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Abstract

A nonlinear partial di®erential equation of the following form is considered:
s .

u®j div a(u)r u + b(u) jr uj? =

which arises from the heat conduction problems with strong emperature-dependent
material parameters, such as mass density, speci ¢ heat antieat conductivity.
Existence, unigueness and asymptotic behavior of initial loundary value problems
under appropriate assumptions on the material parameters ee established for one-
dimensional case. Existence and asymptotic behavior for ta-dimensional case are
also proved.

Keywords : Heat equation, existence, uniqueness, asymptotic behawi
AMS Subject Classi cation : 35K55, 35Q80, 35B40, 35B45.
1 Introduction

Metallic materials present a complex behavior during heatréatment processes involv-
ing phase changes. In a certain temperature range, changetemperature induces a
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phase transformation of metallic structure, which alters pysical properties of the mate-
rial. Indeed, measurements of speci ¢ heat and conductiyishow a strong temperature
dependence during processes such as quenching of steel.

Several mathematical models, as solid mixtures and thermalechanical coupling,
for problems of heat conduction in metallic materials haveden proposed, among them
8. @, [IB]. In this paper, we take a simpler approach withouthermal-mechanical cou-
pling of deformations, by considering the nonlinear tempature dependence of thermal
parameters as the sole e®ect due to those complex behaviors.

The above discussion of phase transformation of metallic megials serves only as a
motivation for the strong temperature-dependence of mated properties. In general,
thermal properties of materials do depend on the temperatar and the present formu-
lation of heat conduction problem may be served as a mathenmedl model when the
temperature-dependence of material parameters becomegaortant.

More speci cally, in contrast to the usual linear heat equabn with constant co-
excients, we are interested in a nonlinear heat equation wittemperature-dependent
material parameters.

Existence, uniqueness and asymptotic behavior of initialdundary value problems
under appropriate assumptions on the material parameterseestablished. For existence,
we use particular compactness arguments for botm = 1;2 cases succinctly. The tool
of the proof is the compactness results of Lions, but to applghis theorem we need a
series of bounds which we establish with a number of standaashalytic techniques. For
uniqueness only the casa = 1 can be proved. The case of = 2 remains open. The
asymptotic behavior in bothn = 1;2 is proved employing the arguments of Lion$][9] and

Prodi [IL2].

2 A nonlinear heat equation

Let u(x;t) be the temperature eld, then we can write the conservatiof energy in the
following form:
Y%+ div q=0; (1)

where q is the heat °ux, Y2the mass density," the internal energy density and prime
denotes the time derivative.

The mass density2= ) > 0 may depend on temperature due to possible change of
material structure, while the heat °ux q is assumed to be given by the Fourier law with
temperature-dependent heat conductivity,

Q=i -rg  -=-(W>0 (2)
The internal energy density” = "(J) generally depends on the temperature, and the
speci ¢ heatc is assume to be positive de ned by
@II
(= —=>0; 3
(W) au 3)
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which is not necessarily a constant.

By the assumption (B), we can reformulate the equatior](1) iterms of the energy"
instead of the temperaturep. Rewriting Fourier law as

q=i - (Wru=i&")r" (4)
and observing that )
r = %{1 = c(Wr w;
we havec()®(") = - (M), and hence
®=@") > 0
Now let u be de ned asu = "(J), then the equation (1) becomes
Yu) u% div(®u)r u)=0:

Since4u) > 0, dividing the equation by%; and using the relation,

1 . L t®uwru o1 .
v div (®&u)r u) = div AW Pr v ¢ ®&Uu)r u ;
we obtain ‘euru 1 ’
0. u)r u o
uj div Ve + rl/éu) ¢ ®&u)ru =0: (5)
. @"_ du
Sincec= — = —,
@u du
3r 1 _. 1 OIl/éu)ru—' 1 OI—1/2d—“ru—'—1 d—l/ZErU
%u) ' %u? du "' Y%uZdpdu ' %u)2dpc

Substituting into equation (B) we obtain
‘uru * 1 dwl

., ,
u ¢ &u)ru =0;

u®j div | 1/(u)2d_uf:r
which is equivalent to
u®j div(a(u)r u)+ b(u)jr uj>=0; (6)
where ®(U) _ (U)oU) _  K(U)
_ ®u) _ ®u)c(u) u
A= ) T o)~ Ru)du) )
and o) dv
—_— . u 12
b(u) = TIE d_u> (8)

The positiveness ofa(u) and b(u) is the consequence of thermodynamic considerations
(see [IP]), and reasonable physical experiences: the sgebeat ¢ > 0, the thermal
conductivity - > 0, the mass densityv2 >0, and the thermal expansiond%2=du <0. In
this paper we shall formulate the problem based on the nonéar heat equation [[p).
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2.1 Formulation of the Problem

Let - be a bounded open set ofR", n = 1;2, with C! boundary and Q be the cylinder
- £ (0;T) of R™ for T > 0, whose lateral boundary we represent by § = i£ (0; T):
We shall consider the following non-linear problem:

3

8
% ulj div a(ur u + bu)jr uj?=0 in Q;

u=0 on§; 9)
3

u(x; 0) = up(x) in-:

Mathematical models of semi-linear and nonlinear parabaolequations under Dirichlet
or Neumann boundary conditions have been considered in salgapers, among them,
let us mention ([1,[2,[B]) and ([¥[B[I1[14]), respectively.

Feireisl, Petzeltovi and Simondon[]7] prove that with nomegative initial data, the
function a(u) ~ 1 and g(u;r u) - h(u)(1 + jr uj?), instead of the non-linear term
b(u) jr uj? in (P)1, there exists an admissible solution positive in some int&l [0; Trax)
and if Thax < 1 then

tllimax ku(t;:)k, =1 :

For Problem () we will prove global existence, uniquenessichasymptotic behavior for
the one-dimensional casen(= 1) and existence and asymptotic behavior for the two-
dimensional caser{ = 2), for small enough initial data.

3 Existence and Uniqueness: One-dimensional Case

In this section we investigate the existence, uniguenessdaasymptotic behavior of solu-
tions for the casen = 1 of Problem (9).

Let ((¢9), k¢ kand (¢, j ¢ jbe respectively the scalar product and the norms in
Ha(-) and L?(-). Thus, when we write juj = ju(t)j, kuk = ku(t)k it will mean the
L2(-), Ha(-) norm of u(x;t) respectively.

To prove the existence and uniqueness of solutions for theeadimensional case, we
need the following hypotheses:

H1: a(u) and b(u) belongs toC*(R) and there are positive constantsy; a; such that,

aQ- au)- a and buu, O

H2: There is positive constantM > 0 such that

da b
" du '



H3: ug2 H3(-) \ H2().
Remark 1 . From hypothesis (H1), we have thatb(u)u
hypothesis (H2),jb(u)j - M juj.

0; 8u 2 R. Thus from

5

Theorem 1 Under the hypothese¢H1), (H2) and (H3), there exist a positive constant
"o such that, if ug satis'es (jugj + kugk + j¢ Ugj) < "o then the problem(g) admits a
unique solutionu : Q! R, satisfying the following conditions:

. u2 LAO;T;HE) \ H2()

ji. u%2 L2(0;T;HE()

i, u% div(a(u)r u)+ b(u) jr uji?=0; inL?Q),
iv. u(0) = uo.

Proof . To prove the theorem, we employ Galerkin method with the Hiertian basis
from HJ(-), given by the eigenvectors (w;) of the spectral problem: ((v;;Vv)) = , ;(w;;V)
forall v2 V = H}(-) \ H?(-) and j =1;2; ¢ ¢.¢We represent byV,, the subspace oWV
generated by vectord wy; ws; ::;; wng. We propose the following approximate problem:
Determineu,, 2 V., SO that

8 3 ’ 3 .

2 (U%;v)+ a(um)r Um;r v + bluy)jr umj3v =0 8V 2 Vp; 10)

10
T Un(0)= Uom ! Up in HEE) \ H2() :

We want to get strong convergence it }(-) and L2(-) of un, andr up, respectively as
given later in ([34). To do so, we will use the compactness rétsuof Lions applied to a cer-
tain sequence of Galerkin approximations. First we need tstblish that they converge
weakly in some particular Sobolev spaces, and we do this thigh energy estimates.

Existence

The system of ordinary di®erential equations[(JL0) has a ldcsolution uy, = uy(x;t) in
the interval (0; T,,). The estimates that follow permit to extend the solutionun (x;t) to
interval [0; T[ for all T > 0 and to take the limit in (LQ).

Estimate | : Taking v = un(t) in equation (IQ), and integrating over (Q T), we obtain

z z.:2

1, . T 1.
“jumi+ @ kupk?®+ B(Um )Umjr Umj? < EJUoJZi (11)
0 0 -

2
where we have used hypothesis (H1). Taking,~= minf ay; %g > 0, we obtain

z Z.:2

T 1
ijj2 + kum k2 + k(Um)umjr Umj2 < jUOjZ: (12)
0 0o - 28,
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Thus, applying the Gronwall's inequality in (I2) yields

(Un) is boundedin L' (O;T;L2(-)) \ L2(0;T;HE()) : (13)
Estimate Il : Taking v = u?, in equation (D) and integrating over -, we obtain
z z
W2+ 28 AUt n® = 2 SRun)usr unf?
2dt - 2 - du
Z (14)
i b(um)unjr umj®:
On the other hand, from hypothesis (H2), we have the followminequality,
Z
1- da 0: L, 1 0 2.
5 @(um)umjr Um] EMCOkumkkumk, (15)
and sincej ¢j1 () - Cok¢ kandjb(um)j- Mjunj, we obtain
z
i bum)ubjr umj% - MCZku® k kuyk?; (16)
where Cy = Cy(-) is a constant depending on -.
Substituting ([3) and (L) into the right hand side of (I}4) weget
z
judj? + St a(Um)jr Umj? - %Mcokuﬂ]kkumk2+ M C 2ku? k kup k®
' (17)

1 1
: Z(M Co)?ku® k? kun k? + Ekumk2 + (MC2)%ku? k? kup k*:

Now taking the derivative of the equation [IP) with respect tot and makingv = ug,,
we have z Z 4
jupi +  a(up)ir upj? = @(um)jU%szr Unnj?
z a . . K
i gy (Um) Umir Unj®i 2 B(Um)r Ul ug Uy (18)

2dt

M 1
MCZ(3+ ?)kuomkzkumk2+ ékumkz:

From the inequality ([7) and (I8), we have

5 Z 7 a0
dt éjU%jz+ > a(Um)jr Umj® + judj®+ Ekuﬂ]k2+
Y A (19)

KUC k2 % i @kunk?i ®kunk? K Unmk?:
where we have de ned®, = (MC&)? and ® = MCo(3MCg + 3Cy).
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Now, under the condition that the following inequality,

@kunk® + ®kupk? < %; 8t. O (20)

5

be valid, the coezcients of the termkulk in the relation (L9) is positive and we can
integrate it with respect to t,

z zZ, 3002t
WP+ a(Um)if Umj2+2 Ul + %" KWOk2 . C: 21)
. 0 0

Therefore, applying the Gronwall's inequality in [2]1), we btain the following estimate:
(u%) is boundedin L' (O;T;L2(-)) \ L2(0;T;HE()) : (22)

Now we want to prove that the inequality (20) is valid if the initial data are sutciently
small. In other words, there is somé&y > 0 such that (jugj + Kugk + j¢ ugj) <" g and the
following condition holds,

Y Yip n

®) 2 1 . ) @_ 2 - .20 a()
— + a;kugks + — + —= S+ akugks + < = 23
2 So + arkug aOJUoJ 2 0 a1kuok® + jugj 4 (23)
and 2
®pkuok? + ® kugk? < 7 (24)

3
where we have denote®, = M (Kugk + j¢ Ugj? + Kugkj¢ Ugj? ) + a1j¢ Ugj
We shall prove this by contradiction. Suppose that[(20) is fae, then there is at®
such that

2

do

®kum (1)k* + @ kum (1)k? < 7 [ o<t<t ° (25)
and 2
®kum (tV)k* + ®kupy (t7)K? = e (26)
Integrating ([L9) from O to t*, we obtain
1 L, Z . L1 L, . .
Sium(E)i*+ a(um)ir un ()i - Sjun )i+ a(um (O)ir um(0);*
Z 2 3 -
+Kunk? - M (kuok + J6 U + kuok & Uoj? ) + @] Uof? ° 27)
+arkuok® + iJ'Uol'z'
aO )
and consequently,
KU (F)K2 - 8o+ Pkuok? + —jugj?: (28)
ao ao ag



Using (23) and (2%#) we obtain

@okUm (t°)k*  + ®kupm (t°)k? - % So + aykugk® + %juojz
Y % (29)
1 a]_ 2 1 - -2 a()
+® —Sg+ —kugk®+ —ju —
aOSo 2 U0 aoj ol 2
hence, comparing with [[26), we have a contradiction.
Estimate Ill : Taking v = ¢ un(t) in the equation (I0),, and using hypothesis H1, we
obtain 7
akumkz + a(um)j¢ Umj2 - akupk j¢ upmj + byj¢ Umj2 Kumk;
where we have used the following inequality,
z z

B(U)Ir Ui € Uni - B Umjs U € Unj
' t\)ljr uijl(—) kumkj¢ Umj

- B¢ Umj KumK j¢ Umj = Brkumk j¢ Umj?:

In this expression we have denotefi = sup jb(s)j, for all s 2 [j %; %]. Note that,
from (£0), we havejum(t)j - k um(t)k <ao=4®, andb, = B + M.
Using hypothesis (H1), we obtain

%kumk2 + %jd: Umj? - @1KumK j¢ Umj + bij¢ umj? Kumk;

or equivalently,

d 2 Hag " 5 . .

akumk + 0 i bikunk je¢unj - atkumkj¢ umj:
Similar to the choice of"( for the conditions (ZB) and (2}4),"o will be further restricted
to guarantee that the following condition also holds,

t)_|_3

1. 12 a
—= Sp+ arkugk? + —jugi? < =
aOSO 1KUo 2aOJoJ 2

(30)

a Map il
and from (21) we obtainz TS i bikupmk , it implies that

%kumk2+ %m U - aKUmK j¢ Up] %j¢ U2 + CKupk2: (31)

Now, integrating from O to t, we obtain the estimate
Zq
kunk?+  jCumj?- @:
0
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Hence, we have

(Un) is bounded in LY (0;T;H() ;

(Un) is bounded in L2(0;T;HE() \ H2()) : (32)

Limit of the approximate solutions

From the estimates [IB), [ZR) and [(32), we can take the limit fothe nonlinear system
(L0). In fact, there exists a subsequence ofif)m2n, Which we denote as the original
sequence, such that

u2  u® weak star inLY (0;T;L2%(-) ;

w, i u® weak inL2(0;T;Hg(9) (33)
Un i U weak star inLY (0; T;H3() ;

Un i U weak iNL2(0; T;Hg() \ H?()

Thus, by compact injection of H}(- £ (0;T)) into L?(- £ (0;T)) it follows by com-
pactness arguments of Aubin-Liong[J9], we can extract a smgience of iy )mon , Still
represented by (m)m2n Such that

Uni U strong inL?(0;T;H3(-) and a.e. in Q;
(34)
unp ir u strong inL?(Q) and a.e. inQ:

Let us analyze the nonlinear terms from the approximate sysin (I0). From the rst

term, we know that 7 Z

ja(um)r umj? - & jr umj® - aiC; (35)

and sinceu, ! ua.e. inQ and a(x;:) is continuous, we get
a(up) i au) and ruyir u ae. inQ: (36)
Hence, we also have
ja(um)r umji?ij a(wr uj? a.e. inQ: (37)

From (B) and (37), and Lions' Lemma, we obtain

a(un)r un ¥ a(u)r u weak inL?(Q): (38)
From the second term, we know that
Z+7Z Z Z
oum)it Umi%j® - B Jr Umjfi g Umj?
- 0 -
Z z (39)

;
. BCo . Kumk3jr umjz: - BPCokumk? ) j¢unj?- C;

9



where Cy has been de ned in [(16).
By the same argument that leads to[(37), we get

jo(um)ir umi%® i Bu)ir ujj® ae.in Q (40)
Hence, from [3P) and [(40) we obtain the convergence,
B(Um)jr umj? i b(u)jr uj> weak inL3(Q): (41)

Taking into account [33), (38) and (41) into (I0), there exists a functionu(x;t) de ned
over - £ [0; T[ with value in R satisfying (3). Moreover, from the convergence results
obtained, we have thatu,(0) = Uom ! Ug in H(-) \ H?(-) and the initial condition is
well de ned.

Hence, we conclude that equation[[9) holds in the senselof(0; T;L2(-)) :

Uniqueness
Let w(x;t) = u(x;t)i v(x;t), whereu(x;t) and v(x;t) are solutions of Problem [[P). Then

h
we have % wOi div(a(u)r w) i div(a(u)i a(v))r v

+b(u) (jr uiijr vi®)+(Bu)i B(v)jr vi?=0 in Q;

w=0 on§;

(42)

w(x;0)=0 in-:
Multiplying by w(t), integrating over -, we obtain
Z Z
1d. , L da, ... .. ..
SgdWiT T aluir wit (@)1 wir vijr wi
Z 3 . Z @
+ )i grouj+grovio e wijwi+ g VJZJJ@EU)JJWJ2
Z Z 3 . Z
S M wijwijr i+ Co Jruj+irvi jrwijwi+ Mo jr vizjwi2 (49)

CMir Vi o kWKW + Co Jr Uis o +f Vi kwk jwj
FMIr Vi ¢ IwiZ - ki + TG ui? + je vidiwg?

where we have used

(a) The generalized mean-value theorem, i.e.,
. _ . .da .. . da, ... _
J_a(U)| a(V)J—J@(b_)(UI VI g @niwi U ey
5 .

(b) o(u) (jr uj?ijr vi®)~-j BU)jjr wj jr uj+jr vj ,

10



(C) jr Vle () - kr VkHl(_) -k VkHZ(_) j ¢Vj|_2(_) .

The last inequality is valid only for one-dimensional case.
Integrating (f3) from O to t, we obtain

1 a2t 1 _Z
Sjwit+ = kwk? - Zjw(0)j?+ C  (j¢ uj® + j¢ vid)jwj?;
2 2 0 2 0

where C denotes a di®erent positive constant. Sino&(0) = ugj Vo = 0, using the

Gronwall's inequality, we obtain

Zt
jwj2+  kwk®=0;
0

which implies the uniquenessw(x;t) = u(x;t) j v(x;t) =0 and the theorem is proved.
u

Asymptotic behavior

In the following we shall prove that the solutionu(x;t) of Problem (@) decays exponen-
tially when time t ! 1 , using the same procedure developed in Lior§ [9] and Prodi
[M2]. Thus, we will initially show the exponential decay oftie energy associated with the
approximate solutionsup, (x;t) of Problema (10).

Theorem 2 Letu(x;t) be the solution of Problen(d). Then there exist positive constants
By and ® = ®fk ugk; j¢ ugjg such that

kuk?+ jug? - Gexp ®t: (44)

Proof . To prove the theorem, complementary estimates are needed.

Estimate 1 ¢ Consider the approximate system[(10). Using the same argemt as
Estimate I, i.e, taking v = up(t), we have

4 y4

Cjuni?+ aUnit Uni+ U )Unit Unf? = 0 (45)
Integrating (4§) from (0; T), we obtain

l. .2 ZT 2 ZTZ . .2 l. .2
Slumi"* @0 kumk®+ o B(Um)Um]l Um]” < ZjUof”: (46)

From H1 hypothesis, [4b) and[(46) we conclude
aokumk? - 2jupjjumj - 2jupjjuoj: (47)

11



Estimate Il % Taking derivative of the system [ID) with respect td and makingv = u?,,

we obtain
gltuml™ Y aokup k- M JURIIr Um] + JUR )= Jr Up]

+2M jr upjir uljjulj- C; kul k?kupk + kul k?kumk? ;

whereC; = Cy(M; -).
Hence,
ao H 1

d. ,. &
aju?n12+ Ekuf’nk2+ ku? k? > Cikumki Cikupnk?® - O

Using (47) then we can write the inequality [(49) in the form,
*2ugj 12, 4 .po 2jUoj. o -
e ML Cl—JaOOJ jun

d. 5.2, 8, 0,2 0,2 &
ajumj + Ekumk + kup,k o C

Let v= u®(0) in ([0). Then
jun(0)j® - C kugk + j¢ Ugj + j& U + j¢ uoj® jup, (0)j;

whereC = C(a;; M; -), and
3 3

W) C kugk+ j€ Ugj + j¢ Ug? + jC ugi®

We de ne the operator

A I =
2ugj 2

C (kugk + J€ Ugj + j€ U2 + jC Ugi®) — +

J(uo) =

JUd - Kuok + j¢ ugj + j¢ ugj® + j¢ ugj® :

Then we have shown that

A2_ 1o Ui
u . 1= Ug) . .
Tl IR S 00 I (uo):

If we chooseC; a positive constant andug small enough, so that

C1JI(u) < %i
the following inequality holds,
AZ' = iUn
¢ iy oY« X st o
ao ag 4

12

-0

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)



Indeed, we can prove this by contradiction. Suppose that the is at® such that

* 2iugj 1=2.
¢y 24 o )2 + ¢, A Jm(t )= 2 (56)
Integrating (b0) from 0 to t°, we obtainju{t®)j? - j uq0)j.
From (B4) and (5%), we conclude that
* 2jugj 1=2.
L g )2+ ¢y ’ U, ()]
_ (57)
1= 2
oy A i )iz 4 ¢, Al i 0+ o) < 2:
Therefore, we have a contradiction by[(56).
From (BQ), (B8) and using the Poincar® inequality, we obtai
di0 2+ s 0 (58)
dtJ miZ * Sojupj?

where sp = (agCy)=2 and ¢, is a positive constant such thatk ¢ Ig&(_) . Coj €z .
Consequently, we have

dn t. 0.20
ot exp® juyjc - 0 (59)

and hence

3

judj? -j u2(0)j* exp = . C(kuOk+ j¢ UOJ + j¢ ugj? + j¢ UoJ3) “exp %t

(60)
- G Kugk; j¢ ugj exp sot;
where we have used the inequality[ (b1).
We also have from [(47) that
s 2. . 227 e
Kumk® - )l JUm) - 2-C Kuok; j¢ Uoj juoj exp' >7*: (61)

. 2 . .
Dening § = sp=2 and € = € + =C then the result follows from (60), [6]l) inequality
and of the Banach-Steinhaus theoremt

4 Existence: Two-dimensional Case

In this section we investigate the existence and asymptotibehavior of solutions for
the casen = 2 of Problem (§). In order to prove these results we need thelfowing
hypotheses:

13



H1: Let a(u) belongs toC?[0;1 ) and b(u) belongs toC[0;1 ) and there are positive
constantsag; a; such that,

Q- au)- a and buu, O

H2: There is a positive constantM > 0 such that
“da, - “db - fa >

(
max %(S ; %(S ; W(S) - Mt
da
H3: —(0)=0.
3 Olu(O) 0
H4:ug2 H3(-) \ H3().
Theorem 3 Under the hypothesegH1) - (H4), there exists a positive constant, such

that, if ug satis es (j¢ ugj + Kuoky sy ) <" o, then Problem(f]) admits a solutionu : Q!
R, satisfying the following conditions:

i U2 LY (O;T;HE() \ H3()) ,

ji. u%2 L2(0;T;HE() \ H?()) ,

i, u% div(a(u)r u)+ b(u) jr u2=0 in L?*Q),

iv. u(0) = uo.
Proof . To prove the theorem, we employ Galerkin method with the Hdertian basis from
H3(-), given by the eigenvectors (w;) of the spectral problem: ((v;;V)) = ,;(w;;V), for
alv2V = H})\ H3%-)) and j = 1;2;¢¢.¢ We represent byV,, the subspace
of V generated by vectorsf wy; w,;::;;wng. Let un(Xx;t) be the local solution of the
approximate problem (ID). With similar arguments for the oe-dimensional case, in

order to extend the local solution to the interval (QT) independent ofm, the following
a priori estimates are needed.

Estimate | : Taking v = un(t) in the equation ([I0Q) and integrating over (QT), we

obtain 7 Z_ 7
l. .2 T 2 T - .2 l. .2.
SlUmi®+ @ Kumk®+ B(Um)Umjr Umj < SjUoj“: (62)
0 0 - 2
Using the hypothesis (H1), we have
(Un) is boundedin LY (O;T;L2(-)) \ L2(0;T;HE()) : (63)
Estimate Il : Taking v = ¢ uy(t) in (LJ);, we obtain
1d, , *° o, f o, Z da._
Eakumk + ) a(Um)j¢ Umj“ = | ) b(um)jr umj“¢ um + ) %Jr Um)“¢ Um (64)

14



From hypothesis (H1) and using Sobolev embedding theorem Wwave the inequality
- - Z

T BUm)ir Un?¢Un” - M jUmir Um]%€ U]
MjUmjLsy Jr UmjLee JF Umjre J€ Umjrzg (65)
MC3kumk kumkZ2(y j¢ Umj - Coi¢ Umj*;
where C, = MC3C,C; > 0, sinceCy; C,; C; are positive constants satisfying the
following inequalities:
jUmjre -+ Cikumkyi; kumkpz - CyjC¢uyj and kKupky: - Csj€ upj: (66)
We also have that
-z da _ y4
o ﬁjr Unj®¢ Un ™ M o Umj%j¢ Umj + Mr UmjLagy JI UmjLagy J€ Um]
MCZkumkpzy Kumkpze j€umj- MCZCEj¢ upj? (67)

o ..oc2 .
- Csj¢ Upj° - gfm Umj* + %(B Umj?:

whereCs = MC7CZ > 0 andC, is a positive constant satisfying the inequality;jumj sy
C4kUmkH 1() -

Substituting (f5) and (E1) in the equality (64) and using thehypothesis (H1), we
obtain

3 27

%%kumk2+ 3%“’m Unj> - Co+ % i€ umj®: (68)

Consider nowv = j ¢ ug, in (L0);. Integrating in -, we obtain

142 z
ku? k2 t5o a(Um)jC umj? =1  B(Um)jr umj’c u®

z z (69)

+ %jru'2¢u°+} 93 0 ¢ unj?

gy Ul U TS gy Und® Ul

In the following, we shall get estimates for the rst, the seand and the third terms on
the hand right side of (69).

For the rst term, from hypothesis (H2) and using Sobolev emidding theorem, we
obtain B 7

B(Um)ir Umi®Cup™ -+ M jumjir Umj%¢ up)j

M jUmjLee JF Umjise JF UmjLee 1€ Umjz
, . . o : (70)
MCPkumk Kumkzy j¢ unj - Coj¢ Umj®je up)]

c2. 1. .
7°1¢ Umj* + Si¢ Umj? j¢ uS,j%;

15



where Cy = MC3C,C3 > 0, was dened in [6b).
For the second term on the hand right side of[(§9), we have

~Z da - z
- d—jr Unj?¢ul™ - M jr upj?je uj
- du R
Mjr Uij4(_) J¢ u?njLz(—)
o VU ¢4}
MCikumkfizy J€ Unjizey - Csj€ Umj” j€ Up)
2C2. 4 Q0. .
g‘c’jd: Umj® + 3¢ ulj?;
where C, and Cs are positive constants de ned in[(66) and[(67).
For the third term on the hand right side of (69), we have
~Z - z
1~ da - M~ . . M. 5. . .
5 gy Uni®umi®T S JURii¢ umi® s SjURjeoq (¢ Unj®
M - 0 - . .2 M - 0 - . -2
— Columjnze) 1€ Um™ - —-CeC2)C U J € Un] (72)
o L, 2C%. : :
CAt W% 6 umi2 - i uni® + 2245 ¢ Ud7;
ap 8
where Cg is the positive constant of embedding between spacdd?(-) | C°(), i.e,

Kukcoy - Cekukyzey and C; = M?CGCZ > 0: Substituting (FQ), (1) and (72) in
(F9), we obtain

Z 3 .
1d o c2 2c2+2C2 . . o
kup, k? + Sgp  Aum)ie Unj? ?" + 557 e upjt + %Jfﬁ upj?
' % (73)

1. . .
+ §j¢ Umj?j¢ ul j?:

On the other hand, taking derivative in the equation [I0) with respect tot and taking
v =i ¢u? and integrating in -, we have

y y
1d . : da
éaku%kz +  aum)j¢ ulj? = 4y ul ¢ uy, ¢ ud
y y
d’a . . da
T Uil Umj®C up i 2 qg" U’ ul ¢ ul, (74)
. z b 0; 12 0 . ‘ 0 0.
4 Ul UmjCuy, i 2 _ b(um)r unr u, ¢ uy:

Again, we shall estimate the ve terms on the hand right sidefd[r4) individually. For

16



the rst term, from hypothesis (H2) and using Sobolev embedidg theorem we obtain

:Zd -

- du

2M?C2CE. . 5 o B0 o
T I uni%je upjt+ 2je ug, 2

For the second term, we have
— #a _

T Unif Umj?Cug™ - Mjudjiee ir UmjZe., j¢ Ujieq

MC2C;C3j¢ upnj?j¢ ul j?:

For the third term,
— _

—“ da - 0o 0.
qg" Un' ud ¢ ud ™ Mijr Umjiag Jr Umilag i€ udiizg

o ag.. . 4M
MC2C3j¢ upmjj¢ udj? - 16¢ upj® + ”

For the fourth term,

-Z -
T udjr Umj?¢ ud = MC2CyCsj¢ upj?j¢ ulj?:
For the last term of ([74), we have
~Z -
T bUum)r Unr ud¢ul~ - MC2C3j¢ upjj¢ ulj?

2

ag. :
1_61¢ Umj? +
Substituting the estimates [75)-[7P) in [7#), we obtain

1d z . i, 33, .
Sqkunk? + a(um)i¢ URJ® -+ Coj€ Um%je upj? + %O“t TEN

* M?2C2C3 8M 2CiCs’

whereCg = 2 + MC2C,C5 +

Adding the estimates [6B), [7B) and[(§0), we obtain

1d? z

2dt 8

Coj¢ Umj* + Cgj¢ Umj3e ul,j?;
3cé+2ci  Ci

where Cqy = + Cp .
9 aO 2 0

17

9310 ¢ Un€ W0~ - Mjuljcory J€ Umi j€ US] - MCoCa€ Upj ¢ ulj?

2
C4C3i¢ umj?j¢ ul j?:

4M . . :
” C3C3i¢ umj?jc ul j?:

S Uk + KWK+ a(Um)j¢ umj? + B%Oj(r Unj2 + SRj¢ 40 }2

(75)

(76)

(77)

(78)

(79)

(80)

(81)



From estimate (81), we obtain

1d? Z

=8 KUnk? + KUCKZ+ a(Um)iC Uni? + 2§ Upj?
2dt . 2 , ©2)
+¢ Unj® %i Coj ¢ Unj* +%J’¢ U >+ J& U j %i Cej¢ Upj? - O:

On the other hand, makingt = 0 in the equation (Q),, taking v = j ¢ ug (0), integrating
in - and using the hypothesis (H3), we have
Z Z 4a
ku,(0)k* =i a(Uom) ¢ Uom ¢ Uy (0) + g (Uom)(r Uom)?¢ up, (0)
z Z 4a
i b(Uom) Jr Uomj?¢ up,(0) = g (Uom)T Uom @ up (O)r up,(0)

Z Z

+  a(Uom)r (¢ Uom)r U%(0) 2 (Uomif Uomj?r Uomr U0 (0) (83)

- du?
z z
da o do, .o
i gy (Uom)r (ir Uomi?)r up(0)i - (Uom) jr Uomj®r Uomr Um (0)

3

i ) lXUOm)r jr UOmj2 r U?n(O)Z

From (B3), we obtain the following estimate for theu?, (0) term,
3

ku% (0)k2 : ClO kUOm kH 3(9) j¢ U()mj + kUOm kH 3(-) + J¢ uOmj3 kU%(O)k

Or equivalently

3

kU%(O)k2 . CfO kUOmkH 3(-) J¢ uOmj + kUOmkH 3(9) + j¢ uOmj3 2; (84)

n (0]

where Cip = max MC2C, +2MC,4C, + MC2C3Cy; M; 2MC4C, .
There is"o > 0 such that for (j¢ ugj + Kugkys(y ) <20, we have

. a
¢ U2 <
SRR (PE A ,
kuok + C2, Kugksgy 1€ Uoj + Kugknsy + J€ Uoi® ~ + @uj6 uoj? (85)
a
<ag— .
aO(Cs + Cy) 4
Therefore, we can con rm that
itu i< —— 2. g¢ o 86

18



Indeed, by presuming absurdity, there is @° by (B8) such that

j¢um(t)j2<m%; if O<t<t® and
8 9
(87)
. . 1 a
ayi2 — .

Then, by integrating (83) from 0 tot® and using hypothesis (H1), we obtain
Kum (t%)k? + kU@ (t%)k? + aoj¢ um (t%)j2 - K Uomk® + Ku® 0k? + a;j¢ Ugmj?: (88)

From (B4), (83) and (88) we obtain

. ,
% KU (t°)K2 + KUZ, (YK + 6] ¢ U (1°)]% < % %: (89)

(Cg+ Cy)

Therefore, we conclude that

¢ U (t%)j2 < 2.

(Cg+ Co)
This leads to a contradiction by [8F). s ;
Since (8p) is valid, the terms % i Cgi¢unj® and % i Coj¢ upmj® on the left
hand-side of [8R) are also positive. Hence, by integratin@2) from 0 to T, we obtain
8 % T 8 “ T
8

1 . . . . . .
ékumk2+ ku® k2 + @j(]? Unj2+ =  jCumj+ jeulj?- C: (90)
0

2 2 0

Therefore,
(Un) is bounded in L (0;T;H(-) \ HZ() ; o1
(u%) isboundedin L2(0;T;H&(-) \ H2(-) \ LT (0;T;HE()) : (1)

The limit of the approximate solutions can be obtained follwing the same arguments for
(B3), (B%), (38) and (41), i.e, we obtain the solution irL2(Q)ut

Asymptotic behavior

In the following we shall prove that the solutionu(x;t) of Problem (@), in the casen = 2,
also decays exponentially when time! 1

Theorem 4 Let u(x;t) be the solution of Problen(d). Then there exist positive constants
So and C = Cfk ugk; j¢ uoj; kuokys() g such that
z
kuk®+ kuk®+  a(u)j¢ uj>- Cexp >!: (92)
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3 Z ’
Proof . Let H(t) = % Kunk? + KUl k?+  a(um)j¢ umj? :

From (BJ), we obtain
CHW®+ aje uni*+ Ljcudj- 0 (99

We also have
1 23. -2 . 0 .2, a]_. -2
H({t) - 5C3 j¢umj“+jCunj® + —j¢ upj
2 2
3 .  a a . (94)
. é1 j¢ Umj2 +j¢ Ugwjz : éz EJ¢ Umj2 + §J¢ Ugwjz ;

n 2 3.10 8@1 .
whereC; = max C2; > and €, = o Using (@3) and (9%), we conclude that

1d

éaH(t)+ CH(t) - O

which implies that
H(t) - Cexp >

whereS, = j 2&, and the positive constantC = Cfk ugk; j¢ uoj; Kuoky sy g is determined
by (B4). The result follows from the Banach-Steinhaus theem.u
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