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Abstra ct. In this paper we discussa weak version of KAM the-
ory for symplectic maps which arise from the discretization of the
minimal action principle. Thesemaps have certain invariant sets,
the Mather sets, which are the generalization of KAM tori in the
non-di®erentiable case. These sets support invariant measures,
the Mather measures,which are action minimizing measures.We
generalize viscosity solution methods to study discrete systems.
In particular, we show that, under non-resonanceconditions, the
Mather sets can be approximated uniformly, up to any arbitrary
order, by ¯nite perturbativ e expansions. We also present new re-
sults concerningthe approximation of Mather measures.

1. Intr oduction

In this paper, we discussperturbation methods for symplecticmaps
that arisefrom the discretization of the minimal action principle. The
motivation for this work is the following: the phasespaceof closeto in-
tegrableHamiltonian systemcan be split into regular parts, composed
of invariant tori in which the systemdisplays very simple periodic or
quasi-periodic behaviour, and in another part where the system may
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exhibit irregular behaviour. As the systemgets farther from the inte-
grable, the invariant tori do not disappear altogetherbut shrink to cer-
tain setswhich have a characteristic action minimizing property that
allows to prove their existenceby a variational argument. In these
sets, one can de¯ne certain action minimizing measures,the Mather
measures.To observe thesesets and measuresnumerically one must
do sometype of discretization. In this paper, we discussa time dis-
cretization scheme for autonomousHamiltonian systems,and study
the stabilit y of the action minimizing sets and measuresunder small
perturbations.

The Aubry-Mather theory [Mat89a], [Mat89b], studiesinvariant mea-
suresof Lagrangiansystemswhich have special minimizing properties.
In its origin was the study of discretesystemssuch as area-preserving
twist di®eomorphisms[Mat79], [Mat81], [Mat82], [Mat91]. Recently,
the techniquesof viscosity solutions[Fat97a], [Fat97b], [Fat98a], [Fat98b],
[E99], [EG01] have been used with successto study continuous La-
grangian systemsand can be appropriately adapted to study discrete
systems[Gom02].

One motivation to study symplectic maps instead of °ows comes
from the fact that by discretizing the minimal action principle from
classicalmechanics, one obtains certain maps, which are symplectic,
and have the form

(
pn+1 ¡ pn = hDxH (pn+1 ; xn)
xn+1 ¡ xn = ¡ hDpH (pn+1 ; xn );

where h is the time step and H the Hamiltonian. Those maps are
discreteanalogsof Hamilton's equations

(
_p = DxH (p; x)
_x = ¡ DpH (p; x):

It is very important to notice that this discretization comesfrom vari-
ational principles, as we discussin section2, and has interesting geo-
metric and analytic featuresas will be pointed out later in the paper.

If the Hamiltonian H only dependson p, the dynamicsis very simple
sincepn = p0, and xn = x0 ¡ nhD pH (p0). In this case,the systemis
called integrable. We would like to study Hamiltonians that are close
to integrable. That is, when H is of the form H (p;x) = H0(p) + O(²),
for ² a small parameter.

There are certain measures,the Mather measures,characterizedby
a variational principle (seesection 2), which are invariant under the
discreteHamilton's equations.Our main objective is to understandthe
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dependenceon ² of thesemeasures.In continuous time, this problem
was partially addressedin [Gom03]. A classical result in Mather's
theory is that the support of these measures(the Mather set) is a
Lipschitz graph. In [Gom03] was proved that this set can be well
approximated by certain smooth functions. In this paper we extend
substantially the results in [Gom03] as we prove new estimates for
the Mather measuresof the perturbed problem (see section 7). In
particular we give a new expressionfor an approximate density for the
Mather measure.

We start section 2 with a discussionof generating functions and
formal integrability methods. Theseresultsmotivate the methodsused
in the remaining sectionsto study the dependenceon ² of the Mather
sets. Without theseguiding principles it would be extremely hard to
proceedas the equationsare extremely complex.

For each P 2 Rn , one can construct a Mather measureon Tn £ Rn

that is supported on a Lipschitz graph. This graph can be determined
from a solution u of

u(x; P) ¡ u(x̂; P) + hH (P + Dxu(x̂; P); x)¡(1)

¡ hDxu(x̂)DpH (P + Dxu(x̂); x) = hH (P);

in which x̂ is determinedimplicitly by

x̂ ¡ x = ¡ hDpH (P + Dxu(x̂; P); x):

The existenceof smooth solutions to this equation can be addressed
usingKAM theory. However, in general,there areno smooth solutions.
Thus one has to consider the class of viscosity solutions. Viscosity
solution methods, in particular, de¯nition, existence,regularity, and
basicproperties, are discussedin section3. Although our results look
similar to KAM, they are valid even after KAM torus ceaseto exist.

Although viscosity solutions may not be smooth, one can develop
a formal expansion ~u(x; P) in power seriesin ² and P ¡ P0 of the
solution u(x; P), in a neighborhood of ² = 0 and P = P0. There is
a solvabilit y condition in order to construct thoseexpansions,namely
that the rotation vector DP H0(P0) is Diophantine. Theseexpansions
are constructed in section4, and sometechnical estimatesare proved
in section5.

When considering the Mather set for ² > 0 one has two choices.
The ¯rst one is, given a vector P0 ¯xed, trying to comparethe formal
approximation of the Mather set with the Mather set itself. Unfortu-
nately there areseriousproblemwith this approach as,when² > 0, the
Diophantine conditions may be destroyed. The approach we consider
is the following: for ² > 0 we construct a vector P² which keepsan
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approximate rotation vector ¯xed. Then, in section 6, we prove that
the viscosity solution and its approximation at P² are closeboth in
the supremum norm and its derivatives. To prove theseestimateswe
usea technique similar to the one in [Gom03], which is basedin ¯rst
proving estimatesalong tra jectoriesfor ¯nite time. Sinceergodization
times can be controlled in terms of the Diophantine properties of the
rotation vector (see[BGW98], [DDG96], [Dum99]), we extend this es-
timate for all points using a-priori Lipschitz bounds for the viscosity
solution and its approximation.

The idea of controlling a viscosity solution during a long time and
then extending to nearby points has beenusedby other authors. For
instance in the paper [Bes], a ergodization times techniques are used
to study Hamilton-Jacobi equationsperturbed by an elliptic operator.
This problem is also studied, in a di®erent setting, in [FS86a], and
[FS86b]. We should note that our results are related to the onesin
[BK87], as both imply the stabilit y of Mather sets. However, in this
last paper the problem addressedis the persistenceof periodic orbits
and their techniquesare quite di®erent, whereasin our paper we study
the non-resonant case.

2. Discrete varia tional principles and integrability

In the variational formulation of classicalmechanics,the tra jectories
x(t) of a systemareminimizers,or at leastcritical points, of the action

Z T

0
L(x; _x)dt;

with ¯xed endpoints, in which L(x; v) : R2n ! R, the Lagrangian, is
the di®erencebetween kinetic and potential energy. We assumethat
the Lagrangian is smooth, superlinear, strictly convex in v (that is,
D 2

vvL is boundedaway from 0), D 2
vvL is uniformly bounded,and that

it is Zn -periodic in x, which meansthat for all k 2 Zn ,

L(x + k; v) = L(x; v):

This periodicity makes it convenient to look at the Lagrangian as a
function from Tn £ Rn to R (Tn is the n dimensional°at torus).

The minimizing tra jectoriesare solutions to the Euler equation

(2) ¡
d
dt

DvL(x; _x) + DxL(x; _x) = 0:

In applications, it is important to considerdiscreteversionsof clas-
sical mechanics, for instance, for computational purposes. There are
two alternatives to make this discretization, one is to discretize the
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Euler-Lagrangeequations(2), the other is to discretizethe variational
principle. They are not equivalent, and this last approach has sev-
eral advantages. In fact, in the continuous setting there are certain
invariant sets,the Mather sets,which are obtained using a variational
principle. Using this discretization of the variational principle, onecan
construct Mather measures,seefor instance [Gom02]. Furthermore,
the map that is obtained this way hasbetter geometricalproperties as
it preservesthe symplectic structure.

The discretization of the variational problem can be doneby means
of the Euler method for the ODE

_x = v(t):

This yields the discretedynamics

xn+1 = xn + hvn ;

in which h is the time-step.
The corresponding variational problem consists in minimizing the

action

h
NX

n=0

L(xn ; vn );

amongall choicesof vn , 0 · n · N , with ¯xed endpoints x0 and xN .
The analogof the Euler-Lagrangeequationsis

(3) ¡
DvL(xn+1 ; vn+1 ) ¡ DvL(xn ; vn )

h
+ DxL(xn+1 ; vn+1 ) = 0:

In the continuouscase,(2) can be written in a Hamiltonian form:
(

_p = DxH (p; x)
_x = ¡ DpH (p; x);

for p = ¡ DvL(x; _x), and the Hamiltonian

H (p;x) = sup
v

[¡ p ¢v ¡ L(x; v)] :

Similarly, (3) can be written in the equivalent form [Gom02]

(4)

(
pn+1 ¡ pn = hDxH (pn+1 ; xn)
xn+1 ¡ xn = ¡ hDpH (pn+1 ; xn );

with

(5) pn+1 = ¡ DvL(xn ; vn ):

Note that the dynamics (4) is semi-explicit, that is, implicit in p and
explicit in x. This may thereforeconstraint the sizeof h for which (4)
de¯nes a discrete°ow, depending on boundsfor the derivativesof H .
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We considerthe casein which the Lagrangian

L ² (x; v) : Tn £ Rn ! R;

is a perturbation of an integrable oneL 0(v). More precisely,

(6) L ² = L0(v) + ²L 1(x; v);

in which ² is a small parameter. When ² = 0, the dynamics(4) is very
simple sincevn is constant. The Hamiltonian corresponding to (6) has
an expansionof the form

H (p;x) = H0(p) + ²H 1(p;x) + ²2H2(p;x) + ¢¢¢

This expressionis a straightforward application of the implicit function
theoremfor the Legendretransform p = ¡ D vL ² .

As in the caseof continuous°ows (see[Arn89], [AKN97] or [Gol80]),
onecanusegeneratingfunctions to changecoordinates,and, in particu-
lar, there is a versionof the Hamilton-Jacobi integrability for maps. In
the next proposition we prove the main result on generatingfunctions
and changeof coordinates,which servesto motivate our methods.

Theorem 2.1. Let (x; p) 2 R2n be the original canonical coordinates
and (X ; P) 2 R2n be another coordinate system. Suppose there is a
smooth function S(x; P) suchthat

(7) p = DxS(x; P) X = DP S(x; P)

de¯nes a global changeof coordinates (this function is called a gener-
ating function). Additionally, assumethat D 2

xP S is non-singular, and
supposethere is a smooth function H (P; X ) suchthat, for h su±ciently
small,

S(x; P) ¡ S(x̂; P̂) + hH (DxS(x̂; P̂); x)¡(8)

¡ hDxS(x̂; P̂)DpH (DxS(x̂; P̂); x)+

+ hDP S(x̂; P̂)DX H (P; DP S(x̂; P̂)) =

= hH (P; DP S(x̂; P̂)) ;

in which

(9) P̂ ¡ P = hDX H (P; DP S(x̂; P̂)) x̂ ¡ x = ¡ hDpH (DxS(x̂; P̂); x):

In the new coordinate system,the equationsof motion (4) are

(10)

(
X n+1 ¡ X n = ¡ hDP H (Pn ; X n+1 )
Pn+1 ¡ Pn = hDX H (Pn ; X n+1 )



Perturbation theory 7

In particular, if H doesnot depend on X , theseequationssimplify to

(11)

(
X n+1 ¡ X n = ¡ hDP H (Pn)
Pn+1 ¡ Pn = 0:

Remark. 1. When we perform this changeof coordinates we obtain
a new dynamicsthat is semi-explicit as(4), but this time is implicit in
X and explicit in P.
Remark. 2. In the continuouscase,given a Hamiltonian H and the
generatingfunction S, the new Hamiltonian is fully determined since
H (p;x) = H (P; X ). However, in our case,that is not immediate since
(8) is in fact a partial di®erential equation for H .
Remark. 3. In this paper we will use mostly this theorem when
(x; p) 2 Tn £ Rn . In this case,S is identi¯ed with a function in the
tangent spaceof the universal covering of Tn .
Pr oof. For simplicity, we will set h = 1 in the proof, by absorbing
it into H (note however that we need h su±ciently small in order
for the implicit expressionsto be de¯ned and smooth). De¯ne Ŝ =
S(x̂; P̂), and we use the convention D x Ŝ = (DxS)(x̂; P̂), as well as
DP Ŝ = (DP S)(x̂; P̂), to simplify the notation. By di®erentiating (8)
with respect to x we obtain,

DxS ¡ Dx ŜDx x̂ ¡ DP ŜDx P̂ + DpH Dx

³
Dx Ŝ

´
+ DxH ¡ Dx

³
Dx Ŝ

´
DpH ¡

¡ Dx ŜDx (DpH ) + Dx

³
DP Ŝ

´
DX H + DP ŜDx

¡
DX H

¢
=

= DX H Dx

³
DP Ŝ

´
:

Then, by cancelingsometerms we have

DxS ¡ Dx ŜDx x̂ ¡ DP ŜDx P̂ + DxH ¡

¡ Dx ŜDx (DpH ) + DP ŜDx

¡
DX H

¢
= 0:

Observe that

Dx x̂ = I ¡ Dx(DpH );

and

DP ŜDx

³
¡ P̂ + DX H

´
= 0:

Therefore

(12) DxS ¡ DxŜ + DxH = 0:
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Di®erentiating (8) with respect to P we get

DP S ¡ Dx ŜDP x̂ ¡ DP ŜDP P̂ + DpH DP

³
Dx Ŝ

´
¡ DP

³
Dx Ŝ

´
DpH ¡

¡ Dx ŜDP (DpH ) + DP

³
DP Ŝ

´
DX H + DP ŜDP

¡
DX H

¢
=

= DP H + DX H DP

³
DP Ŝ

´
:

By cancelingwe get

DP S ¡ Dx ŜDP x̂ ¡ DP ŜDP P̂¡

¡ DxŜDP (DpH ) + DP ŜDP
¡
DX H

¢
= DP H :

Note that
DP x̂ = ¡ DP (DpH ) ;

therefore

DP S ¡ DP ŜDP P̂ + DP ŜDP

¡
DX H

¢
= DP H :

Since
DP P̂ = I + DP

¡
DX H

¢

we have

(13) DP S ¡ DP Ŝ = DP H :

De¯ne p̂ = Dx Ŝ, and X̂ = DP Ŝ. Now assumethat (xn ; pn ) are solu-
tions to the dynamics(4). If we set x = xn and p = pn , by the change
of coordinates (7) we have, correspondingly, X = X n and P = Pn .
Therefore,from (12) we get

p̂ = pn+1 :

Thus, sincep̂ = Dx Ŝ we have x̂ = xn+1 and P̂ = Pn+1 . This implies
X̂ = X n+1 , and so (13) reads

X n ¡ X n+1 = ¡ DP H (Pn ; X n+1 );

and we alsohave

Pn+1 ¡ Pn = DX H (Pn ; X n+1 ):

¥
The previoustheoremsuggeststhat we should look for a generating

function S(x; P) = Px + u(x; P), periodic in x, and a newHamiltonian
H which only depends on P. If such a solution exist, the equations
of motion reduceto (11) and we say that such a systemis integrable.
The function u should then satisfy the equation(1). As we will discuss
later, seesection3, this equationwill always admit a viscosity solution,
which, however, may not be smooth.
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3. Viscosity solutions

In general,equation (1) may not admit smooth solutions. However,
see[Gom02], theorem 3.1, one can prove the existenceof viscosity so-
lutions, which are the correct notion of weak solution. In this section
we review the main facts and prove somepreliminary estimates.

For our purposes,a convenient de¯nition of viscosity solution is the
following: wesay that a function u is a viscosity solution of (1) provided
that it satis¯es the following ¯xed point identit y:

(14) u(x; P) = h min
N ¡ 1X

j =0

[L(x j ; v j ) + Pv j + H (P)] + u(xN ; P);

in which the minimum is taken over tra jectories (xn ; vn), 0 · n ·
N , with initial condition x0 = x, and xn+1 = xn + hvn . The next
proposition shows that a smooth viscosity solution is a solution of (1).

Prop osition 3.1. Supposeu is smooth, periodic in x and satis¯es

(15) u(x; P) = min
v

h[L(x; v) + Pv + H (P)] + u(x + hv; P):

Then, u solves(1).

Pr oof. Sinceu is smooth and periodic, and L grows superlinearly
in v, there exists at least oneoptimal velocity v¤ in (15). v¤ satis¯es

DvL(x; v¤) = ¡ P ¡ Dxu(x + hv¤; P):

Using the Legendretransform

L(x; v¤) + (P + Dxu(x + hv¤; P))v¤ = ¡ H (P + Dxu(x + hv¤; P); x);

and so
v¤ = ¡ DpH (P + Dxu(x + hv¤; P); x):

Therefore,with x̂ = x + hv¤ = x ¡ hDpH (P + Dxu(x̂; P); x),

u(x; P) ¡ u(x̂; P) + hH (P + Dxu(x̂; P); x)¡

¡ hDx u(x̂; P)DpH (P + Dxu(x̂; P); x) = hH (P):

¥
The optimal tra jectory xn and the momentum pn , as given by (5),

are solutions of (4) for n ¸ 0.
Let us start by quoting an existenceresult whoseprove is given in

[Gom02]:

Theorem 3.2. For each P 2 Rn there exists a unique number H (P)
and a family of solutions u(x; P), periodic in x, that solves(1) in the
viscosity sense. Furthermore, H (P) is convex in P, and u(x; P) is
Lipschitz in x.
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Motivated by the formal changeof variables that was discussedin
the previous section, we would like to relate this weak solution with
the dynamics(4) - the next theoremmakesthis connection.

Theorem 3.3. Let u be a viscosity solution of (1). Then:
- For each P 2 Rn , there existsat least one subsetof Tn £ Rn , called

Mather set, which is invariant under the dynamics(4) and is contained
in the graph (x; p) = (x; P + D xu(x)).

- There exists a probability measure ¹ (x; p) on Tn £ Rn (discrete
Mather measure) invariant under (4) supported on this invariant set.

- This measure minimizes

(16)
Z

L(x; v) + Pvdº;

with v = ¡ DpH (p̂; x), and p̂ ¡ p = hD xH (p̂; x), over all probability
measures º on Tn £ Rn that satisfy

Z
Á(x + hv) ¡ Á(x)dº = 0;

for all continuous function Á : Tn ! R. Furthermore

(17) ¡ H =
Z

L(x; v) + Pvd¹;

where H is the uniquenumber for which (1) admits a periodic viscosity
solution.

One of the main points in the previous theorem is that one can
translate propertiesof viscosity solutionsinto propertiesof Mather sets
or measuresand vice-versa.

In the next proposition we discusssomeof the propertiesof viscosity
solutions,and its relations with the dynamics(4).

Prop osition 3.4. Suppose(x; p) is a point in the graph

G = f (x; P + Dxu(x)) : u is di®erentiableat xg:

Then, for all n ¸ 0, the solution (xn ; pn ) of (4) with initial conditions
(x; p) belongsto G.

A further result that we need,taken also from [Gom02], is a repre-
sentation formula for H as a minimax. This is the discreteanalog of
the minimax formula for °ows proved in [CIPP98].

Prop osition 3.5. For each P 2 Rn ,

(18) H (P) = inf
'

sup
(x;v )

·
' (x) ¡ ' (x + hv)

h
¡ L(x; v) ¡ Pv

¸
;

in which the in¯mum is taken over continuous periodic functions ' .
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Suppose that L ² (x; v) = L0(v) + ²L 1(x; v). The last estimates in
this section show that, even without non-resonanceconditions, the
viscosity solution of (1) has good bounds for the semiconcavit y and
semiconvexity constants of u. Theseestimatesshould be seenas weak
estimatesfor the secondderivatives of u. Roughly speaking we have
\ D 2

xx u = O(
p

²)" in the Mather set.

Prop osition 3.6. SupposeL ² is as in (6), with L 0(v) smooth, strictly
convex, with bounded second derivative and coercive, and L 1(x; v) is
smooth, superlinear, strictly convex in v, periodic in x and with uni-
formly bounded second derivatives. Let u be a viscosity solution of (1).
Then, for any x and y we have

u(x + y) ¡ 2u(x) + u(x ¡ y) · C
p

²jyj2:

Pr oof. Let (xn ; vn ), with xn+1 = xn + hvn , 0 · n · N ¡ 1 be an
optimal tra jectory with x0 = x, such that

u(x) = u(xN ) + h
N ¡ 1X

n=0

[L0(vn ) + ²L 1(xn ; vn ) + Pvn + H (P)]:

Then,

u(x § y) · u(xN ) + h
N ¡ 1X

n=0

·
L0

³
vn ¨

y
N h

´
+ ²L 1

µ
xn §

N ¡ n
N

y; vn ¨
y

N h

¶
+

+ P
³

vn ¨
y

N h

´
+ H (P)

i
:

Therefore,

u(x + y)¡ 2u(x) + u(x ¡ y) ·

· h
N ¡ 1X

n=0

h
L0

³
vn ¡

y
N h

´
¡ 2L0(vn ) + L0

³
vn +

y
N h

´i
+

+ h²
N ¡ 1X

n=0

·
L1

µ
xn +

N ¡ n
N

y; vn ¡
y

N h

¶
¡ 2L1(xn ; vn )+

+ L1

µ
xn ¡

N ¡ n
N

y; vn +
y

N h

¶ ¸
:

Note that, sinceD 2L0 is bounded,

L0

³
vn ¡

y
N h

´
¡ 2L0(vn ) + L0

³
vn +

y
N h

´
· C

jyj2

N 2h2
:
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Also

L1

µ
xn +

N ¡ n
N

y; vn ¡
y

N h

¶
¡ 2L1(xn ; vn )+

+ L1

µ
xn ¡

N ¡ n
N

y; vn +
y

N h

¶
· C

µ
1 +

1
N 2h2

¶
jyj2:

Consequently, for h small,

u(x + y) ¡ 2u(x) + u(x ¡ y) · C
·

1
N h

+ ²hN +
²

hN

¸
jyj2:

By choosingN = O
³

1
h

p
²

´
we obtain

u(x + y) ¡ 2u(x) + u(x ¡ y) · C
p

²jyj2:

¥

Prop osition 3.7. SupposeL ² is as in (6), with L 0(v) smooth, strictly
convex, with bounded second derivative and coercive, and L 1(x; v) is
smooth, superlinear, strictly convex in v, periodic in x and with uni-
formly bounded second derivatives. Let u be a viscosity solution of (1).
Then, if x is in the Mather set and y is arbitrary, we have

u(x + y) ¡ 2u(x) + u(x ¡ y) ¸ ¡ C
p

²jyj2:

Pr oof. Since x belongs to the Mather set, there is a tra jectory
(xn ; vn), with xn+1 = xn + hvn , 0 · n · N ¡ 1 with xN = x, such that

u(x0) = u(x) + h
N ¡ 1X

n=0

[L0(vn ) + ²L 1(xn ; vn ) + Pvn + H (P)]:

Note that this identit y implies that this tra jectory achieves the mini-
mum in (14). Thus,

u(x0) · u(x § y) + h
N ¡ 1X

n=0

h
L0

³
vn §

y
N h

´
+ ²L 1

³
xn §

n
N

y; vn §
y

N h

´
+

+ P
³

vn §
y

N h

´
+ H (P)

i
;
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hence

u(x + y)¡ 2u(x) + u(x ¡ y) ¸

¸ ¡ h
N ¡ 1X

n=0

h
L0

³
vn +

y
N h

´
¡ 2L0(vn ) + L0

³
vn ¡

y
N h

´ i
¡

¡ h²
N ¡ 1X

n=0

h
L1

³
xn +

n
N

y; vn +
y

N h

´
¡ 2L1(xn ; vn )+

+ L1

³
xn ¡

n
N

y; vn ¡
y

N h

´ i
:

Note that, sinceD 2L0 is bounded,

L0

³
vn +

y
N h

´
¡ 2L0(vn ) + L0

³
vn ¡

y
N h

´
· C

jyj2

h2N 2
:

Also

L1

³
xn +

n
N

y; vn +
y

N h

´
¡ 2L1(xn ; vn )+

+ L1

³
xn ¡

n
N

y; vn ¡
y

N h

´
· C

·
1 +

1
N 2h2

¸
jyj2:

Therefore

u(x + y) ¡ 2u(x) + u(x ¡ y) ¸ ¡ C
·

1
N h

+ h²N +
²

N h

¸
jyj2:

By choosingN = O
³

1
h

p
²

´
we obtain

u(x + y) ¡ 2u(x) + u(x ¡ y) ¸ ¡ C
p

²jyj2:

¥

Theorem 3.8. Suppose L ² is as in (6), with L 0(v) smooth, strictly
convex, with bounded second derivative and coercive, and L 1(x; v) is
smooth, superlinear, strictly convex in v, periodic in x and with uni-
formly bounded second derivatives. Let u be a viscosity solution of (1).
Then, if x is in the Mather set and y is arbitrary then

ju(x) ¡ u(y) ¡ Dxu(x)(y ¡ x)j · C
p

²jx ¡ yj2:

Pr oof. This follows from the proof of a similar theorem in [Gom02]
by replacingthe semiconcavit y and (local) semiconvexity constants by
C

p
² which result from the two previous propositions. Note that the

derivative in the formula makes sensesince u is di®erentiable in the
Mather set. ¥
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4. Formal Per turba tion Theor y

In this sectionwe discussformal perturbation methodsusingan ana-
log of Linsteadseries.Weoutline the constructionof formal expansions
for the solutionsu²(x; P) and H

²
(P) of (1) that wedenote,respectively,

by ~u²
N (x; P) and ~H ²

N (P). Thosefunctions are given in power seriesof
² and P ¡ P0, and satisfy (1) up to order O(²N + jP ¡ P0jN ) in a
neighborhood of ² = 0 and P = P0. More precisely,

~u²
N (x; P) ¡ ~u²

N (~x; P) + hH (P + Dx ~u²
N (~x; P); x)¡(19)

¡ hDx ~u²
N (~x; P)DpH (P + Dx ~u²

N (~x; P); x) = h ~H ²
N (P)

+ O(²N + jP ¡ P0jN );

in which the point ~x is de¯ned implicitly by

(20) ~x ¡ x = ¡ hDpH (P + Dx ~u²
N (~x; P); x):

The main di±cult y is that an approximate generatingfunction may
not yield a Hamiltonian H (P; X ). However, by setting S = Px +
~u²

N (x; P), and performing the changeof coordinates given by (7) the
dynamicscanstill bewritten in a simplerHamiltonian form, up to high
order terms.

Prop osition 4.1. Suppose ~u²
N (x; P) is a solution of (19) for P 2 Rn

and x 2 Tn . Let
S = Px + ~u²

N (x; P);
and de¯ne new coordinates (X ; P) by (7). Then

(21)

(
X n+1 ¡ X n = ¡ hDP

~H ²
N (Pn) + O(²N + jPn ¡ P0jN ¡ 1)

Pn+1 ¡ Pn = O(²N + jPn ¡ P0jN ):

Pr oof. For simplicity, as in the proof of theorem 2.1, we set h = 1.
By di®erentiating (19) with respect to x, and cancelingthe terms, as
in theorem 2.1, we get

(22) DxS ¡ Dx Ŝ + DxH = O(²N + jP ¡ P0jN );

in which Ŝ = S(x̂; P). Di®erentiating now with respect to P, and
simplifying, we obtain

(23) DP S ¡ DP Ŝ = DP
~H ²

N (P) + O(²N + jP ¡ P0jN ¡ 1):

De¯ne p̂ = DxŜ and X̂ = DP Ŝ. If weassumethat (xn ; pn ) aresolutions
to the dynamics(4), and setx = xn and p = pn , in the newcoordinates
the corresponding points are X = X n and P = Pn . Then, from (22),
we get

p̂ = pn+1 + O(²N + jPn ¡ P0jN ):
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Therefore,the inversefunction theorem implies

Pn+1 ¡ Pn = O(²N + jPn ¡ P0jN ):

Then X̂ = X n+1 + O(²N + jPn ¡ P0jN ¡ 1). So,equation (23) reads

X n ¡ X n+1 = DP
~H ²

N (Pn) + O(²N + jPn ¡ P0jN ¡ 1):

¥
The Linstead method consists in constructing solutions of (1) by

usingan iterativ eprocedurethat yieldsan expansion~u²
N of the solution

u² and ~H ²
N of the Hamiltonian H

²
, asa power seriesin ² and (P ¡ P0).

Then, ~u²
N and ~H ²

N satisfy (19).
Of course, there are some conditions that have to be satis¯ed in

order to construct the approximated solution. Thesecan be expressed
in terms of the Diophantine properties of the vector P0.

We say that a vector ! 2 Rn is Diophantine if

(24) 8k 2 Znnf 0g, m 2 Z, j! ¢k ¡ mj ¸
C

jkjs
, for someC; s > 0:

We will assumethat the vector ! 0 = DP H0(P0) is Diophantine.
We look for an expansionof the form

~u²
N (x; P) = ²v1(x; P0) + ²(P ¡ P0)DP v1(x; P0) + ²2v2(x; P0)

+
1
2

²(P ¡ P0)2D 2
P P v1(x; P0) + ²2(P ¡ P0)DP v2(x; P0) + : : :

=
N ¡ 1X

j =1

jX

i =1

1
(j ¡ i )!

² i (P ¡ P0) j ¡ i D j ¡ i
P j ¡ i vi (x; P0);

(25)

with the notation that, for N = 1, ~u²
1(x; P) = 0. Furthermore,

~H ²
N (P) = ~H0(P0) + ² ~H1(P0) + (P ¡ P0)DP

~H0(P0)+

+ ²2 ~H2(P0) + ²(P ¡ P0)DP
~H1(P0) +

(P ¡ P0)2

2
D 2

P P
~H0(P0) + ¢¢¢

We will try to choosethe functions vj in such a way that, formally,

u²(x; P) ¡ ~u²
N (x; P) = O(²N + jP ¡ P0jN );

by matching powers ² and (P ¡ P0) in both sidesof (19). The ¯rst
term arisesfrom taking ² = 0, and P = P0 in (19). Then,

~H0(P0) = H0(P0);

and the solution ~u²
0 = 0. The ¯rst order terms in ² yield

v1(x; P0) ¡ v1(x ¡ hDpH0(P0); P0) + hH1(P0; x) = h ~H1(P0);
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and this equation determinesv1(x; P0) and ~H1(P0). Furthermore

DP
~H0(P0) = DP H0(P0):

The function v2(x; P0) and ~H2(P0) are determinedby solving the equa-
tion

v2(x; P0) ¡ v2(x ¡ hDpH0(P0); P0)+

+
h
2

(Dxv1(x ¡ hDpH0(P0); P0))2D 2
ppH0(P0)+

+ hDpH1(P0)Dxv1(x ¡ hDpH0(P0); P0)+

+ hH2(P0; x) = h ~H2(P0):

To obtain DP v1(x; P0) and DP
~H1(P0) we considerthe equation

DP v1(x; P0) ¡ DP v1(x ¡ hDpH0(P0); P0)+

+ hDpH1(P0; x) = hDP
~H1(P0):

In general,we will have to solve equationsof the form

G! 0 u = f + ¸;

in which the operator G is given by

(26) G! 0u = u(x) ¡ u(x ¡ ! 0);

the function f can be computedin terms of functions that are already
known, ¸ is the unique constant for which (26) has a solution, and
! 0 = DP H0(P0).

This operator can be analyzed by using Fourier coe±cients. Note
that,

Gw0e
2¼ik x = e2¼ik x (1 ¡ e2¼ik w0 ):

Thus, if ´ (x) =
X

k

´ ke2¼ik x and u(x) =
X

k

uke2¼ik x , the equation

(27) G! 0 u(x) = ´ (x);

reducesformally to

uk =
´ ke¡ 2¼ik x

1 ¡ e2¼ik ! 0
:

If ! 0 is non-resonant, the equation in (27) can be solved formally in
Fourier coe±cients, sinceno denominator vanishes,except for k = 0.
Moreover, in order for (27) to have a solution, we need´ 0 = 0. So this
implies

(28) ¸ =
Z

f (x)dx:
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Furthermore, under Diophantine conditions on ! 0, the seriesfor the
solution u converges,in appropriate function spaces,as long as ´ is
smooth enough.

From (28) we have

~H1(P0) =
Z

H1(P0; x)dx;

DP
~H1(P0) =

Z
DP H1(P0; x)dx;

and

~H2(P0) =
Z

1
2

(Dxv1(x ¡ hDpH0(P0); P0))2D 2
ppH0(P0)dx+

+
Z

DpH1(P0)Dxv1(x ¡ hDpH0(P0); P0) + H2(P0; x)dx:

Therefore,by computing theseexpansionswe obtain, formally, that

H
²
(P) = ~H ²

N (P) + O(²N + jP ¡ P0jN ):

This identit y will be maderigorous in the next section.

5. Estima tes f or the Effective Hamil tonian

In this section we prove that ~H ²
N (P) is an asymptotic expansion

to H ² (P), therefore proving rigorously someof the results from the
previoussection.

Prop osition 5.1. Let u² and H
²

be solutions of (1). Assume that
there is an approximate solution ~u²

N of u² and ~H ²
N of H

²
satisfying

(19). Then,

(29) H
²
(P) · ~H ²

N (P) + O(²N + jP ¡ P0jN ):

Pr oof. We set h = 1 for simplicity. The inf sup formula (18) implies
that

H
²
(P) · sup

(x;v )
[~u²

N (x; P) ¡ ~u²
N (x + v; P) ¡ L(x; v) ¡ Pv] :

So, the optimal point v¤ is given by

Dx ~u²
N (x + v¤; P) = ¡ L v(x; v¤) ¡ P;

and so

L(x; v¤) = ¡ H (P + Dx ~u²
N (x + v¤; P); x) ¡ (P + Dx ~u²

N (x + v¤; P))v¤:
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Therefore,

sup
v

[~u²
N (x; P) ¡ ~u²

N (x + v; P) ¡ L(x; v) ¡ Pv] =

= ~u²
N (x; P) ¡ ~u²

N (x̂; P) + H (P + Dx ~u²
N (x̂; P); x)¡

¡ Dx ~u²
N (x̂; P)DpH (P + Dx ~u²

N (x̂; P); x) =

= ~H ²
N (P) + O(²N + jP ¡ P0jN ):

Thus by taking the supremum, we obtain the result. ¥

Prop osition 5.2. Let u² and H
²

be solutions of (1). Assume that
there is an approximate solution ~u²

N of u² and ~H ²
N of H

²
satisfying

(19). Then,

H
²
(P) ¸ ~H N

² (P) + O("N + jP ¡ P0jN ):

Remark. This proposition and the previousone, together, imply

(30) H
²
(P) = ~H N

² (P) + O("N + jP ¡ P0jN ):

Pr oof. Suppose~u²
N (x; P) and ~H ²

N (P) solve (19). Using a compact-
nessargument, we can construct a measure~¹ on Tn £ Rn such that for
all continuous function Á with compactsupport

Z
Á(x; v)d~¹ = lim

M !1

1
M

MX

n=1

Á(~xn ; ~vn );

in which (~xn ; ~vn) are given by

~xn+1 ¡ ~xn = h~vn = ¡ hDpH (P + Dx ~u²
N (~xn+1 ; P); xn);

and the limit is taken through an appropriate subsequence.Note that
~¹ is a probability measure,and for all continuousfunction Á(x) wehave

Z
Á(x + hv) ¡ Á(x)d~¹ = 0;

and
v = ¡ DpH (P + Dx ~u²

N (x + hv; P); x);
on the support of ~¹ . Note that

~u²
N (x; P) ¡ ~u²

N (x + hv; P) ¡ L0(v) ¡ ²L 1(x; v) ¡ Pv =(31)

= ~H ²
N (P) + O(²N + jP ¡ P0jN );

for v = ¡ DpH (P + Dx ~u²
N (x + hv; P); x), by an argument similar to the

one in the previous proposition. Therefore, by integrating (31) with
respect to ~¹ , we obtain

Z
L0(v) + ²L 1(x; v) + Pvd~¹ = ¡ ~H ²

N (P) + O(²N + jP ¡ P0jN ):



Perturbation theory 19

Then, equation (17) implies

H
²
(P) ¸ ~H ²

N (P) + O(²N + jP ¡ P0jN ):

¥
Finally, we prove a very simple result which will be essential in the

following section.

Lemma 5.3. Let u² and H
²

be solutions of (1). Assumethat there is
an approximate solution ~u²

N of u² and ~H ²
N of H

²
satisfying (19). Then

there existsa point x0 at which

Dxu² (x0; P) = Dx ~u²
N (x0; P):

Pr oof. Sinceu²(x; P)¡ ~u²
N (x; P) is a periodic semiconcave function of

x, then it hasa minimum at somepoint x0. Thus, at x0, the derivative
of u²(x; P) ¡ ~u²

N (x; P) with respect to x, exits and is zero. ¥

6. Unif orm estima tes

This section is dedicated to prove two main results. One is that
the solution of (19) approximates uniformly the viscosity solution of
(1). The other is that the derivativesof the approximate solution are
uniformly closeto the onesof the viscosity solution. Sincethe Mather
set is supported on the graph (x; v(x)), with v given by

v(x) = ¡ DpH (P + Dxu²(x + hv(x); P); x);

this implies stabilit y of Mather sets.
Theseresult should be though of as the discreteanalogsto the ones

in [Gom03] for the continuous problem. The main idea is that the
approximated solution, built usingthe formal expansion,is very closeto
the viscosity solution alongan optimal tra jectory. Undernon-resonance
conditions, thesetra jectoriesget closeto any point in the torus in ¯nite
time. Therefore,sinceu² and ~u²

N areLipschitz functions, wecanextend
the estimate to every point. Then we bootstrap these estimates for
estimateson the derivatives.

Theorem 6.1. Supposethe rotation vector

! 0 = DP H0(P0)

satis¯es the Diophantine property (24). Assumethat ² is small enough.
Then, for every M there existsa vector

P² = P0 + O(²)

and N suchthat
DP

~H ²
N (P²) = ! 0:
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Furthermore,

sup
x

ju²(x; P² ) ¡ ~u²
N (x; P² )j = O(²M );

in which u²(x; P² ) is any viscosity solution of

u²(x; P² ) ¡ u² (x̂; P²) + hH (P² + Dxu² (x̂; P²); x)¡(32)

¡ hDxu²(x̂; P²)DpH (P² + Dxu²(x̂; P² ); x) = hH
²
(P² );

with
x̂ ¡ x = ¡ hDpH (P² + Dxu²(x̂; P²); x);

and ~u²
N (x; P²), ~H ²

N (P²) satisfy (19), to which an appropriate constant
hasbeen added for normalization.

Remark. Note that this theorem is still valid even if there is no
uniquenessfor viscosity solution of (32).
Pr oof. De¯ne P² by solving the equation

! 0 = DP
~H ²

N (P² );

that is

! 0 = DP
~H0(P0) + ²D P

~H1(P0) + (P² ¡ P0)D 2
P P

~H0(P0) + ¢¢¢;

in which the expansionin terms of P ¡ P0 and ² is taken up to order
N ¡ 1. Under the strict convexity assumptionfor H 0(P) = ~H0(P) =
H0(P), we have

detD 2
P P

~H0(P0) 6= 0;
and so, the implicit function theorem yields a unique solution of the
form

P² = P0 + ²P1 + ¢¢¢;
for ² small enough,and

P1 = ¡
h
D 2

P P
~H0(P0)

i ¡ 1
DP

~H1(P0):

De¯ne the new coordinates (P; X ) by (7), that is

(33)

(
p = P + Dx ~u²

N (x; P)
X = x + DP ~u²

N (x; P):

To simplify the notation we denoteX = Á(x; P). Let x0 be the point
given by Lemma 5.3. Let

(x0; p0) = (x0; P² + Dxu²(x0; P))

be the initial conditions for a tra jectory (xn ; pn ) of (4). In the new
coordinates,we have

P0 = P² :
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Also the dynamicsis transformed into

(34)

(
X n+1 ¡ X n = ¡ hDP

~H ²
N (Pn ) + O(²N + jPn ¡ P0jN ¡ 1)

Pn+1 ¡ Pn = O(²N + jPn ¡ P0jN ):

From this equation, it is clear that P n stays closeto P² for long times.
The next lemma provesa quantitativ e estimate that re°ects this idea.

Lemma 6.2.
sup

0· n· 1
² N =4

jPn ¡ P² j · O(²N=8):

Pr oof. Note that for any ± > 0, we have

jPn+1 ¡ P² j2 ¡ jPn ¡ P² j2 = jPn+1 + Pn ¡ 2P² jjPn+1 ¡ Pn j ·

· ±jPn+1 + Pn ¡ 2P² j2 +
1
±

jPn+1 ¡ Pn j2 ·

· 2±
£
jPn+1 ¡ P² j2 + jPn ¡ P² j2

¤
+

1
±

jPn+1 ¡ Pn j2:

Moreover,
jPn+1 ¡ Pn j2 · C²2N + C²2N jPn ¡ P² j2;

as long as

(35) jPn ¡ P² j2N ¡ 2 · C²2N :

We will show that this inequality is always satis¯ed for large N , and
for the rangeof valuesn that will be usedin our estimates.

By choosing± = ²N and setting

an = jPn ¡ P² j2;

we have
an+1 ¡ an · C²N (an+1 + an ) + C²N :

To obtain the ¯nal estimate,we needan auxiliary lemma:

Lemma 6.3. Supposean is a sequence suchthat a0 = 0, and

(1 ¡ C²N )an+1 · (1 + C²N )an + C²N :

Then, for all 0 · n · 1
3C²N and ² small enough,we have

an ·
p

C²N=2ne2n
p

C²N =2
:

Pr oof. Set ® = C²N . We will proceedby induction over n. For
n = 0, the estimate is clear. Therefore,we assumeit holds for somen
and we will prove it for n + 1. We have

an+1 ·
1 + ®
1 ¡ ®

an +
®

1 ¡ ®
· (1 + 3®)an + 2®;



22 D. Gomes, C. Valls

for ® su±ciently small. Then, by the induction hypothesis,

an+1 · (1+3®)
p

®ne2
p

®n+2® ·
p

®e2
p

®(n+1) +
p

®(ne2
p

®n+2
p

®ne2
p

®n):

Since1 + 2
p

® · e2
p

®, we get

an+1 ·
p

®(n + 1)e2
p

®(n+1) :

We should note that both the proof and the result of the previous
lemma are not sharp, however they are su±cient for our purposes.In
fact, this previous lemma implies that

jPn ¡ P² j · C²N=8;

for all 0 · n · C
²N =4 , and therefore(35) is alsosatis¯ed.

Observe that X = Ã(x) ´ Á(x; P²) is a di®eomorphism,for small ².
Let

U(X ) = u²(Ã¡ 1(X ); P²) ¡ ~u²
N (Ã¡ 1(X ); P²):

De¯ne ~X n = Ã(xn ). Then, we have

U( ~X n+1 ) ¡ U( ~X n ) =

= u²(xn+1 ; P²) ¡ u²(xn ; P²) ¡ ~u²
N (xn+1 ; P²) + ~u²

N (xn ; P²) =

= ¡ hH
²
(P²) + hH (P² + Dxu²(xn+1 ; P²); xn )¡

¡ hDxu²(xn+1 ; P²)DpH (P² + Dxu²(xn+1 ; P²); xn )+

+ h ~H ²
N (P²) ¡ hH (P² + Dx ~u²

N (~xn+1 ; P²); xn )+

+ hDx ~u²
N (~xn+1 ; P²)DpH (P² + Dx ~u²

N (~xn+1 ; P²); xn )+

+ ~u²
N (~xn+1 ; P²) ¡ ~u²

N (xn+1 ; P²) + O(²N );

in which

~xn+1 ¡ xn = ¡ hDpH (P² + Dx ~u²
N (~xn+1 ; P²); xn ):

Therefore

U( ~X n+1 ) ¡ U( ~X n ) ·

· CjDxu²(xn+1 ; P² ) ¡ Dx ~u²
N (xn+1 ; P²)j + Cj~xn+1 ¡ xn+1 j + O(²N ):

Now, observe that

pn+1 = Pn+1 + Dx ~u²
N (xn+1 ; Pn+1 );

together with
pn+1 = P² + Dxu²(xn+1 ; P²);



Perturbation theory 23

yields

jDxu²(xn+1 ; P²) ¡ Dx ~u²
N (xn+1 ; P²)j ·

· jDxu²(xn+1 ; P² ) ¡ Dx ~u²
N (xn+1 ; Pn+1 )j +

+ jDx ~u²
N (xn+1 ; Pn+1 ) ¡ Dx ~u²

N (xn+1 ; P²)j ·

· CjPn+1 ¡ P² j:

Moreover, the equation

y ¡ xn = ¡ hDpH (P + Dx ~u²
N (y; P); xn)

de¯nes y assmooth function of xn and P. Therefore,

j~xn+1 ¡ xn+1 j · CjPn+1 ¡ P² j:

Thus, by using Lemma 6.2 we have

U( ~X n+1 ) ¡ U( ~X n ) · O(²N=8);

for all 0 · n · C
²N =4 . We may add a constant to u² in such a way that

U( ~X 0) = 0, and thus

sup
0· n· C

² N =16

U( ~X n ) = O(²N=16):

The Diophantine property implies that the map

Y n+1 ¡ Y n = ¡ hDP H0(P0)

hasan ergodization time of order O
¡

C
±r

¢
, for someexponent r depend-

ing on the Diophantine exponent s in (24). That is, given ± and any
Y, there exists 0 · n · O

¡
C
±r

¢
such that jY ¡ Y n j · ±. Considerthe

map given by the Hamiltonian dynamicswhich, in the newcoordinates
for 0 · n · C

²N =16 , reads

X n+1 ¡ X n = ¡ hDP H0(P0) + O(²N ¡ 1):

Then given ² and any X , there is a 0 · n · C
² r M such that

jX n ¡ X j · ²M ;

provided M < N
16r . Furthermore, we have

X n = Á(xn ; Pn);

and
~X n = Á(xn ; P²):

So, for 0 · n · C
²N =16 , Lemma 6.2 implies

jX n ¡ ~X n j · O(²N=8):
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Consequently, the sequence~X n satis¯es that, given ² and any X , there
is 0 · n · C

² r M such that

j ~X n ¡ X j · C²M :

SinceU is a Lipschitz function, by choosing ~X n as in the previous
formula

jU(X )j · jU(X ) ¡ U( ~X n )j + jU( ~X n )j · C²M :
The sameestimate carriesover to u²(x; P²) ¡ ~u²

N (x; P² ), as Ã is a dif-
feomorphism. ¥
Remark. One should observe that

sup
x

ju²(x; P²) ¡ ~u²
N (x; P²)j = O(²M )

implies
sup

x
ju²(x; P² ) ¡ ~u²

M (x; P² )j = O(²M );

although this last estimate requiresthe existenceof ~u²
N .

Theorem 6.4. Let M > 0 and u² , H
²

be solutions of (1). Suppose
! 0 = DpH0(P0) is Diophantine, ² is su±ciently small and there is an
approximate solution ~u²

N of u² and ~H ²
N of H

²
satisfying (19) for N

su±ciently largeso that Theorem 6.1 holds. Then,

esssup
x

jDxu²(x̂; P² ) ¡ Dx ~u²
N (~x; P²)j · C²M =2;

in which x̂ and ~x are de¯ned, respectively by (9) and (20).

Pr oof. Subtracting (1) to (19), and using (30), we have

O(²N ) = ~u²
N (x; P² ) ¡ ~u²

N (~x; P²) ¡ u²(x; P² ) + u²(x̂; P² )+

+ hH (P² + Dx ~u²
N (~x; P²); x) ¡ hH (P² + Dxu² (x̂; P²); x)¡

¡ hDx ~u²
N (~x; P²)DpH (P² + Dx ~u²

N (~x; P²); x)+

+ hDxu²(x̂; P² )DpH (P² + Dxu²(x̂; P²); x):

Moreover, by strict convexity, we have

H (P² + Dx ~u²
N (~x; P²); x) ¸ H (P² + Dxu²(x̂; P² ); x)+

+ DpH (P² + Dxu² (x̂; P²); x)(Dx ~u²
N (~x; P²) ¡ Dxu²(x̂; P²))+

+ ° jDx ~u²
N (~x; P² ) ¡ Dxu²(x̂; P²)j2:

Therefore,we get

O(²N ) ¸ ~u²
N (x; P² ) ¡ ~u²

N (~x; P² ) ¡ u² (x; P²) + u²(x̂; P²)+

+ hDx ~u²
N (~x; P² ) [DpH (P² + Dxu²(x̂; P²); x) ¡ DpH (P² + Dx ~u²

N (~x; P² ); x)] +

+ ° jDx ~u²
N (~x; P²) ¡ Dxu²(x̂; P² )j2:
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Since

h [DpH (P² + Dxu²(x̂; P² ); x) ¡ DpH (P² + Dx ~u²
N (~x; P² ); x)] = ~x ¡ x̂;

and

¡ ~u²
N (~x; P²) ¡ Dx ~u²

N (~x; P²)( x̂ ¡ ~x) ¸ ¡ ~u²
N (x̂; P²) ¡ C²j~x ¡ x̂j2;

with
j~x ¡ x̂j2 · CjDx ~u²

N (~x; P²) ¡ Dxu² (x̂; P²)j2;

we obtain,

O(²N ) ¸ ~u²
N (x; P² ) ¡ ~u²

N (x̂; P²) ¡ u²(x; P²) + u²(x̂; P²)+

+ ~° jDx ~u²
N (~x; P² ) ¡ Dxu²(x̂; P²)j2;

for some constant ~° , as long as ² is small enough. Therefore, the
previoustheoremyields

jDx ~u²
N (~x; P²) ¡ Dxu²(x̂; P²)j2 · O(²M ):

¥
We should point out that this last theorem shows that the Mather

setscanbeapproximated through a perturbativemethod. In fact, since
the Mather set is supported in

(x; ¡ DpH (P² + Dxu²(x̂; P²); x);

the result implies that this graph is approximated uniformly by

(x; ¡ DpH (P² + Dx ~u²
N (~x; P²); x):

7. Appr oximate Ma ther measures

For integrableHamiltonian systems,asdiscussedin Theorem2.1, one
can changecoordinatesby (7). In thesenew coordinates,the Lebesgue
measuredX is invariant by the °ow. Thus,by the changeof coordinates
formula, the measure

det(I + D 2
xP u)dx

is invariant for the original dynamics. The objective of this section is
to show that Mather measurescan be approximated by

det(I + D 2
xP ~u²

N )dx:

As the Mather measurein generalis singular, we do not assertthat it
hasa density approximated by the above expressionbut we claim that
the massin small boxesare comparable.
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Theorem 7.1. Let M > 0. Assume ! 0 = DpH0(P0) is Diophan-
tine, and there exists functions ~u²

N and ~H ² satisfying (19) for N large
enough. Let ¹ ² be any Mather measure corresponding to P² (see theo-
rem 6.1) . Consider push-forward º ² of ¹ ² by the map (33).

Let k be an arbitrary integer and ² su±ciently small. Then, there
existsa partition of Tn in boxesf B +

´ g of size 1
k suchthat

º ² (B +
´ ) ¸

kn

(k + 1)n
jB +

´ j;

for all ´ .
Additionally, there exists another partition of Tn in boxesf B ¡

´ g of
size 1

k suchthat

º ² (B ¡
´ ) ·

kn

(k ¡ 1)n
jB ¡

´ j;

for all ´ .
In both cases,k can be taken polynomially large in ².

Pr oof. To prove the ¯rst estimate, let k be an integer and consider
a partition of Tn in boxes of size 1

k+1 (for the partition we use semi-
open boxes, in such a way that they are pairwise disjoint). Obviously,
for somebox B, we have º ² (B ) ¸ jB j. Now consideran additional
partition of Tn in boxes f B +

´ g of size 1
k such that the center of one of

the boxescoincideswith the center of B . As in Theorem6.1, consider
the ergodization time for the linear °ow associated with a covering of
Tn of radius smallerthat 1

2k2 . For ² su±ciently small and every ´ , there
exists a time T´ , smaller than the ergodization time T, such that the
imageof B under the map (34) lies in the interior of the corresponding
box B +

´ . Therefore, by the invariance of the Mather measureunder
this map, we have

º ² (B +
´ ) ¸ jB j =

kn

(k + 1)n
jB +

´ j:

To justify that k can be taken polynomially large in ², supposek =
²¡ ®. The ergodization time for the linear °ow corresponding to ²2® is
of order T = O(²¡ 2®r ). For su±ciently large N and small ², the image
of the box B under time T´ < T lies in the interior of B +

´ .
The proof of the secondestimate is similar: one considersa cover

of Tn in boxes of size 1
k¡ 1. One of these boxes B has º ² (B ) · jB j.

Consider an additional partition of Tn in boxes f B ¡
´ g of size 1

k such
that the center of oneof the boxescoincideswith the center of B . As



Perturbation theory 27

before,we obtain

º ² (B ¡
´ ) · jB j =

kn

(k ¡ 1)n
jB ¡

´ j:

¥
As a corollary to this theoremwe can state:

Corollary 7.2. Let M > 0, J be a positive integer and f be a Lipschitz
function on Tn . Assume ! 0 = DpH0(P0) is Diophantine, and there
exists functions ~u²

N and ~H ² satisfying (19) for N large enough.Let ¹ ²

be any Mather measure correspondingto P² (see theorem6.1). Consider
push-forward º ² of ¹ ² by the map (33). Then,

Z

Tn
f (X )dX =

Z

Tn
f (X )dº ² + O(²J ):

Pr oof. We can assumef to be a positive function. Consider a
partition in boxesB +

´ as in the previoustheorem. Then we have
Z

f dº ² ¸
X

´

º ² (B +
´ ) min

B +
´

f

¸
kn

(k + 1)n

X

´

jB +
´ j min

B +
´

f

¸ O(
1
k

) +
kn

(k + 1)n

X

´

Z

B +
´

f ;

sincef is Lipschitz. Therefore
Z

f dº ² ¸ O(
1
k

) +
kn

(k + 1)n

Z

Tn
f ¸

Z
f + O(²J );

taking k = ²¡ J , and using the fact that f is bounded.
The other inequality is similar, using the partition B ¡

´ given by the
previoustheorem. ¥

From this corollary we conclude that for any Lipschitz function
f (x; p) and any positive J we can chooseN large enoughsuch that
Z

Tn
f (x; P² + Dxu² )d¹ ² =

Z

Tn
f (x; P²+ Dx ~u²

N ) det(I + D 2
xP ~u²

N )dx+ O(²J );

as ² ! 0.
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