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Abstra ct. In this paper we discussa weak version of KAM the-
ory for symplectic maps which arise from the discretization of the
minimal action principle. Thesemaps have certain invariant sets,
the Mather sets, which are the generalization of KAM tori in the
non-di®ereniable case. These sets support invariant measures,
the Mather measures,which are action minimizing measures.We
generalize viscosity solution methods to study discrete systems.
In particular, we show that, under non-resonanceconditions, the
Mather sets can be approximated uniformly, up to any arbitrary

order, by "nite perturbativ e expansions. We also presert new re-
sults concerningthe approximation of Mather measures.

1. Intr oduction

In this paper, we discussperturbation methods for symplectic maps
that arisefrom the discretization of the minimal action principle. The
motivation for this work is the following: the phasespaceof closeto in-
tegrable Hamiltonian systemcan be split into regular parts, composed
of invariant tori in which the systemdisplays very simple periodic or
quasi-periodic behaviour, and in another part where the system may
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exhibit irregular behaviour. As the systemgetsfarther from the inte-
grable,the invariant tori do not disappear altogetherbut shrink to cer-
tain setswhich have a characteristic action minimizing property that
allows to prove their existenceby a variational argumen. In these
sets, one can de ne certain action minimizing measures,the Mather
measures. To obsene these sets and measuresnumerically one must
do sometype of discretization. In this paper, we discussa time dis-
cretization scheme for autonomous Hamiltonian systems, and study
the stability of the action minimizing setsand measuresunder small
perturbations.

The Aubry-Mather theory [Mat894], [Mat89H], studiesinvariant mea-
suresof Lagrangian systemswhich have special minimizing properties.
In its origin wasthe study of discrete systemssud as area-preserving
twist di®eomorphismgMat79], [Mat81], [Mat87], [Mat91]. Recerly,
the techniquesof viscosity solutions[Fat974d], [Fat974], [Fat984|, [FatogH],
[E9Y, [EGO]] have been used with successo study cortinuous La-
grangian systemsand can be appropriately adaptedto study discrete
systems[[Gom0O3.

One motivation to study symplectic maps instead of °ows comes
from the fact that by discretizing the minimal action principle from
classicalmedanics, one obtains certain maps, which are symplectic,
and have the form

Pn+1 i Pn = hDyH (Pn+1;Xn)
Xn+1 i Xn = i hDyH (Pn+1;Xn);

where h is the time step and H the Hamiltonian. Those maps are
discreteanalogsof Hamilton's equations

p = DxH(p;X)
X = i DpH(p;X):

It is very important to notice that this discretization comesfrom vari-
ational principles, as we discussin sectionfd, and has interesting geo-
metric and analytic featuresaswill be pointed out later in the paper.

If the Hamiltonian H only dependson p, the dynamicsis very simple
sincep, = pPo, and X, = Xo i NhDyH(Pg). In this case,the systemis
called integrable. We would like to study Hamiltonians that are close
to integrable. That is, whenH is of the form H (p;x) = Ho(p) + O(?),
for 2 a small parameter.

There are certain measuresthe Mather measurescharacterizedby
a variational principle (seesectionf), which are invariant under the
discreteHamilton's equations. Our main objective is to understandthe
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dependenceon 2 of thesemeasures.In cortinuoustime, this problem
was partially addressedin [GomOJ. A classicalresult in Mather's
theory is that the support of these measures(the Mather set) is a
Lipschitz graph. In was proved that this set can be well
appraximated by certain smooth functions. In this paper we extend
substartially the results in [Gom0J as we prove new estimates for
the Mather measuresof the perturbed problem (seesection[f). In
particular we give a new expressiorfor an approximate density for the
Mather measure.

We start sectiond with a discussionof generating functions and
formal integrability methods. Theseresults motivate the methods used
in the remaining sectionsto study the dependenceon 2 of the Mather
sets. Without theseguiding principles it would be extremely hard to
proceedasthe equationsare extremely complex.

For eath P 2 R", onecan construct a Mather measureon T" £ R"
that is supported on a Lipschitz graph. This graph can be determined
from a solution u of

(1) u(x; P)i u(®; P)+ hH(P + Dyu(®; P); x)i

i hDxU(R)DyH (P + Dyu(R);x) = hH(P);
in which ® is determinedimplicitly by

Ri x=j hDpH(P + Dyu(%; P); Xx):

The existenceof smooth solutions to this equation can be addressed
usingKAM theory. However, in general,there are no smooth solutions.
Thus one has to considerthe classof viscosily solutions. Viscosity

solution methods, in particular, de nition, existence,regularity, and

basic properties, are discussedn sectionf§. Although our results look

similar to KAM, they arevalid even after KAM torus ceaseto exist.

Although viscosily solutions may not be smaoth, one can dewelop
a formal expansiont{(x; P) in power seriesin 2 and P | Py of the
solution u(x; P), in a neighborhood of 2 = 0 and P = Py. There s
a sohability condition in order to construct those expansions,namely
that the rotation vector DpHo(Py) is Diophantine. Theseexpansions
are constructedin sectionf], and sometechnical estimatesare proved
in sectionf.

When consideringthe Mather set for 2 > 0 one has two choices.
The rst oneis, given a vector P, xed, trying to comparethe formal
appraximation of the Mather set with the Mather setitself. Unfortu-
nately there are seriousproblemwith this approad as,when2 > 0, the
Diophantine conditions may be destrojed. The approat we consider
is the following: for 2 > 0 we construct a vector P- which keepsan
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approximate rotation vector xed. Then, in sectionfg, we prove that
the viscosity solution and its appraximation at P. are closeboth in
the supremum norm and its derivatives. To prove these estimateswe
usea technique similar to the onein [[Gom03, which is basedin rst
proving estimatesalong trajectoriesfor nite time. Sinceergadization
times can be cortrolled in terms of the Diophartine properties of the
rotation vector (see[BGW9Y], [DDGYq], [Dum9Y)), we extend this es-
timate for all points using a-priori Lipschitz bounds for the viscosity
solution and its approximation.

The idea of cortrolling a viscosity solution during a long time and
then extending to nearby points has beenusedby other authors. For
instancein the paper [Be§, a ergadization times techniques are used
to study Hamilton-Jacobi equationsperturbed by an elliptic operator.
This problem is also studied, in a di®eren setting, in [FS864, and
[FS86l. We should note that our results are related to the onesin
[BK87], as both imply the stability of Mather sets. Howe\er, in this
last paper the problem addresseds the persistenceof periodic orbits
and their techniquesare quite di®eren, whereasin our paper we study
the non-resonan case.

2. Discrete varia tional principles and integrability

In the variational formulation of classicalmedanics,the trajectories

x(t) of a systemare minimizers, or at leastcritical points, of the action
Z 1
L(x;x)dt;
0

with xed endpoints, in which L(x;Vv) : R® | R, the Lagrangian, is
the di®erencebetweenkinetic and potertial energy We assumethat
the Lagrangian is smaoth, superlinear, strictly corvex in v (that is,
D2,L is boundedaway from 0), D2,L is uniformly bounded,and that
it is Z"-periodic in x, which meansthat for all k 2 Z",

L(x+ k;v) = L(x;V):

This periodicity makesit corveniert to look at the Lagrangian as a
function from T" £ R" to R (T" is the n dimensional’at torus).
The minimizing trajectoriesare solutionsto the Euler equation
d
DyL(x;x) + DyL(x;x) = O:

(2 i dt

In applications, it is important to considerdiscrete versionsof clas-
sical medanics, for instance, for computational purposes. There are
two alternatives to make this discretization, one is to discretize the
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Euler-Lagrangeequations(P), the other is to discretizethe variational
principle. They are not equivalert, and this last approad has sev-
eral advantages. In fact, in the cortinuous setting there are certain
invariant sets,the Mather sets,which are obtained using a variational
principle. Usingthis discretization of the variational principle, onecan
construct Mather measures,seefor instance [[GomO0Z3. Furthermore,
the map that is obtained this way hasbetter geometricalproperties as
it presenesthe symplectic structure.

The discretization of the variational problem can be doneby means
of the Euler method for the ODE

X = v(t):
This yields the discretedynamics
Xn+1 = Xn + hvp;

in which h is the time-step.
The correspnding variational problem consistsin minimizing the
action
X
h L(Xn;Vn);
n=0
amongall choicesofv,,, 0- n- N, with xed endpoints X, and xy .
The analogof the Euler-Lagrangeequationsis

i DyL(Xn+1:Vn+1) i DyL(Xn;Vn)

(3) n + DyL(Xn+1:Vaer) = O
In the cortin uouscase,(g) can be written in a Hamiltonian form:
p = DyH(p;x)

x =i DpH(p;x);

for p = j DyL(X;x), and the Hamiltonian

H(p:x) = supli pevi LOGV)I:
Similarly, (B) canbe written in the equivalert form
( Pn+1 i Pn = NDxH (Pn+1;Xn)

4

@ Xn+1 i Xn = i hDpH (Pn+1;Xn);
with

(5) pn+l = i DvL(Xn;Vn):

Note that the dynamics (fl) is semi-explicit, that is, implicit in p and
explicit in x. This may therefore constrairt the sizeof h for which (f)
de nesa discrete°ow, depending on boundsfor the derivativesof H.
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We considerthe casein which the Lagrangian
L.(x;v): T"£E R"! R;
is a perturbation of an integrable oneLy(v). More precisely
(6) L. = Lo(v) + 2L 1(X; V);

in which 2 is a small parameter. When 2 = 0, the dynamics(f) is very
simple sincev,, is constart. The Hamiltonian correspnding to (B) has
an expansionof the form

H (p;x) = Ho(p) + 2H 1(p;X) + 2°H(p;X) + ¢¢¢

This expressions a straightforward application of the implicit function
theoremfor the Legendretransformp= j D,L..

As in the caseof cortinuous°ows (see[Arn89], [AKN97] or [IGol8{)),
onecanusegeneratingfunctionsto changecoordinates,and, in particu-
lar, there is a versionof the Hamilton-Jacobiintegrability for maps. In
the next proposition we prove the main result on generatingfunctions
and changeof coordinates, which senesto motivate our methods.

Theorem 2.1. Let (x;p) 2 R? be the original canonical coordinates
and (X;P) 2 R? be another coordinate system. Supmse there is a
smath function S(x; P) suchthat

(7) p= DyS(x; P) X = DpS(x;P)

de nes a glotal changeof coordinates (this function is called a gener-
ating function). Additionally, assumethat D2, S is non-singular, and
supmsethere is a smaoth function H (P; X ) suchthat, for h suxciently
small,

(8) S(x;P)i S(#;P)+ hH(D\S(&;P);x)i
i hD,S(R; P)D,H (DxS(&; P); x)+
+ hDpS(R; P)Dx H(P; DpS(%; P)) =
= hH(P; DpS(&; P));
in which
(9) Pi P = hDxH(P;DpS(%;P)) Ri x = hDyH (D,S(%; P);x):
In the new coordinate system,the equationsof motion (f]) are

Xns1i Xn =i hDPﬁ(Pn;Xml)

10 _
( ) I:)n+1 i I:)n = hDXH(Pn;Xn+l)
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In particular, if H doesnot degendon X, theseequations simplify to

(11) xn+1 i Xn =i hDPH(Pn)
Pra1i Pn=0:

Remark. 1. When we perform this changeof coordinates we obtain

a new dynamicsthat is semi-explicitas (), but this time is implicit in

X and explicit in P.

Remark. 2. In the cortinuous case,given a Hamiltonian H and the

generatingfunction S, the new Hamiltonian is fully determined since

H(p;x) = H(P; X). Howeer, in our case,that is not immediate since

(B) is in fact a partial di®eretial equation for H.

Remark. 3. In this paper we will use mostly this theorem when

(x;p) 2 T" £ R". In this case,S is iderti ed with a function in the

tangert spaceof the universal covering of T".

Pr oof.  For simplicity, we will seth = 1 in the proof, by absorbing

it into H (note howewer that we need h suzciently small in order

for the implicit expressionsto be de ned and smooth). Dene § =

S(®; P), and we use the corvertion D,8 = (D4S)(®; P), as well as

DpS = (DpS)(R;P), to simplify the notation. By di®eretiating (B)

with respect to x we obtain,
3

D,Si DySD,®i DpSDP + D,HD, DxS + DyH | Dy DS DyHj
o

3

i Dx8Dy (D,H) + Dy DpS DyH + Dp8Dy DyxH =
3 ,
= DyHD, Dp$ :
Then, by cancelingsometerms we have

D.Si D,8D,2; Dp8D,P + DXHi¢
i Dx8Dy (D,H) + Dp8D, DxH = O:

Obserne that
DyR =1 Dx(DpH);
and 3 .
Dp8D, i P+ DyxH =0
Therefore

(12) D,Si DS+ DH = O
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Di®ereriating (B) with respectto P we get | ,

DpSi DxSDpRi DpSDpP + DyHDp DS | Dp DxS D,Hj
3 ;

_ i ¢

i Dy8Dp (D,H) + Dp DpS DyH + Dp8Dp 'DxH =
2P

= qu+ DxﬁDp Dpé .

By cancelingwe get

DpSi D,SDpRi DpSDpP;

i ¢ _
i DxSDp (D,H)+ DpSDp DxH = DpH:
Note that
DpR = j Dp (DpH);
therefore _ ¢
DpSi DpSDpP + Dp8Dp 'DyH = DpH:
Since . ¢
| _
DpP =1+ Dp DyH
we have
(13) DrSi DpS = DpH:

Dene p= D,S, and X = DpS. Now assumethat (xn;pn) are solu-
tions to the dynamics(fl). If we setx = x, and p = p,, by the change
of coordinates () we have, correspndingly, X = X, and P = P,.
Therefore, from ([3) we get

p = pn+l :
Thus, sincep = DS we have ® = Xn:1 and P = P,.;. This implies
X = X 41, and so (T3) reads
Xni Xn+1 = DPW(Pn;XnH);
and we also have
Phet i Pn = qu(Pn;Xml):
¥
The previoustheorem suggestghat we shouldlook for a generating
function S(x; P) = Px+ u(x; P), periodic in x, and a new Hamiltonian
H which only dependson P. If sud a solution exist, the equations
of motion reduceto ([[T) and we sa that sud a systemis integrable.
The function u shouldthen satisfy the equation (fll). As we will discuss

later, seesectionf, this equationwill always admit a viscosity solution,
which, howewer, may not be smooth.
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3. Viscosity solutions

In general,equation () may not admit smooth solutions. Howe\er,
see[[Gom037, theorem 3.1, one can prove the existenceof viscosity so-
lutions, which are the correct notion of weak solution. In this section
we review the main facts and prove somepreliminary estimates.

For our purposes,a corveniert de nition of viscosily solution is the
following: we say that afunction u is a viscosity solution of ([) provided
that it satis esthe following xed point idenrtity:

Xi 1
(24) u(x; P) = hmin [L(Xj;Vvj)+ Pv; + H(P)] + u(xn;P);

j=0
in which the minimum is taken over trajectories (X,;Vvn), 0 - n -
N, with initial condition xo = X, and Xp+1 = Xn + hv,. The next
proposition shavs that a smooth viscosity solution is a solution of ([I)).

Prop osition 3.1. Supmseu is smamth, periodic in X and satis es
(15) u(x;P) = mvin h[L(x;Vv) + Pv+ H(P)] + u(x + hv;P):
Then, u solves([).

Pr oof.  Sinceu is smaoth and periodic, and L grows superlinearly
in v, there exists at least one optimal velocity v° in (L5). v® satis es
D,L(x;Vv") =i Pj Dyu(x+ hv®;P):

Using the Legendretransform
L(x; V") + (P + Dyu(x + hv®;P))v® = | H(P + Dyu(x + hv®;P);x);
and so
v® = j DpH (P + Dyu(x + hv®; P); x):
Therefore,with 2 = x + hv® = x| hD,H(P + Dyu(®; P); x),
u(x;P)i u(®;P)+ hH(P + Dyu(®;P);X)i
i hDyxu(®;P)DyH (P + Dyu(®; P);x) = hH(P):
¥
The optimal trajectory x, and the momenium p,, asgiven by (f),

are solutions of (f) for n, O.
Let us start by quoting an existenceresult whoseprove is given in

[Gom03:
Theorem 3.2. For each P 2 R" there existsa unique numter H(P)
and a family of solutions u(x; P), periodic in x, that solves(fll) in the

viswsity sense. Furthermore, H(P) is convexin P, and u(x;P) is
Lipschitz in x.
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Motivated by the formal change of variables that was discussedin
the previous section, we would like to relate this weak solution with
the dynamics (f]) - the next theorem makesthis connection.

Theorem 3.3. Let u be a visaosity solution of ([). Then:

- For eachP 2 R", there existsat least one subsetof T" £ R", called
Mather set, whichis invariant under the dynamics(ff]) and is contained
in the graph (x; p) = (x; P + Dyu(x)).

- There exists a prokability measure 1 (x;p) on T" £ R" (discrete
Mather measure) invariant under (f]) supprted on this invariant set.

- This measure minimizgs

(16) L(x;v) + Pvd°;

with v = | DH(B;x), and pi p = hDyH(p;x), over all protability
measures® on T" £ F%” that satisfy

A(x + hv) i Ax)d° =0
for all continuous function A_T" ! R. Furthermore

z
a7) i H= L(x;v)+ Pvdy

whee H is the unique numker for which () admits a periodic viscosity
solution.

One of the main points in the previous theorem is that one can
translate properties of viscosily solutionsinto properties of Mather sets
or measuresand vice-\ersa.

In the next proposition we discusssomeof the properties of viscosity
solutions, and its relations with the dynamics ().

Prop osition 3.4. Supmse(X; p) is a point in the graph
G= f(x;P + Dyu(x)) : u is di®eentiableat xg:

Then, for all n, 0, the solution (x,;pn) of () with initial conditions
(x; p) belongsto G.

A further result that we need,taken also from [Gom0O3, is a repre-
sertation formula for H asa minimax. This is the discrete analog of
the minimax formula for °ows proved in [CIPP99].

Prop osition 3.5. For eachP 2 R",

(18)  H(P) = infsup L) vy Py

(xv) h
in which the in-mum is taken over continuous periodic functions ' .
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Supposethat L:(x;Vv) = Lo(v) + 2L1(X;Vv). The last estimatesin
this section showv that, ewen without non-resonanceconditions, the
viscosity solution of () has good bounds for the semiconcsity and
semicowexity constarts of u. Theseestimatesshould be seenasweak
estimatesfob the secondderivatives of u. Roughly speaking we have
\D2 u= O( 2)" in the Mather set.

Prop osition 3.6. Supmsel. is asin (B), with Lo(v) smaoth, strictly
convex, with bounded second derivative and coercive, and L(x; V) is
smaoth, superlinear, strictly convexin v, periodic in x and with uni-
formly boundel second derivatives. Let u be a vissity solution of ([).
Then, for any x and y we have

p.
ux+y)i 2ux)+ u(xi y)- C 3y

Proof. Let (Xp;Vp), with Xp41 = Xp+ hv,, 0- n- Nj 1bean
optimal trajectory with xo = X, sud that

Xi 1
u(x) = u(xn)+ h  [Lo(va) + 2L1(Xn;Vn) + Pvy + H(P)I:
n=0
Then,
> E ’ H :
WX Y) - UG +h o Lo vt s xg§ Sy,
n=0 3 , i
+P v, % +H(P) :
Therefore,
u(x+y)i 2u(x) + u(xj y) -
NG y ! 3 y i
hn=0 Lo Vni L 2Lo(vn) + Lo vn+m +
1o M NG n 1
+ h? By Ly Xq+ ,ll ViV i Nyh i 2L1(Xn;Vi)+
M N y 1.
+L1 Xn | |<| Yiva+ ST
Note that, sinceD?L, is bounded,
’ y ’ y jyi?
Lo Vni Nh i 2Lo(vn)+ Lo v+ Nh CN2h2
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Also
H _ y 1
L1 Xn+ Ill YiVni Nh i 2L1(Xn;Vn)*
" . T l
+ Ly Xni LI ny'v +L . C 1+ L jyjz'
S VIR AR N N 2h2 '
Consequetly, for h small,
u(x+y)i 2u(x)+ u(xi y):- C.i+2hN+i"'2'
Y)i iy N N Y

3

By choosingN = O #> we obtain

p.
ux+vy)i 2ux)+ u(xi y)- C Fyj*
¥

Prop osition 3.7. Supmsel. is asin (B), with Lo(v) smaoth, strictly
convex, with bounded second derivative and coercive, and L(x; v) is
smaoth, superlinear, strictly convexin v, periodic in x and with uni-
formly boundel second derivatives. Let u be a vismsity solution of ().
Then, if x is in the Mather setandy is arbitrary, we have

p.
ux+y)i 2ux)+u(xi y), i C 2y

Pr oof. Since x belongsto the Mather set, there is a trajectory
(Xn;Vn), With Xp41 = Xp+ hvy,, 0 n- Nj 1with Xy = X, sud that

Xi 1
U(XO) = U(X) +h [I—O(Vn) + 2I—l(Xn;Vn) + I:)Vn + W(P)]
n=0

Note that this identity implies that this trajectory adievesthe mini-
mum in (4). Thus,

Xth s T ,

. LA 2 V" A
U(XO) U(X§ y)+hn:0 I—03Vn§ Nh'+ L, Xn§ NyaVn§ NI +
|

+P Ve § 2 +H(P) ;
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hence

u(x+y)i 2u(x) + u(xi y) .
i 1th 3 ’ 3 C

i h Lo vn+ i 2Lo(vn)+ Lo Vni i

- 1h Nh Nh
% 1h 3 n y
i h? ) L1 Xp+ RGBT 2L1(Xn;Va)+
n=0 3 n y ’ |
+|—l Xni Wyavnl m :
Note that, sinceD?L, is bounded,
3 4 3 4 ..
y oy jyi? .
I—0 Vn+ m | 2L0(Vn)+ I—0 Vi i m ) ChZNz-
Also .
n
L1 Xn+ N YV + % [ 2L1'(Xn;Vn')+
n y 1.,
+ Ny + :
Ll Xn | N y’Vn | Nh C 1 N2h2 Jyj
Therefore
1 2 *
ux+y)i 2u(X)+u(xiy), i C ——+hN+ — jyj=

Nh Nh

3

By choosingN = O > we obtain

p_. .
ux+y)i 2u(x)+ uxiy), i C 2yj*
¥

Theorem 3.8. SupmselL: is asin (f), with Lo(v) smaoth, strictly
convex, with bounded second derivative and coercive, and L(x; V) is
smath, superlinear, strictly convexin v, periodic in x and with uni-
formly boundel second derivatives. Let u be a vismsity solution of ([).
Then, if x is in the Mather setandy is arbitrary then

U T Uly) i Dyu((yi )i C' Zxi yjx

Pr oof.  This follows from the proof of a similar theoremin [[Gom03
b)breplacingthe semiconcaity and (local) semicowexity constarts by
C" 2 which result from the two previous propositions. Note that the
derivative in the formula makes sensesince u is di®ereniable in the
Mather set. ¥
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4. Formal Perturba tion Theor y

In this sectionwe discussformal perturbation methods usingan ana-
log of Linstead series.We outling the construction of formal expansions
for the solutionsu’(x; P) andH (P) of (fll) that we denote,respectively,
by ) (x; P) and Hy, (P). Thosefunctions are given in power seriesof
2 and P j Py, and satisfy () up to order O(2N + jP | PgjN) in a
neighborhood of 2 = 0 and P = Py. More precisely

(19) (X, P)j th (% P)+ hH(P + Dytr, (% P); X)i
i Dyt (5, P)DpH (P + Dytry (% P); X) = hHy (P)
+ O(N + jP i Poj);

in which the point x is de ned implicitly by
(20) i X =i hDyH (P + Dyt (% P);X):

The main ditcult y is that an approximate generatingfunction may
not yield a Hamiltonian H(P; X). Howewer, by setting S = Px +
thy (X; P), and performing the change of coordinates given by ([)) the

dynamicscanstill bewritten in a simpler Hamiltonian form, up to high
order terms.

Prop osition 4.1. Supmsett, (x; P) is a solution of ([3) for P 2 R"
andx 2 T". Let

S = Px+ thy (X; P);
and de_r(le new coordinates (X ; P) by (). Then

Xnea i Xn = i hDpHy (Pn) + O + [Py Poji?)

21 . .
( ) I:)n+1 i I:)n = O(2N + JPn i POJN):

Pr oof.  For simplicity, asin the proof of theorem.], we seth = 1.
By di®erettiating ([[Y) with respect to x, and cancelingthe terms, as
in theoremP.1, we get

(22) D,Si DyS+ DyH = OCN +jP i Poj);

in which § = S(%;P). Di®ereriiating now with respect to P, and
simplifying, we obtain

(23) DpSi Dpé: DP"T; (p) + O(ZN + jP i PojN; 1):

Denep= D,SandX = DpS. If weassumehat (x,; pn) aresolutions
to the dynamics(f), and setx = x, andp = pj, in the newcoordinates
the correspnding points are X = X, and P = P,. Then, from (£2),
we get

P= Pna + O(2N +jPnj POjN):
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Therefore,the inversefunction theoremimplies
P i Pn= OC" + [Py Poj"):
Then X = X4 + O(N + jP, i PojNi 1). So,equation (B3 reads
Xni Xnu = DpHg(Pg) + OCN + jPy i PoiNih):

¥

The Linstead method consistsin constructing solutions of ([) by
usingan iterativ e procedurethat yieldsan expansiont, of the solution
u® and H,, of the Hamiltonian H , asa power seriesin 2 and (P Py).
Then, t, and Hy, satisfy ([9).

Of course, there are some conditions that have to be satis ed in
order to construct the approximated solution. Thesecan be expressed
in terms of the Diophantine properties of the vector Py.

We say that a vector! 2 R" is Diophartine if

(24) 8k2 Z"nfOg,m2 Z, j! ¢kj mj, for someC;s> O:

C
jkTa
We will assumethat the vector! ; = Dp Hg(Py) is Diophartine.

We look for an expansionof the form
(25)
thy (X; P)

2v1(X; Po) + 2(P | Po)DpVi(X; Po) + 22vy(X; Po)

+

1
EZ(P i Po)?D3pvi(X; Po) + 22(P i Po)DpVa(X; Pg) + :::
Xi X 1 o
= ———2(P j Po)'DL} vi(x; Po);

U (1

j=1 i=1
with the notation that, for N = 1, w;(x; P) = 0. Furthermore,
Fry (P) = Ho(Po) + 2H1(Po) + (P i Po)DpHo(Po)+
(P i Po)?

+ 22H,(Po) + 2(P i Po)DpH1(Po) + D2 Ho(Po) + ¢o¢
We will try to choosethe functionsv; in sud a way that, formally,
uU(x;P)i t(x;P)=0CN +jP i PoV);

by matching powers2 and (P j Pyg) in both sidesof (I9). The rst
term arisesfrom taking 2 = 0, and P = Pq in ([9). Then,

Ho(Po) = Ho(Po);
and the solution & = 0. The st order terms in 2 yield
vi(X; Po) i va(xi hDpHo(Po); Po) + hH1(Po; X) = hH1(Po);
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and this equation determinesv;(x; Pg) and H1(Po). Furthermore
DpHo(Po) = DpHo(Po):

The function v,(x; Po) and H,(Py) are determinedby solving the equa-
tion

Vo(X; Po) i Va(X i hDpHo(Po); Po)+
h
+ E(Dle(Xi hD pHo(Po); Po))?D 5,Ho(Po)+
+ thHl(Po)DXV]_(X i thHo(Po), P0)+
+ hH2(Po; X) = hH>(Po):
To obtain DpVv;(X; Pg) and Dp H1(Pg) we considerthe equation
DPV]_(X; Po) i Dle(X i thHQ(PQ), P0)+
+ hDpH1(Po; x) = hDp H1(Po):

In general,we will have to solwe equationsof the form

G,u="f+;
in which the operator G is given by
(26) Giou=u(x)i u(xj !o);

the function f canbe computedin terms of functions that are already
known, , is the unique constart for which (E8) has a solution, and
o= DpHo(Po).

This operator can be analyzed by using Fourier coexcients. Note
that,

Gw e21/‘ikx = eZMiKX(]_;( ezi/ikwo).
o .

Thus,if " (x) = & andu(x)=  ue®*X, the equation
k k
(27) Gy u(x) = " (x);
reducesformally to
’ kej 2Yik x
U = —
1 i e2%k! 0

If !, is non-resonat the equationin (7) can be solved formally in
Fourier coexcients, since no denominator vanishes,exceptfor k = 0.
Moreover, in order for (£7) to have a solution, we need” ; = 0. Sothis
implies

Z
(28) =  fXx)dx:

5
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Furthermore, under Diophartine conditions on ! o, the seriesfor the
solution u converges,in appropriate function spaces,aslong as” is
smaoth enough.

From (£8) we have
4

H1(Po) =  H1(Po; x)dXx;
Z
DpH1(Po) = DpH1(Po; x)dx;

and
Z

H2(Po) = Z%_(val(x i hDpHo(Po); Po))?Dj5,Ho(Po)dx+

+  DpH1(Po)Dxvi(Xx i hDyHo(Po); Po) + H2(Po; x)dx:

Therefore,by computing theseexpansionswe obtain, formally, that
H (P) = AL (P) + OCN +P i Poi"):

This idertity will be maderigorousin the next section.

5. Estima tes for the Effective Hamil tonian

In_this section we prove that Hy (P) is an asymptotic expansion
to H:(P), therefore proving rigorously some of the results from the
previous section.

Prop osition 5.1. Let u® and H be solutions of . Assumethat
there is an approximate solution uy, of u® and Hy, of H satisfying

([9). Then,
(29) H (P)- Hy(P)+ OC +jP i Poj"):

Pr oof. Weseth = 1 for simplicity. The inf sup formula ([L8) implies
that

H (P) - sup[tiy (P) i t(x+ V;P)i L(V)| PV]:

(xv)
So, the optimal point v* is given by

Dxtiy (X + V5 P) = i Ly(x V)i P
and so

L(x;v®) = j H(P + Dytry (X + V7;P);X) i (P + Dyt (X + V7 P))V™:
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Therefore,
supfen (X P) i thy (X + V;P)i L(xV)i Pv]=
Vv

th (X; P) i thy (R P)+ H(P + Dyt (R P);X)j

i Dxtiy (R P)DpH (P + Dty (&;P);x) =

HN (P)+ OGN +jP i Poi):

Thus by taking the suprenum, we obtain the result. ¥

Prop osition 5.2. Let u* and H be solutions of @. Azssumethat
there is an approximate solution t, of u® and Hy, of H satisfying

([9). Then,

H(P). HN(P)+ O("™ + P i Po"):
Remark. This proposition and the previousone,together, imply
(30) H (P)= BN (P)+ O(" +jP i Po"):

Pr oof. Supposetk, (x; P) and Hy (P) solve (9). Using a compact-
nessargumert, we canconstructa measure~on T" £ R" sud that for
all continuousfunction A with compactsupport

‘. X
A v)d-= lim = . A(%n; ¥n);
in which (%,;w,) are given by
Xn+1 | %¥n = hvn = j hDpH (P + Dyt (%n+1; P); Xn);

and the limit is taken through an appropriate subsequenceNote that
L is aprobability meazsure,and for all cortinuousfunction A(x) we have
Ax + hv) | AX)d-= 0;
and
v =i DpyH(P + Dytty (X + hv; P); X);
on the support of *. Note that
BL)  en(GP)i ey (x+ hviP)i Lo(v)i 2La(x;v)i Pv=
= HY(P)+ OCN + P i Poi");

forv={ D,H (P + Dyt (x + hv; P); x), by an argument similar to the
onein the previous proposition. Therefore, by integrating (B1) with
respfct to &, we obtain

Lo(V) + 2L1(x; V) + Pvd-= | Hy(P)+ O(N +jP i PgM):
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Then, equation (17) implies
H(P), HY(P)+ O@N +jP i Po):
¥

Finally, we prove a very simple result which will be essetial in the
following section.

Lemma 5.3. Letu® and A be solutions of @2 Assumethat there is
an approximate solution &, of u* and Hy, of H satisfying (19). Then
there existsa point Xo at which

DyU’(Xo; P) = Dytty (Xo; P):

Pr oof. Sinceu’(x; P)j t (x; P) is aperiodic semiconcae function of
X, then it hasa minimum at somepoint X,. Thus, at X, the derivative
of U(x; P) j uy (x; P) with respect to x, exits and is zero. ¥

6. Unif orm estima tes

This section is dedicated to prove two main results. One is that
the solution of (19) appraximates uniformly the viscosily solution of
(1). The other is that the derivatives of the appraximate solution are
uniformly closeto the onesof the viscosily solution. Sincethe Mather
setis supported on the graph (x; v(x)), with v given by

V(x) = i DpH (P + Dyu’(x + hv(x); P); x);

this implies stability of Mather sets.

Theseresult should be though of asthe discreteanalogsto the ones
in [Gom03 for the cortinuous problem. The main idea is that the
approximated solution, built usingthe formal expansion,is very closeto
the viscosity solution alongan optimal trajectory. Undernon-resonance
conditions, thesetrajectoriesget closeto any point in the torus in nite
time. Therefore,sinceu’ and t, areLipschitz functions, we canextend
the estimate to ewvery point. Then we bootstrap these estimatesfor
estimateson the derivatives.

Theorem 6.1. Suppsethe rotation vector
' o= DpHo(Po)

satis esthe Diophantine property (24). Assumethat 2 is small enough.
Then, for everyM there existsa vector

P. = Po + 0(2)

and N suchthat
DpHy (P:) = 1 g
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Furthermore,
supju’(x; P2) ity (X; P2)j = O(M);

in which u*(x; P:) is any viswsity solution of
(32) u(x; Pz) j U (R;P) + hH(P: + DU’ (R; P2): X)j
i hDy U’ (R; P:)DH (P: + Dy U*(R; P:);x) = hH (P2);
with
Ri X =i hDyH (P: + DyU’(R; P2); X);
and t, (x; Pz), HY, (P:) satisfy (19), to which an appropriate constant
has been addel for normalization.

Remark. Note that this theorem is still valid ewen if there is no
uniquenesdor viscosity solution of (32).
Pr oof. De ne P: by solving the equation
o= DpHy (P2);
that is
I o= DpHo(Po) + 2DpH1(Po) + (P: i Po)D3pHo(Po) + ¢¢¢;

in which the expansionin terms of P j P and 2 is taken up to order
N i 1. Under the strict convexity assumptionfor Hq(P) = Ho(P) =
Ho(P), we have

detD2,Ho(Po) 6 O;
and so, the implicit function theorem yields a unique solution of the
form

P. = Py + 2P, + ¢¢C;
for 2 small enough,and '

i1
Pi=i D&pHo(Po) | Dp H1(Po):

De ne the new coordinates (P; X) by (7), that is

p= P + Dyt (X; P)

33
(33) X = x+ Dpty (X; P):

To simplify the notation we denote X = A(x; P). Let X, be the point
given by Lemmab5.3 Let

(Xo0; Po) = (Xo; P: + DyU’(Xo; P))

be the initial conditions for a trajectory (xn;pn) of (4). In the new
coordinates, we have
PQ = P::
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Also the dynamicsis transformed into
Xnea i Xn =i hDpHY (Pn)+ OCN + [Py Poji?)
Pras i Pn= OCN +jPni Poj"):

From this equation, it is clearthat P, stays closeto P: for long times.
The next lemma provesa quartitativ e estimate that re°ects this idea.

(34)

Lemma 6.2.
sup jPni P:j- OCN®):

1
0N w=z

Pr oof. Note that for any +> 0, we have
an+l i szzi an i szzz an+l + I:,n i 2P?jjpn+l i Pnj '

. o L .
HPna + Pri 2P+ LjPou i Poj?

£ [ R
2+ |Ppaai Po+ P Pe + 1an+1, Pn*:

Moreover,

jPoi1 i Pnj?- C2N+ C2NiPL i P
aslong as
(35) jPni PjNiz. c22N:

We will showv that this inequality is always satis ed for large N, and
for the rangeof valuesn that will be usedin our estimates.
By choosing+= 2N and setting
a, = jPni Pij?
we have
an+1 i an - C2N(ana + an) + C2V:
To obtain the nal estimate, we needan auxiliary lemma:

Lemma 6.3. Supmsea, is a sgquene suchthat ag = 0, and
(1i CM)ansy - (1+ CM)a, + C2N:

Then, for all 0. n - 5 and? smal enough,we have
a, - pEzszneznpézNﬂ.

Proof. Set® = C2N. We will proceedby induction over n. For
n = 0, the estimate s clear. Therefore,we assumeit holds for somen
and we will proveit for n + 1. We have

1+ ®an N ®
1; ® 1i ®

an+1 - - (1+ 3W)a, + 2B
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for ® suxciently small. Then, by the induction hypothesis,

— P~ — P _ p__
An+1 - (1+3®)IO ond "120. " & ®(”+1)+p®(ne2 ®ny2
p

P ®ne? eny.

® &7 we get
_ p_
Busy - P ®(n+ 1) B

Sincel+ 2

We should note that both the proof and the result of the previous
lemma are not sharp, howewer they are suxcient for our purposes.In
fact, this previouslemmaimplies that

jiPni P:j- C2N%%:
forall 0- n- ;& and therefore(35) is alsosatis ed. -

Obsene that X = A(x) ~ A(x; P:) is a di®eomorphismfor small 2.
Let
U(X) = (AT H(X);Pe) i by (AT H(X); Pe):
De ne X, = A(x,). Then, we have
U(Xn+e1) i UXy) =
= U (Xns15P2) i U (Xni P2) bty (Xne s P2) + iy (Xn; P2) =
i hH (P:) + hH (P: + DU’ (Xne1 s P2); Xn)i
i hDxU'(Xn+1; P:)DpH (P: + Dy U’ (X1 P2); X )+
+ hHY (P:) i hH (P2 + Dythy (%ns1; P2); Xn)+
+ hDyty (%n+1; P2)DpH (P2 + Dbty (%ns1; P2); Xn )+
+ l7"|2\| (%n+15P2) i l7|'|2\| (Xns1; P2) + O(2Y);

in which

¥ne1 i Xn = | hDpH (P2 + Dythy (%15 P2); Xp):
Therefore
U(Xn+1) i U(Xn) -
CiDyxU’ (Xn+1;P2) i Dyty (Xn+1;P2)j + CjXns1 i Xneaj + OCY):
Now, obsene that
Pn+1 = P+ + Dxu':u (Xn+1;Pn+1);

together with
Pn+1 = P+ Dxuz(xn+1 ,P2);
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yields
jDXU (Xna1; P2) DXU’:\I (Xn+1; P2)j -
+ JDxU (Xns1:P2) i Dbty (Xns1s Prea)j +
+ jDytty (Xn+1;Pns1) i Dbty (Xne1; P2)j -
Can+li sz:
Moreover, the equation
Yi Xn =i hDpyH (P + Dyt (Y;P);Xn)
de nesy assmaoth function of x, and P. Therefore,
J¥ne1 i Xn+1) © CjPps1 i P
Thus, by using Lemma 6.2 we have
U(Xna)i U(Xn) - OCY®);
forall0- n- ;. Wemay add a constart to u® in sud a way that
U(Xo) = 0, and thus
sup  U(X,) = ON™):
C

0N Nite

The Diophantine property implies that the map
Yn+1 i Yn = i. hDPHO(PO)

hasan ergadization time of order O ! i% , for someexponert r depend-
ing on the Diophartine expor@rt s in (24). That is, given £ and any
Y, thereexistsO- n- O & sudthat jY i Y,j- + Considerthe

map given by the Hamiltonian dynamicswhich, in the new coordinates
for0- n- =S5, reads

xn+1 i Xn = hDPHO(PO)+ O(zNi 1):

Then given2? and any X, thereisa0- n- ;< sud that

Xai Xj- M,
provided M < 1’% Furthermore, we have

Xn = AXn; Pn);
and

Xn = A(Xn; P2):

So,for0- n- &, Lemma6.2implies

Xni Xaj - O(2N=8):
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Consequetly, the sequenceX , satis esthat, given2 and any X, there
isO- n- ;& sud that
Xni Xj- c2M:

SinceU is a Lipschitz function, by choosing X,, asin the previous

formula
JUX)j - JUX) i U(Xa)j+ jU(X,)j - C2M:

The sameestimate carriesover to u’(x; P:) j t, (x; P:), asA is a dif-
feomorphism. ¥
Remark. One should obsene that

supju’(x; P2) ity (x; P2)j = O(2M)
X
implies
supju’(x; P2) ity (X; P2)j = O(2M);
although this last estimate requiresthe existenceof t .

Theorem 6.4. LetM > 0 and u*, H ke solutions of (1). Supmse
I'o = DpHo(Po) is Diophantine, 2 is suiciently smal and there is an
approximate solution ¢, of u® and Hy, of H satisfying (19) for N
suzciently large sothat Theorem 6.1 holds. Then,

esssufDy U’ (R; P:) | Dyth (% P2)j - C2M7;
X

in which® and x are de ned, resgctively by (9) and (20).

Pr oof. Subtracting (1) to (19), and using (30), we have
OCY) =t (X; P2) i thy (% P:) i U'(X; P:) + U (%; P:)+
+ hH (P2 + Dytry (6 P2);X) i hH(P: + DU’ (%; P2); X)j
i hDtry (%; P2)DpH (P: + Dty (%; P:); )+
+ hDyU*(R; P2)DpH (P: + Dy U’ (R; P2); x):
Moreover, by strict corvexity, we have
H (P2 + Dxtty (% P2); ), H(P: + Dyxu’(®; P2); x)+
+ DpH (P: + DyU’(#; P2); X)(Dctty (% P2) i DyU’(R; P2))+
+ °jDyth, (6 P2) | DyU'(R; P2)j2:
Therefore,we get
OCN), (X P) i by (% P2) | U (X Pe) + U'(R; Pe)+
+ hDythy (% P2) [DpH (P: + DU’ (R; P2); X) i DpH (P: + Dytiy (% P2); X)] +
+ Dyt (% P2) | DyU’(R; P2)j?:
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Since

h[DpH (P: + DyxU’(®; P);X) i DpH (P: + Dyt (€ P2); X)] = %i %,

and
ity 06 P2) i Dyt 06 P)(Ri %), ity (R P:)i Cxi &%
with
j¥i Rj? - CjDytry (% P2) i DU’ (%; P2)j%
we obtain,

O(N), (X P)i (R P)i U(xP)+ U'(R P:)+
+ 2Dyt (6 P2) | DU’ (R; P2)j?;

for someconstart %, as long as 2 is small enough. Therefore, the
previoustheoremyields

jDyth (6 P2) | Dyu’(R; P2)j? - O(2M):

¥

We should point out that this last theorem shows that the Mather

setscanbe approximated through a perturbative method. In fact, since
the Mather setis supported in

(X; i DpH (P2 + DU (%; P2); X);
the result implies that this graph is appraximated uniformly by

(X; i DpH (P + Dytty (% P2); X):

7. Appr oximate Mather measures

For integrableHamiltonian systems asdiscussedn Theorem2.1, one
can changecoordinatesby (7). In thesenew coordinates,the Lebesgue
measuredX isinvariant by the °ow. Thus, by the changeof coordinates
formula, the measure

det(l + D2, u)dx
is invariant for the original dynamics. The objective of this sectionis
to show that Mather measurescan be approximated by

det(l + D2, tr )dx:

As the Mather measurein generalis singular, we do not assertthat it
hasa density approximated by the above expressionbut we claim that
the massin small boxesare comparable.
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Theorem 7.1. Let M > 0. Assume!, = Dy Ho(Po) is Diophan-
tine, and there existsfunctions &, and H* satisfying (19) for N large
enough. Let 1. be any Mather measure correspnding to P: (see theo-
rem6.1) . Consider push-forwad °. of 1. by the map (33).

Let k be an arbitrary integer and 2 suzciently smal. Then, there
existsa partition of T" in boxesfB* g of size  suchthat

n
+i

o + _ " iR:
Z(B' ) 5 (k+ 1)nJB J!

for all ~.
Additionally, there exists another partition of T" in boxesfBJ g of

size ¢ suchthat
: K"
°(B') - ———jB/j;
(B*) i 1)nJ j
for all ~.
In both cases,k can be taken polynomially largein 2.

Pr oof. To provethe rst estimate,let k be an integer and consider
a partition of T" in boxes of size k,}l (for the partition we use semi-
open boxes, in sud a way that they are pairwise disjoint). Obviously,
for somebox B, we have °:(B) , jBj. Now consideran additional
partition of T" in boxesfB" g of size% sud that the certer of one of
the boxescoincideswith the certer of B. As in Theorem6.1, consider
the ergadization time for the linear °ow asseiated with a covering of
T" of radius smallerthat -5,. For 2 suxciently smalland ewvery ", there
existsa time T-, smaller than the ergadization time T, sud that the
imageof B underthe map (34) liesin the interior of the correspnding
box B*. Therefore, by the invariance of the Mather measureunder

this map, we have

n

(k+ 1)

+ -

°:(B"), jBj= B

To justify that k can be taken polynomially largein 2, supposek =
2i ® The ergadization time for the linear °ow corresmnding to 22® is
of order T = O(2i 2®"). For suzxciently large N and small 2, the image
of the box B undertime T- < T liesin the interior of B*.

The proof of the secondestimate is similar: one considersa cover
of T" in boxes of size ﬁ One of theseboxes B has®:(B) - |Bj.
Consider an additional partition of T" in boxesfBJ g of size% sud
that the certer of one of the boxes coincideswith the certer of B. As
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before,we obtain
n

. . k .
°(B') - |Bj= WJB'l J:

As a corollary to this theoremwe can state:

Corollary 7.2. LetM > 0, J be a positiveintegerand f be a Lipschitz
function on T". Assume!, = D,Ho(Po) is Diophantine, and there
existsfunctions t, and H* satisfying (19) for N largeenough.Let .
be any Mather measure correspndingto P: (seetheorem6.1). Consider
push-forwad ©. %f 1, bythe ma% (33). Then,

f(X)dX = f(X)d% + O(?):

T T

Pr oof. We can assumef to be a positive function. Consider a
partition in boxesB* asin the previoustheorem. Then we have

Z X
f d°. oz(B+) min f
, B*

kn X
©o(k+1)n
1 o X £

ravy | .

B jminf
B*

f;

5

sincef is I_Zipsmitz. Therefore -

K" 2Jy.
k+Dp oo PO
taking k = 21, and using the fact that f is bounded.
The other inequality is similar, using the partition BJ given by the
previoustheorem. ¥
From this corollary we conclude that for any Lipschitz function
fZ(x; p) and any positiverwe can chooseN large enoughsud that

fde. 0(%) +

f(x;P.+Dyu)dl. =  f(X;P:+Dythy) det(l + D2ty )dx+ O(2?);
Tn Tn
as2! 0.
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