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Abstract

We prove Whitney regularity results for the solutions of the coboundary equation
over dynamically de ned Cantor sets satisfying a natural g@metric regularity condi-
tion, in particular hyperbolic basic sets in dimension two. To do this we prove an
analogue of Journg's well-known result in the context of Cator sets satisfying geomet-
ric regularity conditions.

1 Introduction

This paper is concerned with the regularity of the solutionA to the coboundary equation

(AT i A(X)= g(x); x2m=o (1.1)

whereM is a manifold, @ %2 M is a closed set] : & ! ©isahyperbolic transformation
that is the restriction of a smooth map, andg: M ! R is smooth. We are especially
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interested in the situation when & might have no interior. Wh enever @ is not open,
smoothness is meant in the sense of Whitney.

Results in this direction were rst obtained by Liwsic, for real valued cocycles over
Anosov mappings. He showed[]6] that if the cocycley is C1, then the trivialization A
(assumed apriori only measurable) isC! too. For some linear actions on a torus he
also showed[[7] that if the cocycle isC! , respectively C' , then so is the solution; this
was obtained by studying the decay of the Fourier coexcients

The C! (smooth) case was investigated by de la Llave, Marco and Moyifin [L0].
One of the technical results they proved was that if a function is smooth along two
transverse foliations which are absolutely continuous andvhose Jacobians have some
regularity properties, then it is smooth globally. This was proved using properties of
elliptic operators. Relying on Taylor expansions, carefulerror estimates and Morrey-
Campanato theory, Journ® (f4]; see Theorenh 1].1 below) prad a similar result without
requiring the absolutely continuity of the foliations. Ano ther approach is presented in
Hurder and Katok [B], based on an unpublished idea of C. Toll. Here the decay of
the Fourier coexcients is used to characterize smoothnessUsing the approach in [3],
de la Llave proved analogous results in the analytic casg][9More references are given
in [L2].

Journ®'s key result is the following:

Theorem 1.1 [Journ§ [A]] Let Fs and F,, be two continuous transverse foliations with
uniformly smooth leaves of some manifold. Iff is uniformly smooth along the leaves
of Fs and F, then f is smooth.

Various modi cations have been proven since. We mention in prticular work of
de la Llave [8, Theorem 5.7], where Whitney regularity was poved, and Vano [19,
Lemma 3.2.6]. Our main result is in some sense a technical impvement over de la
Llave's Theorem 5.7: it applies to sets that are less regulafas opposed to de la Llave's
condition (iv)), and that could have measure zero. We state ar result in terms of
laminations whose leaves satisfy a certain geometric regatity, but we have in mind
applications to a class of hyperbolic basic sets.

Recall that if @ % M is an invariant hyperbolic set for a C! map T, then through
each point x 2 © there exists a local stable manifold W.5(x) and a local unstable
manifold W.*(x). We call a hyperbolic invariant set basic if it is locally maximal, that
is, @ =\ %=i1 T"(V) for an open setV. A hyperbolic set @ is basic if and only if
it has local product structure: if x;y 2 @ are close enough, then the unique point
z= WS(x)\ W¥(y) belongs to = [§, Section 18.4].

Let n, 1, ® 2 (0;1). For an open setU % RY, C"®(U) consists of functions
that are di®erentiable of ordern, have all derivatives bounded, and then-th partial
derivatives are ®HAlder (see[[18, Chapter VI]).

De nition 1.2 A C"®-lamination of a set @ ¥ M is a disjoint collection of C™®
submanifolds of a given same dimension, which vary continugsly in the C"®-topology,



and whose union contains the set a.

Remark 1.3 Examples of C"®-laminations are the stable and unstable foliations of
a hyperbolic set for aC"*! di®eomorphism.

We describe here the notion of geometric regularity that we & using.

De nition 1.4 Fix constants 0<° < 1 and®°> 0.

(a) A set A contained in a C-curve j is (°;°)-homogeneousif for each x 2 A, there
is a sequence of pointsx 2 A converging to x such that dist; (x;x1) , °, and

dist; (X; Xk+1)

- °for k, 1 1.2
dist; (x;Xk) ° or K. (1.2)

(here dist; denotes the distance induced on the curve j).

(b) Aseta % R?is (°;°)-homogeneouswith respect to two transverse C1-laminations
WS and WY if for each p 2 g, the sets WS(p)\ & and WY(p)\ @ are (°;°)-
homogeneous in the corresponding leaves.

Our main result is an extension of Journ®'s Theoren{ T]1.

Theorem 1.5 Let & % R? be a closed set, andVS, WU two transverse uniformly
C"™®_laminations of =.

Suppose thatA: & | R is uniformly Whitney- C"® when restricted to W3(x) and
WH(x) for eachx 2 . If

2 o is (°;°)-homogeneouswith respect toW*s and WY for some °;° > 0O,
and

2 o has a local product structure: forx;y 2 o close enough, the (unique) point in
the intersection W.3(x) \ W.(y) belongs to=,

then A is Whitney-C"® on o.
The term \uniformly" above means that the given property hotls with uniform con-
stants over the whole set.

Remark 1.6 Examples of (;°)-homogeneous sets include hyperbolic basic sets in
dimension two (see Proposition[22), Anosov systems, and th direct product of one
dimensional uniformly homogeneous sets in higher dimensis (see Sectior]5).

The paper is organized as follows. In Sectiof] 2 we describe dadimensional exam-
ples to which our results apply. In Section[B we describe apptations of Theorem [1.%
to cohomological equations over dynamical systems. The pif of Theorem|[L} is given
in Section [4.



Figure 1: Construction of a Cantor set

2 Geometrically regular hyperbolic sets

We describe a class of dynamically de ned two-dimensional @ntor sets to which The-

orem[L} pertains. First we describe the notion of “thicknes' of Cantor sets. This was

introduced by Newhouse [1]1]. A Cantor setk in R is formed by starting with a closed

interval and successively removing open intervals of decesing length. Suppose each
open interval O, that is removed from a closed interval |, leaves behind two closed
intervals L, and Ry, (see Figure[lL). Let

_ minfjLyj;jRnjg

TN
and O
JOn]
Yo = ——
i maxfj Lnj;jRnjg
The quantity

¢(K)=inf ¢
is called the thickness of the Cantor setK . K is called athick Cantor set if ¢(K) > 0.

We de ne
Y(K) =inf ¥
n

and de ne adistortion-free thick Cantor set to be a thick Cantor set K with ¥(K) > 0.

We say a two dimensional set % R? with a lamination is a distortion-free thick
Cantor set if for eachp 2 &, W3S(p)\ @ and W!(p)\ = are distortion-free thick Cantor
sets with uniform %, ¢, For more information on thick Cantor sets see , Chapter 4
Section 2] and [R].

Lemma 2.1 If & is a distortion-free thick Cantor set then @ is (°;° )-homogeneous.
Proof: Assumex 2 o. To simplify notation, we parametrize W.3(x) by arc-length,

coordinatize so thatx = 0 and assume from now on that points in &\ W.3(x) are in R.
We show that there is a sequence of numbersg 6 0; X, 2 & converging monotonically
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to zero and satisfying equation (4.l) for some°. Furthermore ° may be taken as
uniform over x 2 o.
First note that for all n:
(8) ¥s¢gmaxi Lnj;iRaig - ¢iOnj - minfj Lnj;jRnig
(b) ﬁf’%djlnj - minfj Lnj;jRnjg
Supposex 2 |, choosex; to be the endpoint of I, furthest from x. Without loss
of generality suppose thatx 2 L, \ |, (exactly the same argument holds ifx 2 Rp).
Choosex; to be the endpoint of L, furthest from x. Then jxaj, 3jlni, 3groceixi]
asjxij - j Inj. Taking ° = 2(1—+3§Z+°T<) we havejx,j , °jxi1j. Repeat this procedure,
taking L, to be I, and noting that X, is the endpoint of L, furthest from x. The
argument for the unstable foliation is the same. |

Proposition 2.2  Two-dimensional hyperbolic basic sets ar€°;° )-homogeneous.

Proof:  This follows from [[[3, Chapter 4, Section 1] and Lemmg 2]1. N that both
local stable and local unstable manifolds are dynamically d ned Cantor sets for an
expanding map (an expanding map in backwards time for stablemanifolds). By the
uniform bounded distortion estimates on such maps[[5, Chater 4, Section 1]%, ¢n
are uniformly bounded away from zero. |

3 Liwic regularity results

The regularity results for the Livsic equation ([L.T)) state that under certain conditions
a measurable solution is actually HAlder, or that a continwus solution is actually
(Whitney) smooth.

Suppose that @ is a hyperbolic basic set and is an ergodic Gibbs measure corre-
sponding to a HAlder continuous potential.

We st show that if we have a measurable coboundaryA for a HAlder real-valued
cocycleg then A has a HAlder version, that is, there exists a HAlde#®such that A°= A,
1 a.e. This result is not new and the main idea is due to Livsic|[[J (for related results

see [IL[IB[ 3416, 17]). We sketch its proof only for compleatess.

Proposition 3.1 Let @ % U ¥ M be a hyperbolic set for theC! embeddingT :
U! M. Suppose thata is equipped with an ergodic Gibbs measure. Assume that
g:U! Ris -HAlder,” > 0, and there is a®-measurable functionA:a ! R such
that

(A+Ti AX) = g(x); x2a: (3.1)

Then there exists an” -HAlder function A°: & | R such thatA°= A1 a.e.



Proof:  For x 2 pdene gu(x) := g(TNi 1x) HCEHTX) + g(x). If y 2 W3(x) then
jon (0T v ST g(T'Y)i- CaC 2, ')d(xy) forsomeO<, < L.
Thus for all N, 0andy 2 W:3(x)

JAX) T AW Cadxy) + IATNX) i ATNY)]

By Lusin's theorem there exists a set % o such that 1 (29 > 1 and A restricted to
a0js uniformly continuous. SinceT is ergodic with respect to?, for ¢ a.e. x 2 g,

. 1 .. . ; 1
Jm S#fij0 i Nj LT 20%=12@9> 5 (3.2)

The ergodic Gibbs measure!l is a product measure, that is, for? a.e. x 2 o,
on a neighborhood ofx, the measure! is equivalent to 3 £ 1Y, where!{ and *}
are the conditional measures oft along the stable W.3(x) and unstable WY (x) leaves
respectively. Sincet is locally a product measure! a.e. x 2 @ has the property that for
15 a.e.y 2 WS(x) equation (B.9) holds. Hence fort a.e.x 2 o, for 1§ a.e.y 2 W3(x)
we may choose a subsequendé; so that JA(TNix);j A(TNiy)j! 0. Thus?! a.e.x 2 o
has the property that for 1$ a.e. y 2 WS(x), jAKX) i A(y)j - Cod(x;y) . Similar
considerations show that! a.e. x 2 @ has the property that for *{ a.e. y 2 WH(x),
jA(X) i A(y)j - Cad(x;y) . The local product structure for * implies that A has an
" -HAlder version (see[]5, Proposition 19.1.1)). |

Next, we show that the regularity can be improved from C° to C™® for hyperbolic
basic sets in dimension two:

Theorem 3.2 Let M be atwo-dimensional manifold, and @ %2 U %2 M a hyperbolic
basic set for theC™® embeddingT : U! M. Assume that for g2 C™®(U), there is a
continuous function A: & ! R such that

(A+Ti AX) = g(x); x2a: (3.3

Then A is C™® in the Whitney sense, that is, it admits a C™® extension to a
neighborhood ofa.

The proof of this theorem follows the \classic" approach [ fLG, 4]: st show that A
is regular along the stable and unstable foliations, and tha prove that such a function
is regular globally. The st step is straightforward, and presented in Lemma[3.3. The
second part, in view of Proposition[2.®, is Theoren] 1]5.

Lemma 3.3 Let M be a manifold, ande 2 U % M a hyperbolic basic set for theC™®
embeddingT : U! M. Assume that for g 2 C"®(U), there is a continuous function
A:o ! R such that

A£T; A(X)= g(x); x2a: (3.4)

Then there is a \natural" extension of A to W.3(s) [ W4 () which is C™® on each
local stable and unstable leaf, and varies continuously (ithe C™®-topology) with the
leaf.



Proof: ~ We extend A through the cohomology equation [3:}#). Using the notation
Fi3= F(bi F(a), we obtain

X
Ay)i Ax)=i  gxT "L+ AzTN*jY
n=0

Therefore, de ne

»
Bs(y) = A(x) gxT"Y Yy 2 Wa(X);
n=0

Bu(2) = AX) + gxTi"jZ; z 2 WY(x);
n=1

The series converge uniformly inC"®(W.S(x)), respectively C™®(W.(x)). Therefore,
B and &, are in C™®, and vary continuously with the leaf.

Assumex;y 2 @ and t 2 W3(x)\ W¥H(y). By the local product structure, t 2 o.
Therefore, by (3.4) and the continuity of A,

b3 h i
A= A TAET | AT = AX)i i A+ lim AxTUL = A):
n=0 ’

Similarly, using Ti 1 instead of T, we obtain that &;(t) = A(t). Thus, the two extensions
coincide overW.2(a) \ W (n). |

As an immediate corollary of Proposition 3.1 and Theoren[ 3]2

Corollary 3.4 Let M be atwo-dimensional manifold, and = %2 U % M a hyperbolic
basic set for theC™® embeddingT : U! M. Assume that for g2 C™®(U), there is a
measurable functionA: o ! R such that

(A£T i A(X)= g(x); x2a: (3.5)

Then A is C™® in the Whitney sense, that is, it admits a C™® extension to a
neighborhood ofa.

4 Journ® revisited

We prove Theorem[Lb in this section. The proof follows the mthod of Journg f4],
with a few adjustments.

Journ® [4] constructed approximating polynomials®(q; p) indexed by p2 U (U an
open set) which satis edj®(q;p) i A(Q)j- Cjpi g"*® for all g2 U and then invoked
a theorem of Campanato to show thatA extends to aC"*® function.



Our proof similarly uses approximating polynomials but we will use [18, xV1.2.3,
Theorem 4] which gives suzcient conditions under which a furction extends in the
Whitney sense from a closed set.

Given our homogeneity assumption, we can select on each leafgrid whose spacing
is close to being a geometric progression (that is, points & at distances approxima-
tively f! Xg from the origin). The local product structure yields a two-dimensional
grid, on which we interpolate the function A by a sequence of polynomials. We prove
that the lower-order coezcients of these polynomials convege, thus yielding a local
approximation Q(q; p) to A(q) (indexed by each point p of the set ©). These approxi-
mating polynomials “correspond' to the Taylor polynomials of A. We then show that
these local approximations satisfy the hypothesis of the Witney Extension Theorem
stated in [I§, XVI1.2.3, Theorem 4]. The homogeneity plays an important rolehere as
well.

Notation 4.1  Unless stated otherwise, all constants are uniform om. In particular,
we will use the letterC for various constants of this type, even if their values are
di®erent. For simplicity of exposition we will refer to W.(x) as local stable manifolds
and to W (x) as local unstable manifolds.

Given nearby pointsx;y 2 &, we denote[x;y] := W3(x)\ WH(y).

(@) Regular grid from homogeneity

We show that the homogeneity assumption provides a quite reglar \grid".

Lemma 4.2 Supposefryg is a sequence of numbers converging to zero such that

”J‘;}J °for k. 1 4.1)
k

for some° > 0. Let ! 2 (0;°) and de ne ko :=[log, (jr1j)]. De ne R = fjrgjg. Then
the intersection R\ [! kK*1:1¥] is nonempty for eachk , Ko.

In particular, there is a decreasing subsequence iR, which we denote also byrj,
such thatjryj 2 [! 2*1:1 2] for 2k | ko.

Proof:  Notice rst that we may assume that the sequencegjryj is strictly decreasing.
Indeed, if jr+1j . j rj, then property (£.7)) is preserved after dropping the termjr-,q
from the sequence and relabeling the remaining terms.

Let ! 2 (0;°) and kg be as dened in the lemma. Thenjryj 2 R\ [t ko*1:1 ko] we
will prove the statement of the lemma by induction starting with k = ko. Assume, by

contradiction, that R\ [l kK*1:1 k] 6 ; but R\ [! "‘*2 ;! k*11=:. Thenthereis an" such
that jrj 2 [ ¥**;1 Kl and jraj <! ¥*2, hence’7 5l <1 <°  which contradicts (.3).
[ |



(b) Approximation by polynomials

The goal of this subsection is the following local approximéon result:

Theorem 4.3 Under the assumptions of Theoren{ 1]5, there are constant$® C%> 0
and for eachp 2 @ a polynomial Q( ¢;p) of degreen, such that

A i Qap)i- Clqi p"*® forq2m; jgi pi<"? 4.2)

Most arguments are adapted from [#].

Let p 2 ©. Since the consideration is local we make &C"® change of variables so
that the local stable and unstable manifolds passing throutp p become the coordinate
axes through the origin. The theorem is a consequence of thelfowing Lemma, which
we prove later.

Lemma 4.4 Given - > 0 large enough and the con& = f(u;v) 2 R? : jvj - -jujg,
there is a polynomial Q = Qg of degreen and constantsC; = Cy(-);"1 = "1(-) > 0
such that

jAZ)i Q(2)j- Cijzi"*® for z2 @ \K\ B-;

where B, denotes the ball of radiusr centered at the origin.
The constants C; and "1 are uniform with respect top 2 =.

Assuming the above Lemma, we prove next Theorerh 4.3.

Proof of Theorem 4.3 ]

Using Lemma[4.}, we can also construct a polynomiaQ® approximating A on the
coneK’ = f(u;v) 2 R? : juj- -jvjg centered on the unstable manifold. By choosing
large enough, we can achieve tha¥ = o \K\K °\ B-, is not Zariski closed (indeed,
the homogeneity assumption implies that the origin is an acamulation point of both
a \ W?3(0;0) and =\ W.(0;0), and the product structure gives a two-dimensional
\grid" in V).

This implies that the n-th degree polynomialsQ and Q° have to coincide, because
they have a contact of order higher thann on V.

This establishes that at the point p, in the coordinates used to linearize its stable
and unstable manifolds,Q is a local approximation of A of order n + ®.

When we return to the original coordinates, then the polynomial Q becomes a&C"®-
function Q, but the local approximation property still holds. We denote by Q( ¢;p)
the n-th order Taylor polynomial of Q at p. To check condition (§.3), notice that
R(9) := Q(a) i Q(q;p) satis'es
Z 1 ‘o’ n g

Codn — od" o
. nll_ . —. o ° HP— H
. (1jt) i [R(p+ t(qj p))] dt— C dth ®JQ| pj

(nj !

n+®

iR(q)j =

(here we used thatD"R(r) = D"Q(r) i D"Q(p), becauseQ( ¢;p) is a polynomial of
degreen).



Note that the relevant constants of Lemmal[4.4,"1 and C;, are uniform in p 2 =,
hence so will the constants'® and C°of Theorem [4.3. |

The remainder of the section is devoted to the proof of Lemmd 4}. This proof is
divided into a few subsections. By our reduction so far,p is the origin in R? and the
coordinate axes are leaves of the two laminations.

Interpolating polynomials

We will use the following interpolation result of Journ§, with corresponding constants
from Lemma 1 of Journ§ denoted by the subscript].

Lemma 4.5 (Journ§ [4][JLemma 1) Fix n, 1. For eachB 1, there are " =

5 B

"3(B) > 0and C = C,;(B) > 0 with the following property: if the collections of points

fzee :0- k- nm0O- "+ ng%R? fxx : 0- k- ng%R,fy- : 0- ~- ng%R
satisfy
R="<B
and  jze i (XGy)i-s "
where R= Sll(J;PjZk;‘j; C = (k;\)ig(fko;\o)jzk;‘ i Zkoro);
then for any valuesfby~ : 0- k- n;0- " - ng ¥R, there exists a unique polynomial

X
p(x;y) = CpgxPy“

0- pig- n
such that p(zy.) = bc.. Moreover,
X
icglR™ %+ C supjb j: (4.3)
pid '

Since A(¢0) and A(0; § are C™® (and therefore Lemmal[4.}4 holds for them by
approximating with the Taylor polynomial), we can replace A(x;y) by A(x;y)i A(x; 0);
A(0;y) + A(0;0). Thus, we may assume thatA vanishes along the axes.

We begin by selecting a convenient grid on each axis. Along th x-axis (which
we assume to be the stable direction) we take a sequence of pts (rE;O) 20 k, O,
converging to (0, 0) and satisfying the homogeneity condition [4.]). We take asequence
(O;S(k)) 2 o along the unstable direction (which we assume to be they-axis) satisfying
bounds similar to (f.3).

By Lemma [4.2, passing to a subsequence, we may assume that theo sequences
are similarly spaced:jrj;js2j 2 [! 2<*1;1 2] for k , ko, where! and kg are determined
using Lemma[4.2 for the two sequences involved. Moreover, byur (°;° )-homogeneity
assumption, we can arrange thatt = °=2, andjr?j, js§j are of order" 1, uniformly with
respecttop 2 o, where "1 > 0 will be determined later.

Since we must controlA on the whole set @, we explain next how to include arbitrary
points of @ \K\ B~ in this grid.
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Notation 4.6 ~ Assume given sequence§ 2;0); (0;s?) 2 o as above, and letw 2 @ \
K\ B-,. Consider the points (xw;0) =[p;w] 2 &, (O;yw) =[w;p] 2 =.

We construct a new sequence of pointéry;0) 2 W3(p)\ = that includes (xy; 0) and
still has a regular spacing. We proceed as follows: 0, < jro.1j < jxwi-j rdj<
jrd. 40, then we droprQ,; andrd,, and dene rp+1 = Xw, ey = rg for k, m+2 and
rg = rgi , for k - m. Thus, the x-coordinates of the new sequence iW.>(p) \ = are
CCPrms+z = r,9n+3;rm+2 = rr?q+2;rm+1 = XwiI'm = r%i Limi1= rr(])qi 2»¢Ce

We proceed similarly with the points (0;s%) 2 W.(p) \ = to incorporate (O; ).

For k;  large enough, use the local product structure to denez. :=

[(0;8); (rk; 0)] = WH((ry; 0)) \ W3((0;s")) 2 .

The continuity in C? of the stable and unstable leaves implies that

G0 O] (xy)) = o(i(xy)j):

Introduce the \rectangular" grid Sy~ = f(0;0)g [f (ro;0) : k - kO< k + ng [
f(0;s0):" - 0<” + ng[f (z): k- kKo k+n;> - 0. "+ ng

For eachk and °, denote” .~ :=inffjzj z4 : z;2°2 S; 26 z%, Ry = supfjzj :
z 2 S¢ g, and Ty := maxfj ryj; jskjg.

Then there are constantsCy, k;, independent ofz, such that for k;~ |, ki :

2 R%<Coaslongasjki N
2 iz i (nes)i 2E&2(rgs)ifor jki i on.

2 21 T Col %
0
where " ;(Co) is the corresponding constant from Lemma[ 4.
Remark 4.7 The points z to which Lemma (.4 applies are those corresponding to
re;s with k;~ . kg, hence"; = O(! k1). During the proof we might have to decrease';,

which means that k1 will increase accordingly. Note however that the three progerties
listed above remain valid after such a change.

In light of Lemma §.5 we conclude that)g‘or k , ki there exists a unique polynomial

P(xy) = CpgXPy*
0 pig- n
which interpolates A on each gridS of form Sy i.e.
P(2) = A2)
forz 2 S.
Furthermore X
jcogRETY - CsupfjA(2)j : z2 Sg (4.4)

P
where C = C;(Cy) is given by Lemma[4.}, the supremum is taken over the grid use
for the interpolating polynomial, and Rs is Rix.

A similar statement is valid for S = Six+1.
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Consecutive interpolations

Take k , kq and let P and P° denote respectively the polynomials of degre@ in x
and y which interpolate A on Sy, respectively Sy.k+1. We denote their coexcients by
Cpg, respectively cf)q. Recall that Ty := maxfj ryj;jskjg. The results of this section and
the next will show that

iGqi Gd - O(T{"PY:

By (&.3) applied for P j P9 it is enough to obtain an upper bound for jP%; Pj on
Sk:k+1 . TO obtain the above estimate it would suxce to prove that if (X;y) 2 Skk+1
then
iPAxY) i P(xy)i= O(T*®):

Instead, we prove in this subsection relation [4.1D), whichimplies the intermediate
result (see relation (4.1]) below)
X 9 . TPt +® X + X n+®y.
iCqi G T 1+ CTTP4 £ jopg T 7+ el T ")

pid p+g>n p+a- n

First note that P;PC%agree onSy..1 except on then points zgok+n, K - KO<k +n.
But on these points, by construction, PYzxox+n) = A(zkok+n). S0 in fact we need only
estimate jA(zkok+n) i P(zkok+n)j for k - k% k+ n.

For k%as above, parametrizeW." (ro; 0) by the y coordinate. We denote a point on
W (ro; 0) by zyo(y) = ( Xko(Y); Y).

Consider the interval 1 :=[j C2Tk; C2Tk], where the constantC,, independent of
k, is chosen so that the region of the unstable leaf parametrizd by | ¢ contains all the
points in (WH(rge;0)\ Skk)\K forall k, kyandk - kP<k +n.

By the hypothesis, there is a uniformly-C™® extension of A to the local unstable
leaves of a. We refer to this extension whenever we evaluaté outside the set a. We
will show that jA(zco(y)) i P(zko(Y))j = O(Tl?+®) fork- k® k+nandy2 .

Fix k°betweenk and k+ n. To simplify the notation, denote by a tilde the functions
evaluated onW.(z,0) via its parametrization y 7! zo(y). That is, &) = f (zo(y)). If
not explicitly stated, these functions have domain| .

We collect the necessary estimates in the following lemma:

Lemma 4.8 There is a C > 0 such that if k ki, k - k9. k+ n, and

y 2 [i CoTk; CoTk], then:
0)

5

iR B)(y)- cw*@k%mi ke (4.5)

(i) If p;g- nandp+ g>n then
n
k4

& xPo(y)y%ke - CTE" 9 ™M © kxyokeno (1,
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(i) If p+qg- nthen

d"
dynxko(y)y ke - C
(iv) Therefore
dnp X “TPtdini ® X
Kgyn PKe - CkXickeno ) 16 Ty +C  gd (46
y p+g>n p+Qg- n

Proof:  To prove (i), note that Aj P is aC"® function along W.*(ro; 0) and has (n+1)
zeroes in the image of the intervall . Thus each derivative (& B)0), j =0;:::;n,
has at least one zero, denoted by;, in this interval. Hence,

I (BT B0 = I (RO (R Btk (R B)ke(CaT)

dn dn

and similarly
dj ) Z t N+l dJ +1
gy Ri B)DI= ] Ve gyt R PY WUl -k o (Ri Bkeoq ) CoTie
These imply (#.5).
For (ii), notice that d‘;n XRo(y)y is the sum of terms of the form kaqu where D
is a product of di®erentiated x,o-terms (if any), and p°+ o®, p+ qj n. The HAlder
norm of such a term can be bound by

KDxPoy ke - kDK @kxPokcokyPkeo

pO 0 pO 0 (47)
+ kDKcokxXpokeky®kco + kDKcokxjokcoky® Ke:

We will not write explicitly the uniform bound over the set @ o f the C™®-norm of xyo
(this is determined by the uniform lamination W“).E| Note that jxxo(0)j - Tk, hence
kxkokco(,) - CTk (because its derivative is bounded). Alsokf kg - Ckf ‘kCon)Tkli ®
for a di®erentiable functionf : I, ! R. Thus (trivially for p°=0, @®=0, or D a
constant):

loxPoke -+ CkxQokcoq ) TP © kxPokco - CTP
kyTkg - CTI ® kyTkeo - CTY

n

d
kDkeg - dey Xkoke + CkaOkC”(Ik)T

These estimates prove that the Tst term in the right-hand side of #.7) is bounded
by CTP* 9" ® kxyokeno 1), as desired. IfD is not a constant then kDkco

1Here the uniform smoothness of the leaves is used.
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Ckxkoken(r,y, and we obtain the desired bound for the other two terms in theright-
hand side of (4.7). If D is a constant, then we must have hadg = n, °=0, p= p°
hence the HAlder norm in the third term of (4.7) is zero, and he second term satis es
the desired bound (in this case the rst term vanished as well.

The relation (iii) is proven similarly.

Relation (iv) is an immediate consequence of the estimatesiif and (iii). |

Next, we bound the kxxokcne (,) term by choosing”; > 0 suzxciently small. Since
the local (un)stable manifolds are continuous in theC™® topology and the leaf through
the origin coincides with the vertical axis, given+ > 0, we may choosé > 0 sutciently
small so that

kxkokcne (1) < * (4.8)

wheneverjryg <" 1 andy 2 1
Given our choice of the sequence of points, and s-, we may increasek; so that (¢.8§)
holds for all k , ki (recall that ry, is at distance approximately ! k1 from the origin).
Since, by hypothesis,A 2 C™®(W.H(ryo; 0)) uniformly fi, we have

dn
|<wﬂi(y)k® . C: (4.9)
From (£.5), (£.9), (£.6) we obtain that
X X
J(Ai P)(zko(y)j- CT)"®+ Ct e TV 9+ C G TeT®  (4.10)
p+g>n p+Qg-n

fory 2 Iy.

By evaluating the above relation at zxox+, (recall that PQzgoks+n) = A(zkok+n)),
and using (@3) forP j P%on Syx+1, we obtain that
X-O. T htq n+® X T htq X TN+ ®y.
jChqi Col T "+ C(T, "+ = el Ty "+ jopd T ) (4.11)
piq p+g>n pta N

Convergence of interpolating polynomials

We let Py denote the interpolation polynomial corresponding to the gid Sy, and

Po+1 denote the interpolation polynomial corresponding to the gid Sxx+1. Equa-

tion (4.17)) relates the coetcients of Py.; to Py and the same line of reasoning
relates the coexcients ofPy4» t0 Pysq except that we use the smoothness ol along

the other lamination. Recall (see the properties of the gridlisted on page[1]l) that
Tk = maxfry;skg is comparable to! 2. We will be sloppy with notation and let Ti=2

denote Tjj=5}.

Denote by c, the coexcient of xPy%in Pp,.

2Here the transverseC"® -continuity of the lamination is used.
3This is where the uniform smoothness of the restrictions ofA to the leaves is used.
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We will show that, by reducing "1, there are K; m g large enough, such that

X 1
oy - Ko (T=p)™®Pidfor m, mg (4.12)
j=mo
and
it i o KTRE P for m, mo: (4.13)

We proceed by induction. We st determine when (4.12) for m implies (4.12) for
m+1. We claim that this implication (which is a consequence ofequation (4.14) below)
holds for all K , K% mg, mg, +- #°, where the °-ed values depend only on the
constant C that appears in equation (4.11). We saw that+ can be made as small as
desired by reducing”i. Next, we pick mg , maxfmg;kig (recall that k; depends on
"1). Finally, we can further increase K in order to satisfy (4.12) for m = mg + 1, the
initial step of the induction.

e now justify our claim. From equation (4.11) and the bound
K j”“;mlo(szz)”’“®i Pi-d for jco given by the induction assumption, relation (4.12)
will hold for m + 1 provided

0
X w1l
C@T™ 4 Kz (Tizp)"* ® Pi aTP*d
p+g>n j=mg 1
X il
+K (Ti=)™ ® PEATNEDA . KT D (4.14)

p+g- nj=mg

Note that, by (4.11), (4.14) implies (4.13) as well.
The rst term in (4.14) is less than (1=3)KTn’1;'2® if K is chosen large enough.
Consider the second term divided by the right-hand side KT "* ®:

m=2

ckx X X1
KI5

m=2/ p+qg>n j=mg

x wiiMp  Tpeainie

® pi qTP*
(Tj=2)n+ P qTr‘?\:g

= C#
prasnj=m =2
X M Mo
C+ (! U)D+Qi ni ®

p+g>n u=0

By taking = > 0 small enough, we can make this quantity less then 43
(note that the last sum converges) and therefore bound the smond term by
(1:3)KTn’1;'2®. The third term can also be bounded by a geometric series whassum

15



P I
is CKT M+ otq N Tr::;:®2| Pi9 therefore, taking mq suciently large, we may ensure
that this term is less than (1=3)KT ** as well.

This proves our claim about the values ofK; m and + for which equation (4.14)

holds, and therefore completes the proof of relations (4.)2and (4.13).

End of proof of Lemma 4.4

By now the constants K, mg, are determined, and uniform on ©. Reduce once more
", so that ky , mg (recall that "y = O(! k1)).

We describe the coetcients pq (.}j the polynomial Q of degreen mentioned in
Lemma 4.4. Recall thatPm(X;y) = 4 CoeXPy9. If p+ g >n then we set g =0
whereas ifp+ q- n then we de ne

pg = lim ooy

The limit exists by (4.13).
We claim that, for any C® > 0, there isC©@ > 0, such that for all m , my,

jQi Pmj- COTMY (4.15)

provided jxj;jyj - C® Tpmzyp.
By (4.12), if p+ q > n then jc, TP % = O(T)?). If p+ q- n, by (4.13) we obtain

that
mxki 1

at ik K TR

j=m

and hence lettingk ! 1

. . . i Cor@ p
G0 e T KTM® Tiney=2=Tm=a 0
j=0

R
-CKT”+2® (1 1)n*+@ipig
m:
j=0

which is O(T;:f). These estimates imply the validity of equation (4.15).
In addition to the bound obtained above for jc?anﬁ:gj, p+ g>n, from (4.12) one

also obtains upper bounds forjcyj, p+ g - n. Note that all these hold uniformly on
a for m, mg. Using these, relation (4.10) implies that

i(Ai Pn)(zo(y))j- COTNED (4.16)

ifm, mog,m=2- k% m=2+nandy2 Iy =[i CoTm=s; CoTpn=2l-

16



By the triangle inequality, (4.15) and (4.16) imply j(Q i A)(zko(y))j - C(4)Tr?;2® if
jyi © C2Ty=». Thus, we obtain that

jQW) i Aw)j- Cyjwj"™® for w2 K\ ([ k moWH(rk;0)):

In order to nish the proof, notice that by the relabeling int roduced in Notation 4.6,
we can include any pointw 2 K\ @\ B-, in the above union. Forw;wl2 K\ o\ B,
we obtain two pairs of sequencedry;sxgk. m, On the stable, respectively unstable,
manifold of the origin. But these sequences di®er only at rtely many positions.
Therefore, the limit polynomial Q does not depend on the pointw. |

(c) Whitney regularity

We prove here the following:

Theorem 4.9 The conclusion of Theorem 4.3 and our homogeneity assumptis on
the seta imply that A is C™®(a) in the Whitney sense.

We will show that functions A(), derived from the approximating polynomials
Q(qg; p) de ned on the closed set o satisfy conditions (16) and (17) 6 [18, xVI.2.3]
and hence by [18xVI.2.3, Theorem 4] A admits a Whitney extension to R?.

According to [18, xVI.2.3, Theorem 4], the conclusion of Theorem 4.9 follows fsm
Lemma 4.10 below. We begin by introducing more notation, reying on the polynomials
Q(q; p) constructed in Theorem 4.3.

Dene Al):a! Rby

X (ai p)
Qap = AD(p)
Pion
where * = (1; 2;:11; ¢) is a multi-index, "I'= “ilriiigh jj = 1+ ¢¢é g and
X = X ixg for x = (xg;:i;Xg). Here d = 2. Note that A% = A

For a muIt| index j with jjj- n, de ne the polynomials

Qj(ag;p := X A(+J)()(q| p):

P+jjon
Note that Qo(c;p) = Q(;p). Let Rj(q;p) = A1)(g) i Qj(g;p) for jjj- n.
Lemma 4.10 Under the assumptions of Theorem 4.9,
n+®jj jj

||0:2

Rj(:p)j- Ciai pj for p;q2 a; jqi pj-

for all multi-indexes jjj- n.
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Proof:  Note that the casejjj = 0 is exactly the conclusion of Theorem 4.3.
By [18, Lemma VI.2.3.1], if a;b2 =, then

X ki
Qb i Qx;a) = R,-(b;a)(x'j—,b)’:

i n ‘

For x 2 @ then Q(x;b) i Q(x;a) = [AX)i Ro(x;b]i [AX)i Ro(x;a)] = Ro(x;a) i
Ro(x;b), and we obtain

X h

R; (b a) (X Ib)J

0<jjj- n I

= Fa;b(x); (4.17)

whereF,p i 2 ! R, Fap(X) := Ro(X;a)i Ro(X;0)i Ro(b;a). Thatis, the values R; (b; a)
are the coexcients of a polynomial of degreen interpolating the function Fyp:a ! R.
Such a polynomial is uniquely determined if relation (4.17)holds at (n +1) 2 points
X 2 © spaced as in Lemma 4.5 of Journ§, and relation (4.3) of thalemma gives the
desired upper bound. We describe next the details.
Fix a;b 2 o. By our assumptions on =, there are points x; 2 W:(a)\ =, y; 2
WH@)\ =, 0 i- n,such that

jaj b=C- rigilnjxii Xj] jai B=C- rigijnjyii Yii
maxjx; i a-j aj B=2 maxjyi i a-j aj b=2

Consider the grid (centered atb) determined by z; = WY(xj)\ W2(y;) 2 a. Then

maxfj aj z;j;jbi zijjo- Cjaj b, and there is a uniform (with respect tojaj bj) bound

on the \R="" of Journ® (because bothR and " are of orderjai k). By Theorem 4.3,
the former property also implies that jFan(zi;j )j - Cjbj aj"*®. Lemma 4.5 can be
applied to this interpolating grid. Inequality (4.3) becom es

jRj(ba)jai bl - Cjaj b
o<jij n

which gives the desired conclusion. |

5 Sets in higher dimensions

Most of our discussion has concerned dimension two, where ¢hhomogeneity condition
is automatically satis ed for hyperbolic basic sets. It is possible to give geometric
conditions on sets in dimensiongl , 3 for the analog of our results to hold: for example
a set in RY which is the direct product of d one-dimensional ¢;° ) homogeneous sets.

Unfortunately we do not know if these are natural conditions for hyperbolic basic
sets in higher dimensions or for hyperbolic sets arising oubf, for instance, transverse
homoclinic intersections in RY.
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