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Abstract

We prove Whitney regularity results for the solutions of the coboundary equation
over dynamically de¯ned Cantor sets satisfying a natural geometric regularity condi-
tion, in particular hyperbolic basic sets in dimension two. To do this we prove an
analogue of Journ¶e's well-known result in the context of Cantor sets satisfying geomet-
ric regularity conditions.

1 Introduction
This paper is concerned with the regularity of the solutionÁ to the coboundary equation

(Á ±T ¡ Á)(x) = g(x); x 2 ¤ (1.1)

whereM is a manifold, ¤ ½ M is a closed set,T : ¤ ! ¤ is a hyperbolic transformation
that is the restriction of a smooth map, and g : M ! R is smooth. We are especially
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interested in the situation when ¤ might have no interior. Wh enever ¤ is not open,
smoothness is meant in the sense of Whitney.

Results in this direction were ¯rst obtained by Liv·sic, for real valued cocycles over
Anosov mappings. He showed [6] that if the cocycleg is C1, then the trivialization Á
(assumed apriori only measurable) isC1 too. For some linear actions on a torus he
also showed [7] that if the cocycle isC1 , respectively C ! , then so is the solution; this
was obtained by studying the decay of the Fourier coe±cients.

The C1 (smooth) case was investigated by de la Llave, Marco and Moriy¶on [10].
One of the technical results they proved was that if a function is smooth along two
transverse foliations which are absolutely continuous andwhose Jacobians have some
regularity properties, then it is smooth globally. This was proved using properties of
elliptic operators. Relying on Taylor expansions, carefulerror estimates and Morrey-
Campanato theory, Journ¶e ([4]; see Theorem 1.1 below) proved a similar result without
requiring the absolutely continuity of the foliations. Ano ther approach is presented in
Hurder and Katok [3], based on an unpublished idea of C. Toll. Here the decay of
the Fourier coe±cients is used to characterize smoothness.Using the approach in [3],
de la Llave proved analogous results in the analytic case [9]. More references are given
in [12].

Journ¶e's key result is the following:

Theorem 1.1 [Journ¶e [4]] Let Fs and Fu be two continuous transverse foliations with
uniformly smooth leaves of some manifold. Iff is uniformly smooth along the leaves
of Fs and Fu then f is smooth.

Various modi¯cations have been proven since. We mention in particular work of
de la Llave [8, Theorem 5.7], where Whitney regularity was proved, and Vano [19,
Lemma 3.2.6]. Our main result is in some sense a technical improvement over de la
Llave's Theorem 5.7: it applies to sets that are less regular(as opposed to de la Llave's
condition (iv)), and that could have measure zero. We state our result in terms of
laminations whose leaves satisfy a certain geometric regularity, but we have in mind
applications to a class of hyperbolic basic sets.

Recall that if ¤ ½ M is an invariant hyperbolic set for a C1 map T, then through
each point x 2 ¤ there exists a local stable manifold W s

" (x) and a local unstable
manifold W u

" (x). We call a hyperbolic invariant set basic if it is locally maximal, that
is, ¤ = \ 1

n= ¡1 Tn (V ) for an open set V . A hyperbolic set ¤ is basic if and only if
it has local product structure: if x; y 2 ¤ are close enough, then the unique point
z = W s

" (x) \ W u
" (y) belongs to ¤ [5, Section 18.4].

Let n ¸ 1, ® 2 (0; 1). For an open set U ½ Rd, Cn;®(U) consists of functions
that are di®erentiable of order n, have all derivatives bounded, and then-th partial
derivatives are ®-HÄolder (see [18, Chapter VI]).

De¯nition 1.2 A Cn;®-lamination of a set ¤ ½ M is a disjoint collection of Cn;®

submanifolds of a given same dimension, which vary continuously in the Cn;®-topology,
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and whose union contains the set ¤.

Remark 1.3 Examples of Cn;®-laminations are the stable and unstable foliations of
a hyperbolic set for aCn+1 di®eomorphism.

We describe here the notion of geometric regularity that we are using.

De¯nition 1.4 Fix constants 0 < ° < 1 and º > 0.

(a) A set A contained in a C1-curve ¡ is ( °; º )-homogeneousif for each x 2 A, there
is a sequence of pointsxk 2 A converging to x such that dist¡ (x; x 1) ¸ º , and

dist¡ (x; x k+1 )
dist¡ (x; x k )

¸ ° for k ¸ 1 (1.2)

(here dist¡ denotes the distance induced on the curve ¡).

(b) A set ¤ ½ R2 is (°; º )-homogeneouswith respect to two transverseC1-laminations
W s and W u if for each p 2 ¤, the sets W s(p) \ ¤ and W u(p) \ ¤ are (°; º )-
homogeneous in the corresponding leaves.

Our main result is an extension of Journ¶e's Theorem 1.1.

Theorem 1.5 Let ¤ ½ R2 be a closed set, andW s, W u two transverse uniformly
Cn;®-laminations of ¤ .

Suppose thatÁ : ¤ ! R is uniformly Whitney- Cn;® when restricted to W s
" (x) and

W u
" (x) for each x 2 ¤ . If

² ¤ is (°; º )-homogeneouswith respect to W s and W u for some °; º > 0,

and

² ¤ has a local product structure: for x; y 2 ¤ close enough, the (unique) point in
the intersection W s

" (x) \ W u
" (y) belongs to¤ ,

then Á is Whitney-Cn;® on ¤ .
The term \uniformly" above means that the given property holds with uniform con-

stants over the whole set¤ .

Remark 1.6 Examples of (°; º )-homogeneous sets include hyperbolic basic sets in
dimension two (see Proposition 2.2), Anosov systems, and the direct product of one
dimensional uniformly homogeneous sets in higher dimensions (see Section 5).

The paper is organized as follows. In Section 2 we describe two-dimensional exam-
ples to which our results apply. In Section 3 we describe applications of Theorem 1.5
to cohomological equations over dynamical systems. The proof of Theorem 1.5 is given
in Section 4.
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Figure 1: Construction of a Cantor set

2 Geometrically regular hyperbolic sets
We describe a class of dynamically de¯ned two-dimensional Cantor sets to which The-
orem 1.5 pertains. First we describe the notion of `thickness' of Cantor sets. This was
introduced by Newhouse [11]. A Cantor setK in R is formed by starting with a closed
interval and successively removing open intervals of decreasing length. Suppose each
open interval On that is removed from a closed interval I n leaves behind two closed
intervals L n and Rn (see Figure 1). Let

¿n =
min fj L n j; jRn jg

jOn j

and

¾n =
jOn j

max fj L n j; jRn jg

The quantity
¿(K ) = inf

n
¿n

is called the thickness of the Cantor setK . K is called athick Cantor set if ¿(K ) > 0.
We de¯ne

¾(K ) = inf
n

¾n

and de¯ne a distortion-free thick Cantor set to be a thick Cantor set K with ¾(K ) > 0.
We say a two dimensional set ¤½ R2 with a lamination is a distortion-free thick

Cantor set if for each p 2 ¤, W s(p) \ ¤ and W u(p) \ ¤ are distortion-free thick Cantor
sets with uniform ¾; ¿. For more information on thick Cantor sets see [15, Chapter 4,
Section 2] and [2].

Lemma 2.1 If ¤ is a distortion-free thick Cantor set then ¤ is (°; º )-homogeneous.

Proof: Assumex 2 ¤. To simplify notation, we parametrize W s
" (x) by arc-length,

coordinatize so that x = 0 and assume from now on that points in ¤ \ W s
" (x) are in R.

We show that there is a sequence of numbersxk 6= 0 ; xk 2 ¤ converging monotonically
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to zero and satisfying equation (4.1) for some° . Furthermore ° may be taken as
uniform over x 2 ¤.

First note that for all n:

(a) ¾¿maxfj L n j; jRn jg · ¿jOn j · minfj L n j; jRn jg

(b) ¾¿
1+ ¾+ ¾¿jI n j · minfj L n j; jRn jg

Supposex 2 I n , choosex1 to be the endpoint of I n furthest from x. Without loss
of generality suppose thatx 2 L n \ I n (exactly the same argument holds ifx 2 Rn ).
Choosex2 to be the endpoint of L n furthest from x. Then jx2j ¸ 1

2 jL n j ¸ 1
2

¾¿
1+ ¾+ ¾¿jx1j

as jx1j · j I n j. Taking ° = ¾¿
2(1+ ¾+ ¾¿) we have jx2j ¸ ° jx1j. Repeat this procedure,

taking L n to be I n and noting that x2 is the endpoint of L n furthest from x. The
argument for the unstable foliation is the same.

Proposition 2.2 Two-dimensional hyperbolic basic sets are(°; º )-homogeneous.

Proof: This follows from [15, Chapter 4, Section 1] and Lemma 2.1. Note that both
local stable and local unstable manifolds are dynamically de¯ned Cantor sets for an
expanding map (an expanding map in backwards time for stablemanifolds). By the
uniform bounded distortion estimates on such maps [15, Chapter 4, Section 1]¾n , ¿n

are uniformly bounded away from zero.

3 Liv·sic regularity results
The regularity results for the Livsic equation (1.1) state that under certain conditions
a measurable solution is actually HÄolder, or that a continuous solution is actually
(Whitney) smooth.

Suppose that ¤ is a hyperbolic basic set and¹ is an ergodic Gibbs measure corre-
sponding to a HÄolder continuous potential.

We ¯rst show that if we have a measurable coboundaryÁ for a HÄolder real-valued
cocycleg then Á has a HÄolder version, that is, there exists a HÄolderÁ0 such that Á0 = Á,
¹ a.e. This result is not new and the main idea is due to Livsic [7] (for related results
see [1, 13, 14, 16, 17]). We sketch its proof only for completeness.

Proposition 3.1 Let ¤ ½ U ½ M be a hyperbolic set for theC1 embeddingT :
U ! M . Suppose that¤ is equipped with an ergodic Gibbs measure¹ . Assume that
g : U ! R is ´ -HÄolder, ´ > 0, and there is a ¹ -measurable functionÁ : ¤ ! R such
that

(Á ± T ¡ Á)(x) = g(x); x 2 ¤ : (3.1)

Then there exists an´ -HÄolder function Á0 : ¤ ! R such that Á0 = Á ¹ a.e.
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Proof: For x 2 ¤ de¯ne gN (x) := g(TN ¡ 1x) + ¢ ¢ ¢g(T x) + g(x). If y 2 W s
" (x) then

jgN (x) ¡ gN (y)j ·
P N ¡ 1

i =0 jg(T i x) ¡ g(T i y)j · C1(
P N ¡ 1

i =0 ¸ ´i )d(x; y)´ for some 0< ¸ < 1.
Thus for all N ¸ 0 and y 2 W s

" (x)

jÁ(x) ¡ Á(y)j · C2d(x; y)´ + jÁ(TN x) ¡ Á(TN y)j

By Lusin's theorem there exists a set ¤0 ½ ¤ such that ¹ (¤ 0) > 1
2 and Á restricted to

¤ 0 is uniformly continuous. SinceT is ergodic with respect to ¹ , for ¹ a.e. x 2 ¤,

lim
N !1

1
N

# f i j 0 · i · N ¡ 1; T i (x) 2 ¤ 0g = ¹ (¤ 0) >
1
2

(3.2)

The ergodic Gibbs measure¹ is a product measure, that is, for ¹ a.e. x 2 ¤,
on a neighborhood ofx, the measure¹ is equivalent to ¹ s

x £ ¹ u
x , where ¹ s

x and ¹ u
x

are the conditional measures of¹ along the stable W s
" (x) and unstable W u

" (x) leaves
respectively. Since¹ is locally a product measure,¹ a.e. x 2 ¤ has the property that for
¹ s

x a.e. y 2 W s
" (x) equation (3.2) holds. Hence for¹ a.e. x 2 ¤, for ¹ s

x a.e. y 2 W s
" (x)

we may choose a subsequenceN i so that jÁ(TN i x) ¡ Á(TN i y)j ! 0. Thus ¹ a.e. x 2 ¤
has the property that for ¹ s

x a.e. y 2 W s
" (x), jÁ(x) ¡ Á(y)j · C2d(x; y)´ . Similar

considerations show that ¹ a.e. x 2 ¤ has the property that for ¹ u
x a.e. y 2 W u

" (x),
jÁ(x) ¡ Á(y)j · C3d(x; y)´ . The local product structure for ¹ implies that Á has an
´ -HÄolder version (see [5, Proposition 19.1.1]).

Next, we show that the regularity can be improved from C0 to Cn;® for hyperbolic
basic sets in dimension two:

Theorem 3.2 Let M be a two-dimensional manifold, and ¤ ½ U ½ M a hyperbolic
basic set for theCn;® embeddingT : U ! M . Assume that for g 2 Cn;®(U), there is a
continuous function Á : ¤ ! R such that

(Á ± T ¡ Á)(x) = g(x); x 2 ¤ : (3.3)

Then Á is Cn;® in the Whitney sense, that is, it admits a Cn;® extension to a
neighborhood of¤ .

The proof of this theorem follows the \classic" approach [7,10, 4]: ¯rst show that Á
is regular along the stable and unstable foliations, and then prove that such a function
is regular globally. The ¯rst step is straightforward, and p resented in Lemma 3.3. The
second part, in view of Proposition 2.2, is Theorem 1.5.

Lemma 3.3 Let M be a manifold, and¤ ½ U ½ M a hyperbolic basic set for theCn;®

embeddingT : U ! M . Assume that for g 2 Cn;®(U), there is a continuous function
Á : ¤ ! R such that

(Á ± T ¡ Á)(x) = g(x); x 2 ¤ : (3.4)

Then there is a \natural" extension of Á to W s
" (¤) [ W u

" (¤) which is Cn;® on each
local stable and unstable leaf, and varies continuously (inthe Cn;®-topology) with the
leaf.
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Proof: We extend Á through the cohomology equation (3.4). Using the notation
F jba = F (b) ¡ F (a), we obtain

Á(y) ¡ Á(x) = ¡
NX

n=0

g ± Tn jyx + Á ± TN +1 jyx

Therefore, de¯ne

eÁs(y) := Á(x) ¡
1X

n=0

g ± Tn jyx ; y 2 W s
" (x);

eÁu(z) := Á(x) +
1X

n=1

g ± T ¡ n jzx ; z 2 W u
" (x);

The series converge uniformly inCn;®(W s
" (x)), respectively Cn;®(W u

" (x)). Therefore,
eÁs and eÁu are in Cn;®, and vary continuously with the leaf.

Assumex; y 2 ¤ and t 2 W s
" (x) \ W u

" (y). By the local product structure, t 2 ¤.
Therefore, by (3.4) and the continuity of Á,

eÁs(t) = Á(x) ¡
1X

n=0

[Á ±T ¡ Á] ±Tn jtx = Á(x) ¡
h
¡ Ájtx + lim

n!1
Á ± Tn jtx

i
= Á(t):

Similarly, using T ¡ 1 instead ofT, we obtain that eÁu(t) = Á(t). Thus, the two extensions
coincide overW s

" (¤) \ W u
" (¤).

As an immediate corollary of Proposition 3.1 and Theorem 3.2,

Corollary 3.4 Let M be a two-dimensional manifold, and ¤ ½ U ½ M a hyperbolic
basic set for theCn;® embeddingT : U ! M . Assume that for g 2 Cn;®(U), there is a
measurable functionÁ : ¤ ! R such that

(Á ± T ¡ Á)(x) = g(x); x 2 ¤ : (3.5)

Then Á is Cn;® in the Whitney sense, that is, it admits a Cn;® extension to a
neighborhood of¤ .

4 Journ¶e revisited
We prove Theorem 1.5 in this section. The proof follows the method of Journ¶e [4],
with a few adjustments.

Journ¶e [4] constructed approximating polynomials eQ(q; p) indexed by p 2 U (U an
open set) which satis¯ed j eQ(q; p) ¡ Á(q)j · Cjp ¡ qjn+ ® for all q 2 U and then invoked
a theorem of Campanato to show thatÁ extends to a Cn+ ® function.
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Our proof similarly uses approximating polynomials but we will use [18, xVI.2.3,
Theorem 4] which gives su±cient conditions under which a function extends in the
Whitney sense from a closed set.

Given our homogeneity assumption, we can select on each leafa grid whose spacing
is close to being a geometric progression (that is, points are at distances approxima-
tively f ! kg from the origin). The local product structure yields a two-d imensional
grid, on which we interpolate the function Á by a sequence of polynomials. We prove
that the lower-order coe±cients of these polynomials converge, thus yielding a local
approximation Q(q; p) to Á(q) (indexed by each point p of the set ¤). These approxi-
mating polynomials `correspond' to the Taylor polynomials of Á. We then show that
these local approximations satisfy the hypothesis of the Whitney Extension Theorem
stated in [18, xVI.2.3, Theorem 4]. The homogeneity plays an important rolehere as
well.

Notation 4.1 Unless stated otherwise, all constants are uniform on¤ . In particular,
we will use the letter C for various constants of this type, even if their values are
di®erent. For simplicity of exposition we will refer to W s

" (x) as local stable manifolds
and to W u

" (x) as local unstable manifolds.
Given nearby pointsx; y 2 ¤ , we denote[x; y] := W s

" (x) \ W u
" (y).

(a) Regular grid from homogeneity
We show that the homogeneity assumption provides a quite regular \grid".

Lemma 4.2 Supposef r kg is a sequence of numbers converging to zero such that

jr k+1 j
jr k j

¸ ° for k ¸ 1 (4.1)

for some ° > 0. Let ! 2 (0; ° ) and de¯ne k0 := [log ! (jr1j)]. De¯ne R = fj r k jg. Then
the intersection R \ [! k+1 ; ! k ] is nonempty for eachk ¸ k0.

In particular, there is a decreasing subsequence inR, which we denote also byjr k j,
such that jr k j 2 [! 2k+1 ; ! 2k ] for 2k ¸ k0.

Proof: Notice ¯rst that we may assume that the sequencejr k j is strictly decreasing.
Indeed, if jr `+1 j ¸ j r ` j, then property (4.1) is preserved after dropping the term jr `+1 j
from the sequence and relabeling the remaining terms.

Let ! 2 (0; ° ) and k0 be as de¯ned in the lemma. Thenjr1j 2 R \ [! k0+1 ; ! k0 ]. We
will prove the statement of the lemma by induction starting w ith k = k0. Assume, by
contradiction, that R\ [! k+1 ; ! k ] 6= ; but R\ [! k+2 ; ! k+1 ] = ; . Then there is an` such
that jr ` j 2 [! k+1 ; ! k ] and jr `+1 j < ! k+2 , hence jr ` +1 j

jr ` j < ! < ° which contradicts (4.1).
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(b) Approximation by polynomials
The goal of this subsection is the following local approximation result:

Theorem 4.3 Under the assumptions of Theorem 1.5, there are constants"0; C0 > 0
and for eachp 2 ¤ a polynomial Q( ¢; p) of degreen, such that

jÁ(q) ¡ Q(q; p)j · C0jq ¡ pjn+ ® for q 2 ¤ ; jq ¡ pj < " 0: (4.2)

Most arguments are adapted from [4].
Let p 2 ¤. Since the consideration is local we make aCn;® change of variables so

that the local stable and unstable manifolds passing through p become the coordinate
axes through the origin. The theorem is a consequence of the following Lemma, which
we prove later.

Lemma 4.4 Given · > 0 large enough and the coneK = f (u; v) 2 R2 : jvj · · jujg,
there is a polynomial Q = QK of degreen and constants C1 = C1(· ); "1 = "1(· ) > 0
such that

jÁ(z) ¡ Q(z)j · C1jzjn+ ® for z 2 ¤ \ K \ B " 1 ;

where B r denotes the ball of radiusr centered at the origin.
The constants C1 and "1 are uniform with respect to p 2 ¤ .

Assuming the above Lemma, we prove next Theorem 4.3.

Proof of Theorem 4.3
Using Lemma 4.4, we can also construct a polynomialQ0 approximating Á on the

coneK
0

= f (u; v) 2 R2 : juj · · jvjg centered on the unstable manifold. By choosing·
large enough, we can achieve thatV = ¤ \ K \ K

0
\ B " 1 is not Zariski closed (indeed,

the homogeneity assumption implies that the origin is an accumulation point of both
¤ \ W s

" (0; 0) and ¤ \ W u
" (0; 0), and the product structure gives a two-dimensional

\grid" in V ).
This implies that the n-th degree polynomialsQ and Q0 have to coincide, because

they have a contact of order higher thann on V .
This establishes that at the point p, in the coordinates used to linearize its stable

and unstable manifolds,Q is a local approximation of Á of order n + ®.
When we return to the original coordinates, then the polynomial Q becomes aCn;®-

function Q, but the local approximation property still holds. We denot e by Q( ¢; p)
the n-th order Taylor polynomial of Q at p. To check condition (4.2), notice that
R(q) := Q(q) ¡ Q(q; p) satis¯es

jR(q)j =

¯
¯
¯
¯

1
(n ¡ 1)!

Z 1

0
(1 ¡ t)n¡ 1 dn

dtn [R(p + t(q ¡ p))] dt

¯
¯
¯
¯ · C

°
°
°
°

dn

dtn Q

°
°
°
°

®
jq ¡ pjn+ ®

(here we used thatD nR(r ) = D nQ(r ) ¡ D nQ(p), becauseQ( ¢; p) is a polynomial of
degreen).
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Note that the relevant constants of Lemma 4.4,"1 and C1, are uniform in p 2 ¤,
hence so will the constants"0 and C0 of Theorem 4.3.

The remainder of the section is devoted to the proof of Lemma 4.4. This proof is
divided into a few subsections. By our reduction so far,p is the origin in R2 and the
coordinate axes are leaves of the two laminations.

Interpolating polynomials

We will use the following interpolation result of Journ¶e, with corresponding constants
from Lemma 1 of Journ¶e denoted by the subscriptJ .

Lemma 4.5 (Journ¶e [4], Lemma 1) Fix n ¸ 1. For each B ¸ 1, there are " =
"J (B ) > 0 and C = CJ (B ) > 0 with the following property: if the collections of points
f zk;` : 0 · k · n; 0 · ` · ng ½ R2, f xk : 0 · k · ng ½ R, f y` : 0 · ` · ng ½ R
satisfy

R=´ < B

and jzk;` ¡ (xk ; y` )j · "´

where R = sup
k;`

jzk;` j; ´ = inf
(k;` )6=( k0;`0)

jzk;` ¡ zk0;`0j;

then for any valuesf bk;` : 0 · k · n; 0 · ` · ng ½ R, there exists a unique polynomial

p(x; y) =
X

0· p;q· n

cpqxpyq

such that p(zk;` ) = bk;` . Moreover,
X

p;q

jcpqjRp+ q · C sup
k;`

jbk;` j: (4.3)

Since Á(¢; 0) and Á(0; ¢) are Cn;® (and therefore Lemma 4.4 holds for them by
approximating with the Taylor polynomial), we can replace Á(x; y) by Á(x; y)¡ Á(x; 0)¡
Á(0; y) + Á(0; 0). Thus, we may assume thatÁ vanishes along the axes.

We begin by selecting a convenient grid on each axis. Along the x-axis (which
we assume to be the stable direction) we take a sequence of points (r 0

k ; 0) 2 ¤, k ¸ 0,
converging to (0; 0) and satisfying the homogeneity condition (4.1). We take asequence
(0; s0

k ) 2 ¤ along the unstable direction (which we assume to be they-axis) satisfying
bounds similar to (4.1).

By Lemma 4.2, passing to a subsequence, we may assume that thetwo sequences
are similarly spaced: jr 0

k j; js0
k j 2 [! 2k+1 ; ! 2k ] for k ¸ k0, where! and k0 are determined

using Lemma 4.2 for the two sequences involved. Moreover, byour (°; º )-homogeneity
assumption, we can arrange that! = °=2, and jr 0

1j, js0
1j are of order"1, uniformly with

respect to p 2 ¤, where "1 > 0 will be determined later.
Since we must controlÁ on the whole set ¤, we explain next how to include arbitrary

points of ¤ \ K \ B " 1 in this grid.
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Notation 4.6 Assume given sequences(r 0
k ; 0); (0; s0

k ) 2 ¤ as above, and letw 2 ¤ \
K \ B " 1 . Consider the points (xw ; 0) = [ p; w] 2 ¤ , (0; yw) = [ w; p] 2 ¤ .

We construct a new sequence of points(r k ; 0) 2 W s
" (p) \ ¤ that includes (xw ; 0) and

still has a regular spacing. We proceed as follows: ifjr 0
m+2 j < jr 0

m+1 j < jxw j · j r 0
m j <

jr 0
m¡ 1j, then we dropr 0

m+1 and r 0
m , and de¯ne rm+1 = xw , r k = r 0

k for k ¸ m + 2 and
r k = r 0

k¡ 1 for k · m. Thus, the x-coordinates of the new sequence inW s
" (p) \ ¤ are

¢ ¢ ¢; rm+3 = r 0
m+3 ; rm+2 = r 0

m+2 ; rm+1 = xw ; rm = r 0
m¡ 1; rm¡ 1 = r 0

m¡ 2; ¢ ¢ ¢.
We proceed similarly with the points (0; s0

` ) 2 W u
" (p) \ ¤ to incorporate (0; yw).

For k; ` large enough, use the local product structure to de¯ne zk;` :=
[(0; s` ); (r k ; 0)] = W u

" (( r k ; 0)) \ W s
" ((0; s` )) 2 ¤.

The continuity in C1 of the stable and unstable leaves implies that

j[(x; 0); (0; y)] ¡ (x; y)j = o(j(x; y)j):

Introduce the \rectangular" grid Sk;` = f (0; 0)g [ f (r k0; 0) : k · k0 < k + ng [
f (0; s`0) : ` · `0 < ` + ng [ f (zk;` ) : k · k0 · k + n; ` · `0 · ` + ng.

For each k and `, denote ´ k;` := inf fj z ¡ z0j : z; z0 2 Sk;` ; z 6= z0g, Rk;` := supfj zj :
z 2 Sk;` g, and Tk := max fj r k j; jsk jg.

Then there are constantsC0, k1, independent of z, such that for k; ` ¸ k1 :

² Rk;`
´ k;`

< C 0 as long asjk ¡ `j · 1.

² j zk;` ¡ (r k ; s` )j · " J (C0 )
C0

j(r k ; s` )j for jk ¡ `j · n.

² 1
C0

! 2k · Tk · C0! 2k :

where "J (C0) is the corresponding constant from Lemma 4.5.

Remark 4.7 The points z to which Lemma 4.4 applies are those corresponding to
r k ; s` with k; ` ¸ k1, hence"1 = O(! k1 ). During the proof we might have to decrease"1,
which means that k1 will increase accordingly. Note however that the three properties
listed above remain valid after such a change.

In light of Lemma 4.5 we conclude that for k ¸ k1 there exists a unique polynomial

P(x; y) =
X

0· p;q· n

cpqxpyq

which interpolates Á on each gridS of form Sk;k i.e.

P(z) = Á(z)

for z 2 S.
Furthermore X

p;q

jcpqjRp+ q
S · C supfj Á(z)j : z 2 Sg (4.4)

where C = CJ (C0) is given by Lemma 4.5, the supremum is taken over the grid used
for the interpolating polynomial, and RS is Rk;k .

A similar statement is valid for S = Sk;k +1 .
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Consecutive interpolations

Take k ¸ k1 and let P and P0, denote respectively the polynomials of degreen in x
and y which interpolate Á on Sk;k , respectively Sk;k +1 . We denote their coe±cients by
cpq, respectively c

0

pq. Recall that Tk := max fj r k j; jsk jg. The results of this section and
the next will show that

jc0
pq ¡ cpqj · O(Tn+ ®¡ p¡ q

k ):

By (4.3) applied for P ¡ P0, it is enough to obtain an upper bound for jP0 ¡ P j on
Sk;k +1 . To obtain the above estimate it would su±ce to prove that if ( x; y) 2 Sk;k +1

then
jP0(x; y) ¡ P(x; y)j = O(Tn+ ®

k ):

Instead, we prove in this subsection relation (4.10), whichimplies the intermediate
result (see relation (4.11) below)

X

p;q

jc
0

p;q ¡ cp;qjTp+ q
k · C(Tn+ ®

k + ±
X

p+ q>n

jcp;qjTp+ q
k +

X

p+ q· n

jcp;qjTn+ ®
k ):

First note that P; P0 agree onSk;k +1 except on then points zk0;k+ n , k · k0 < k + n.
But on these points, by construction, P0(zk0;k+ n) = Á(zk0;k+ n). So in fact we need only
estimate jÁ(zk0;k+ n) ¡ P(zk0;k+ n)j for k · k0 · k + n.

For k0 as above, parametrizeW u
" (r k0; 0) by the y coordinate. We denote a point on

W u
" (r k0; 0) by zk0(y) = ( xk0(y); y).
Consider the interval I k := [ ¡ C2Tk ; C2Tk ], where the constant C2, independent of

k, is chosen so that the region of the unstable leaf parametrized by I k contains all the
points in (W u

" (r k0; 0) \ Sk;k ) \ K for all k ¸ k1 and k · k0 < k + n.
By the hypothesis, there is a uniformly-Cn;® extension of Á to the local unstable

leaves of ¤. We refer to this extension whenever we evaluateÁ outside the set ¤. We
will show that jÁ(zk0(y)) ¡ P(zk0(y)) j = O(Tn+ ®

k ) for k · k0 · k + n and y 2 I k .
Fix k0betweenk and k+ n. To simplify the notation, denote by a tilde the functions

evaluated onW u
" (zk0) via its parametrization y 7! zk0(y). That is, ef (y) = f (zk0(y)). If

not explicitly stated, these functions have domain I k .
We collect the necessary estimates in the following lemma:

Lemma 4.8 There is a C > 0 such that if k ¸ k1, k · k0 · k + n, and
y 2 [¡ C2Tk ; C2Tk ], then:

(i)

j( eÁ ¡ eP)(y)j · CTn+ ®
k k

dn

dyn ( eÁ ¡ eP)k®: (4.5)

(ii) If p; q · n and p + q > n then

k
dn

dyn xp
k0(y)yqk® · CTp+ q¡ n¡ ®

k kxk0kCn;® (I k )

12



(iii) If p + q · n then

k
dn

dyn xp
k0(y)yqk® · C

(iv) Therefore

k
dn

dyn
ePk® · Ckxk0kCn;® (I k )

X

p+ q>n

jcp;qjTp+ q¡ n¡ ®
k + C

X

p+ q· n

jcp;qj (4.6)

Proof: To prove (i), note that Á¡ P is a Cn;® function along W u
" (r k0; 0) and has (n+1)

zeroes in the image of the intervalI k . Thus each derivative (eÁ ¡ eP)(j ) , j = 0 ; : : : ; n,
has at least one zero, denoted byt j , in this interval. Hence,

j
dn

dyn ( eÁ ¡ eP)( t)j = j
dn

dyn ( eÁ ¡ eP)( t) ¡
dn

dyn ( eÁ ¡ eP)( tn )j · k
dn

dyn ( eÁ ¡ eP)k®(C2Tk )®

and similarly

j
dj

dyj ( eÁ ¡ eP)( t)j = j
Z t

t j

dj +1

dyj +1 ( eÁ ¡ eP)(u)duj · k
dj +1

dyj +1 ( eÁ ¡ eP)kC0 (I k )C2Tk :

These imply (4.5).
For (ii), notice that dn

dyn xp
k0(y)yq is the sum of terms of the formDxp0

k0yq0
, where D

is a product of di®erentiated xk0-terms (if any), and p0+ q0 ¸ p + q ¡ n. The HÄolder
norm of such a term can be bound by

kDxp0

k0yq0
k® · kDk ®kxp0

k0kC0 kyq0
kC0

+ kDkC0 kxp0

k0k®kyq0
kC0 + kDkC0 kxp0

k0kC0 kyq0
k®:

(4.7)

We will not write explicitly the uniform bound over the set ¤ o f the Cn;®-norm of xk0

(this is determined by the uniform lamination W u).1 Note that jxk0(0)j · Tk , hence
kxk0kC0 (I k ) · CTk (because its derivative is bounded). Also,kf k® · Ckf 0kC0 (I k )T

1¡ ®
k

for a di®erentiable function f : I k ! R. Thus (trivially for p0 = 0, q0 = 0, or D a
constant):

kxp0

k0k® · Ckx0
k0kC0 (I k )T

p0¡ ®
k kxp0

k0kC0 · CTp0

k

kyq0
k® · CTq0¡ ®

k kyq0
kC0 · CTq0

k

kDk® · Ck
dn

dyn xk0k® + Ckxk0kCn (I k )T
1¡ ®
k

These estimates prove that the ¯rst term in the right-hand side of (4.7) is bounded
by CTp+ q¡ n¡ ®

k kxk0kCn;® (I k ) , as desired. If D is not a constant then kDkC0 ·

1Here the uniform smoothness of the leaves is used.
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Ckxk0kCn (I k ) , and we obtain the desired bound for the other two terms in theright-
hand side of (4.7). If D is a constant, then we must have hadq = n, q0 = 0, p = p0,
hence the HÄolder norm in the third term of (4.7) is zero, and the second term satis¯es
the desired bound (in this case the ¯rst term vanished as well).

The relation (iii) is proven similarly.
Relation (iv) is an immediate consequence of the estimates (ii) and (iii).

Next, we bound the kxk0kCn;® (I k ) term by choosing "1 > 0 su±ciently small. Since
the local (un)stable manifolds are continuous in theCn;® topology and the leaf through
the origin coincides with the vertical axis, given± > 0, we may choose"1 > 0 su±ciently
small so that

kxk0kCn;® (I k ) < ± (4.8)

wheneverjr k0j < " 1 and y 2 I k .2

Given our choice of the sequence of pointsr k and s` , we may increasek1 so that (4.8)
holds for all k ¸ k1 (recall that r k1 is at distance approximately ! 2k1 from the origin).

Since, by hypothesis,Á 2 Cn;®(W u
" (r k0; 0)) uniformly 3, we have

k
dn

dyn
eÁ(y)k® · C: (4.9)

From (4.5), (4.9), (4.6) we obtain that

j(Á ¡ P)(zk0(y)) j · CTn+ ®
k + C±

X

p+ q>n

jcp;qjTp+ q
k + C

X

p+ q· n

jcp;qjTn+ ®
k (4.10)

for y 2 I k .
By evaluating the above relation at zk0;k+ n (recall that P0(zk0;k+ n) = Á(zk0;k+ n)),

and using (4.3) for P ¡ P0 on Sk;k +1 , we obtain that

X

p;q

jc
0

p;q ¡ cp;qjTp+ q
k · C(Tn+ ®

k + ±
X

p+ q>n

jcp;qjTp+ q
k +

X

p+ q· n

jcp;qjTn+ ®
k ): (4.11)

Convergence of interpolating polynomials

We let P2k denote the interpolation polynomial corresponding to the grid Sk;k , and
P2k+1 denote the interpolation polynomial corresponding to the grid Sk;k +1 . Equa-
tion (4.11) relates the coe±cients of P2k+1 to P2k and the same line of reasoning
relates the coe±cients ofP2k+2 to P2k+1 except that we use the smoothness ofÁ along
the other lamination. Recall (see the properties of the grid listed on page 11) that
Tk = max f r k ; skg is comparable to ! 2k . We will be sloppy with notation and let Tj= 2
denote T[j= 2].

Denote by cm
pq the coe±cient of xpyq in Pm .

2Here the transverseCn;® -continuity of the lamination is used.
3This is where the uniform smoothness of the restrictions ofÁ to the leaves is used.
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We will show that, by reducing "1, there are K; m 0 large enough, such that

jcm
pqj · K

m¡ 1X

j = m0

(Tj= 2)n+ ®¡ p¡ q for m ¸ m0 (4.12)

and
jcm+1

pq ¡ cm
pqj · KT n+ ®¡ p¡ q

m=2 for m ¸ m0: (4.13)

We proceed by induction. We ¯rst determine when (4.12) for m implies (4.12) for
m+1. We claim that this implication (which is a consequence ofequation (4.14) below)
holds for all K ¸ K ¤, m0 ¸ m¤

0, ± · ±¤, where the ¤-ed values depend only on the
constant C that appears in equation (4.11). We saw that ± can be made as small as
desired by reducing"1. Next, we pick m0 ¸ maxf m¤

0; k1g (recall that k1 depends on
"1). Finally, we can further increase K in order to satisfy (4.12) for m = m0 + 1, the
initial step of the induction.

We now justify our claim. From equation (4.11) and the bound
K

P m¡ 1
j = m0

(Tj= 2)n+ ®¡ p¡ q for jcm
pqj given by the induction assumption, relation (4.12)

will hold for m + 1 provided

C

0

@Tn+ ®
m=2 + K±

X

p+ q>n

m¡ 1X

j = m0

(Tj= 2)n+ ®¡ p¡ qTp+ q
m=2

+ K
X

p+ q· n

m¡ 1X

j = m0

(Tj= 2)n+ ®¡ p¡ qTn+ ®
m=2

1

A · KT n+ ®
m=2 : (4.14)

Note that, by (4.11), (4.14) implies (4.13) as well.
The ¯rst term in (4.14) is less than (1=3)KT n+ ®

m=2 if K is chosen large enough.

Consider the second term divided by the right-hand side,KT n+ ®
m=2 :

CK±
(KT n+ ®

m=2 )

X

p+ q>n

m¡ 1X

j = m0

(Tj= 2)n+ ®¡ p¡ qTp+ q
m=2

= C±
X

p+ q>n

m¡ 1X

j = m0

µ
Tm=2

Tj= 2

¶ p+ q¡ n¡ ®

· C±
X

p+ q>n

m¡ m0X

u=0

(! u)p+ q¡ n¡ ®

By taking ± > 0 small enough, we can make this quantity less then 1=3
(note that the last sum converges) and therefore bound the second term by
(1=3)KT n+ ®

m=2 . The third term can also be bounded by a geometric series whose sum
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is CKT n+ ®
m=2

P
p+ q· n Tn+ ®¡ p¡ q

m0=2 , therefore, taking m0 su±ciently large, we may ensure

that this term is less than (1=3)KT n+ ®
m=2 as well.

This proves our claim about the values ofK; m 0 and ± for which equation (4.14)
holds, and therefore completes the proof of relations (4.12) and (4.13).

End of proof of Lemma 4.4

By now the constants K , m0, are determined, and uniform on ¤. Reduce once more
"1 so that k1 ¸ m0 (recall that "1 = O(! k1 )).

We describe the coe±cients `pq of the polynomial Q of degree n mentioned in
Lemma 4.4. Recall that Pm (x; y) =

P
p;q cm

pqxpyq. If p + q > n then we set `pq = 0
whereas ifp + q · n then we de¯ne

`pq = lim
m!1

cm
pq:

The limit exists by (4.13).
We claim that, for any C(1) > 0, there is C(2) > 0, such that for all m ¸ m0,

jQ ¡ Pm j · C(2) Tn+ ®
m=2 (4.15)

provided jxj; jyj · C(1) Tm=2.
By (4.12), if p+ q > n then jcm

pqTp+ q
m=2 j = O(Tn+ ®

m=2 ). If p+ q · n, by (4.13) we obtain
that

jcm
p;q ¡ cm+ k

p;q j · K
m+ k¡ 1X

j = m

Tn+ ®¡ p¡ q
j= 2

and hence letting k ! 1

j(cm
p;q ¡ `p;q)Tp+ q

m=2 j · KT n+ ®
m=2

1X

j =0

¡
T(m+ j )=2=Tm=2

¢n+ ®¡ p¡ q

· CKT n+ ®
m=2

1X

j =0

(! j )n+ ®¡ p¡ q

which is O(Tn+ ®
m=2 ). These estimates imply the validity of equation (4.15).

In addition to the bound obtained above for jcm
pqTp+ q

m=2 j, p + q > n , from (4.12) one
also obtains upper bounds forjcm

pqj, p + q · n. Note that all these hold uniformly on
¤ for m ¸ m0. Using these, relation (4.10) implies that

j(Á ¡ Pm )(zk0(y)) j · C(3) Tn+ ®
m=2 (4.16)

if m ¸ m0, m=2 · k0 · m=2 + n and y 2 I m = [ ¡ C2Tm=2; C2Tm=2].
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By the triangle inequality, (4.15) and (4.16) imply j(Q ¡ Á)(zk0(y)) j · C(4) Tn+ ®
m=2 if

jyj · C2Tm=2. Thus, we obtain that

jQ(w) ¡ Á(w)j · C1jwjn+ ® for w 2 K \ ([ k¸ m0 W u
" (r k ; 0)) :

In order to ¯nish the proof, notice that by the relabeling int roduced in Notation 4.6,
we can include any pointw 2 K \ ¤ \ B " 1 in the above union. For w; w0 2 K \ ¤ \ B " 1 ,
we obtain two pairs of sequencesf r k ; skgk¸ m0 on the stable, respectively unstable,
manifold of the origin. But these sequences di®er only at ¯nitely many positions.
Therefore, the limit polynomial Q does not depend on the pointw.

(c) Whitney regularity
We prove here the following:

Theorem 4.9 The conclusion of Theorem 4.3 and our homogeneity assumptions on
the set ¤ imply that Á is Cn;®(¤) in the Whitney sense.

We will show that functions Á(` ) , derived from the approximating polynomials
Q(q; p) de¯ned on the closed set ¤ satisfy conditions (16) and (17) of [18, xVI.2.3]
and hence by [18,xVI.2.3, Theorem 4] Á admits a Whitney extension to R2.

According to [18, xVI.2.3, Theorem 4], the conclusion of Theorem 4.9 follows from
Lemma 4.10 below. We begin by introducing more notation, relying on the polynomials
Q(q; p) constructed in Theorem 4.3.

De¯ne Á(` ) : ¤ ! R by

Q(q; p) =
X

j` j· n

Á(` ) (p)
(q ¡ p)`

`!
;

where ` = ( `1; `2; : : : ; `d) is a multi-index, `! = `1! : : : `d!, j` j = `1 + ¢ ¢ ¢+ `d and
x` = x`1

1 : : : x`d
d for x = ( x1; : : : ; xd). Here d = 2. Note that Á0 = Á.

For a multi-index j with jj j · n, de¯ne the polynomials

Qj (q; p) :=
X

j`+ j j· n

Á(`+ j )(p)
(q ¡ p)`

`!
:

Note that Q0(q; p) = Q(q; p). Let Rj (q; p) = Á(j ) (q) ¡ Qj (q; p) for jj j · n.

Lemma 4.10 Under the assumptions of Theorem 4.9,

jRj (q; p)j · Cjq ¡ pjn+ ®¡j j j for p; q 2 ¤ ; jq ¡ pj · "0=2

for all multi-indexes jj j · n.
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Proof: Note that the case jj j = 0 is exactly the conclusion of Theorem 4.3.
By [18, Lemma VI.2.3.1], if a; b2 ¤, then

Q(x; b) ¡ Q(x; a) =
X

j j j· n

Rj (b; a)
(x ¡ b) j

j !
:

For x 2 ¤ then Q(x; b) ¡ Q(x; a) = [ Á(x) ¡ R0(x; b)] ¡ [Á(x) ¡ R0(x; a)] = R0(x; a) ¡
R0(x; b), and we obtain

X

0< jj j· n

Rj (b; a)
(x ¡ b) j

j !
= Fa;b(x); (4.17)

whereFa;b : ¤ ! R, Fa;b(x) := R0(x; a)¡ R0(x; b)¡ R0(b; a). That is, the values Rj (b; a)
are the coe±cients of a polynomial of degreen interpolating the function Fa;b : ¤ ! R.

Such a polynomial is uniquely determined if relation (4.17)holds at (n + 1) 2 points
x 2 ¤ spaced as in Lemma 4.5 of Journ¶e, and relation (4.3) of thatlemma gives the
desired upper bound. We describe next the details.

Fix a; b 2 ¤. By our assumptions on ¤, there are points x i 2 W s
" (a) \ ¤, yi 2

W u
" (a) \ ¤, 0 · i · n, such that

ja ¡ bj=C · min
i 6= j

jx i ¡ x j j ja ¡ bj=C · min
i 6= j

jyi ¡ yj j

max jx i ¡ aj · j a ¡ bj=2 maxjyi ¡ aj · j a ¡ bj=2:

Consider the grid (centered at b) determined by zi;j = W u
" (x i ) \ W s

" (yj ) 2 ¤. Then
maxfj a¡ zi;j j; jb¡ zi;j jg · Cja¡ bj, and there is a uniform (with respect to ja¡ bj) bound
on the \ R=´ " of Journ¶e (because bothR and ´ are of order ja ¡ bj). By Theorem 4.3,
the former property also implies that jFa;b(zi;j )j · Cjb ¡ ajn+ ®. Lemma 4.5 can be
applied to this interpolating grid. Inequality (4.3) becom es

X

0< jj j· n

jRj (b; a)jja ¡ bj j j j · Cja ¡ bjn+ ®;

which gives the desired conclusion.

5 Sets in higher dimensions
Most of our discussion has concerned dimension two, where the homogeneity condition
is automatically satis¯ed for hyperbolic basic sets. It is possible to give geometric
conditions on sets in dimensionsd ¸ 3 for the analog of our results to hold: for example
a set in Rd which is the direct product of d one-dimensional (°; º ) homogeneous sets.

Unfortunately we do not know if these are natural conditions for hyperbolic basic
sets in higher dimensions or for hyperbolic sets arising outof, for instance, transverse
homoclinic intersections in Rd.
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