(n;m) = (n+ m;m):
De ne n, ¢ 0
C(n;m) = Rz (h(rm i n)+ 1 (n?=mj n)) IotI::erwise.
Then a simple calculation shows that C(n; m)U"V™ is a normalized basis for this
ergadic system.

In this simple example the group H, is abelian. We can identify HZ(H,) with
H?(H,), the secondcohomology group of H,. The later group is identied with the
set of symplectic bicharacters by (IV.9). A simple calculation shows that the following
symplectic bicharacter represerits [r] in our example.

%((n; m); (N® m%) = 2¥ih (nm % n°m).

Notice that %ais trivial on H, and k-invariant.

The above examplecan be easily extendedto give systemswith a basisconsisting of
guasi-eigewectors of arbitrary order. Here is oneway to do it. Considerthe algebraas
before but with an extra generator W which we assumefor simplicity to commute with
U and V. As beforede ne atrace ¢, suc that ¢(U"V™WX) = Qunlessn = m = k = 0.
Finally extend the automorphism ® by & W) = UVW. Then one easily veri es that
guasi-eigewectors of order one are powers of U, quasi-eigewectors of the secondorder
areU"V™ and quasi-eigewvectorsof the third order are U"V™WK. The last expressions
form a basisin the corresponding Hilb ert space.

Systemsthat are ergodic but not totally ergodic are usually assaiated with ele-
mernts of the nite order. For examplein an algebrageneratedby two unitary generators
U;V satisfying the relations UV = €NV U, and VN = 1 consideran automorphism
® given by

®U) = e U; V) := Ny

Here N is a positive integer and ! is assumedto be irrational. The eigervectors of
®areU"VM™, 0- m - N 1. This systemis ergadic but not totally ergodic since
&N (vM)=vm™ for any m.
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