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RELATIONSHIPS BETWEEN USUAL AND
APPROXIMATE INVERSE SYSTEMS

Ivan Lonéar

Abstract. We shall prove that if X = {X,,pas, A} is an approximate inverse system of
compact non-metric spaces with surjective bonding mappings p,; such that each X, is a limit
of a usual 7-directed inverse system X(a) = {X(a,y), f(a,7)(a,5); La} of metric compact spaces,
then there exist: 1) a usual 7-directed inverse system Xp = {Xd7 ch,D} whose inverse limit
Xp is homeomorphic to X = limX, 2) every X, is a limit of an approximate inverse system
{X(ava)s Y(ava)(byy)s A} of compact metric spaces X(a,4,), 3) if the mappings par and f(a,)(a.s)
are monotone, then g(a,v,)(s,4;,) @and Fy. are monotone.

1. Introduction

In this paper we shall use the notion of inverse systems X = {X,, pas, A} and
their limits in the usual sense [1, p. 135].

The cardinalit of a set X will e denoted  card(X). The co nalit of a

cardinal num er  will e denoted cf( ). (X) is the set of all normal
co erin s of a topolo ical space X. If (X) and re nes , we write

or two mappin s , X which are  near (for e er there
e ists a with (), () ), we write ( , ) . asis of (open) normal
co erin s of a space X is a collection of normal co erin s such that e er normal
co erin (X) admits a re nement . e denote (X) ( wverin

ei t) the minimal cardinal of a asis of normal co erin s of X [9, p. 181].

[9, ample2.2] X is m s rs eten (X)=
(X)
The notion of rim te inverse system X = {Xg,pap, A} will e used in
the sense of . ardesic [11].

n r im te inverse system is a collection X = {X,, pas, 4},
where (A, ) is a directed preordered set, X,, A, is a topolo ical space and
Par Xp  Xa, , are mappin s such that p,, = id and the followin condition
( 2)is satis ed
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( 2) oreach A and each normal co er (X,) there is an inde
such that (po p ,Pa ) , whene er
n appro imate map p = {p, A} X X into an appro imate s stem
X = {X,,Pa, A} is a collection of maps p, X X, A, such that the
followin condition holds
( ) oran A and an (X,) there is such that (p, » ,pa)
for each . ( ee [10]).
et X = {X,,pw,A} e an appro imate s stem and let = {p,

A}y X X e an appro imate map. e sa that is a imit of X pro ided
it has the followin uni ersal propert

() oran appro imate map = {, A} X of a space  there
e ists a uni ue map X such that p, = ,.
et X = {X,,pab, A} e an appro imate s stem. point =( ,) {X,
A} iscalled at re of X pro ided it satis es the followin condition

() A (Xa))( ) )pa () (e )

If X,isaT space, then the sets ( 4, ), (X,), form a asis of
the topolo  at the point ,. Therefore, for an appro imate s stem of T chono
spaces condition ( ) is e ui alent to the followin condition

() A)lim{p. ( ) b= .
et eanin nite cardinal. esa that a partiall ordered set Ais  ire te
if for each A with card( ) there is an A such that for each
.If Ais  directed, then we will sa that Ais directed. nin erses stem
X = {X4,Dab, A} is said to e ire te if A is directed. n in erse s stem
X ={X,,Pap, A} is said to e ire te if Ais directed.

The proof of the followin theorem is similar to the proof of Theorem 1.1 of [ ].

et X = {X4,pap, A} € ire te r im te inverse system
m ts es it sretive nin m ims n imitX et e metry
m ts e re s retwem in X t ere e ists n As
t t re tereeists m in o, Xp S t t = v
et X e m ts e ere e 1sts ire te inverse
system X = {Xa, pab, A} m tmetri s esX, mn sretive nin m
in S Pap S t tXis memor i t limX
r It is well nown that there e ists a usual in erse s stem Y =
{ , , } of metric spaces and sur ecti e ondin mappin s such that X
is homeomorphic to lim Y. Theorem 9.5 of [12] there e ists a  directed in erse

s stem X = {X,,Pab, A} such that lim X is homeomorphic to lim Y and each X,
is the limit of a counta le in erse su s stem of Y. This means that each X, is a
metric compact space. B

[8, p- 1 3, Theorem 2.] X is y mnnete m t
s e tent eree ists ninverse system X = {X,, pap, A} s t te X s
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metri y nne te m ts e e Pab s mmntnesretin n X
is memr ¢ t limX nversey t e inverse imit S system s L]
y nne te m ts e

ema assume that X = {X,, pes, A} in Theorem 3is directed
[12, Theorem 9.5].

[13, orollar 2.9] X is ere it riy y nnete  ntin
m t ent eree ists ire te inverse system X = {Xg, pap, A} s t te
X, is metri e ere it 1y y mnne te ntin M e Pep S m n t ne

sretin n Xis memvr ¢ t limX

[3, orollar 3] etX ={X,, pap, A} € ire te inverse sys
tem ere it riy y nne te ntin X, en X =limX is ere it riy
y mne te

The followin theorem is Theorem 1.7 from [5].

et X = {X,,par, A} € ire te inverse system m t
metri es es n sSretiwve min m  in s en X =1limX 4s metri e
i n mnyt tereeists n As t tp X Xpis mem r ism T
e
.A roi at u t

In this ection we in esti ate the appro imate su s stem of an appro imate
s stem X = {X,,pap, }. e start with the followin de nition.

et X = {X,,pap,A} e an appro imate in erse s stem and
let e a directed su set of A such that {Xp,p, , } is an appro imate in erse
s stem. esa that {Xp,pp, }isan r im tes system of X = {X,, Dap, A}
if there e ists a mappin limX  lim{Xp,p, , } such that

Pp = b, )

where pp lIm{Xs,pp , } Xpand , limX X, , are natural pro ec
tions.
e sa that an appro imate s stem X = {X,, pep, A} is irre ¢ e if for each
A with card( ) card(A) it follows that  is not co nal in A.

et X = {X4,Da0,A} € n r im te inverse system ere
e ists n s set As X ={Xs,Par, }isirre i e
T onsider the famil ~ of allco nalsu setsof of A. The set {card( )
} has the minimal element since each card( ) is some initial ordinal num er.
et e such that card( ) = . It is clear that {X,,pes, }isirreduci le. m

In the se uel we will assume that X = {X,, pes, A} is irreduci le.

et X ={ X4, papr, A} € n 1 im te inverse system m t
s ess t tcard(A) = ent ere e ists nt e e Tere s set
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As t tte etin{Xp,p, }is n T im te inverse se en e n

imX s memr 4 t lim{Xy,p, }

T et e an  nite su set of A. There e ists a () A such that

() for each . ince isin nite, there e ists a se uence { }
such that e and A= { }.  ecursi el , we de ne the
sets A ,...,A ,...

A= {()h
and
A =4 {4 )}
It follows that there e ists a se uence
A A ... A

of nite sets A such that A = {A . et = (4)and (A4),

if 2. e o tain a se uence = { } such that  is co nal
in A. irtue of [10, Theorem (1.19)] it follows that lim X is homeomorphic to

lim{Xb,pb s } ]
ow we consider irreduci le appro imate in erse s stems X = {X,, pap, A}
with card(A)

et A e ire te set re s set A t ere e ists
irete set ( )s t tcard( ( ))=card( )
r . or each A there e istsaset ( )= {() }, where
is a nite su set of and ( )is de ned as in the proof of emma 3. ut
= ( ()

and

It is clear that

() ) - ()

The set () is directed since each nite su set of () is contained in some
( ) and, conse uentl , ( )is contained in ().

If is nite, then card( ( )) = . If card( ) , then we ha e
card({ () })  card( ) . e infer that card( ( )) card( )
imilarl , card( ( )) card( ) . This means that card( ( )) card( )
Thus

card(  ( )) card( ) , if card( ) card(A)
The proof is completed. m
et {Xa,Par, A} € n r im te inverse system s t ot
(X,) card(A) A re s set A it card( )  card(A)
t ere e ists  ire te set () s t tte etin{Xeypw ( )}is

n 1 im te system n card( ( ))=card( )
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r . et , ea aseof normal co erin sof X,. et @ irtue
of ( 2) there e ists an ( ,) such that (p, ,p. P ) @ (o)
or each su set of A we de ne () induction as follows

a e ()= (). rom emma it follows that card( ( )) =
card( () = card( ).

or each 1 wede ne ( ) as follows
I isoddthen ( )= ( (),

2)If iseen,then ( )= () {(a) =« as ()}
ince card( ,) card(A) the set () has the cardinalit card(A). ow we
de ne ()= { () }. Ttis o ious that card( ( )) card(4).

e set ( )is direte et , e a pair of elements of (). There

e ists an such that ( ). e ma assume that is odd. Then

, ( (). Thus there e ists a ( (1)) such that , - It
is clear that (). The proof of directedness of () is completed.

e e ti n{Xa,Dab, ( )}is n r m te system. It su ces to pro e
that the condition ( 2)is satis ed. et ean mem erof ( ). Theree ists
an such that ( ). eha etwo cases.

1)If isoddthen ( )= ( ( )). This means that ( ().
‘de élition of ( () we infer that ( ,) ( ( )). Thus ( 2)is
satis ed.

2) If is e en, then () = () { (o a (Xa),
( )} In this case () ( ). r uin asin the case 1, we
infer that ( 2) is satis ed. m

et X = { X4, pap, A} € n r im te inverse system m
ts es (X.) card(A) re A tenlimXis memr
it imit ire te s inverse system {X , , } eree X s
imit n r im te inverse s system {X ,p , } card( )=

r . The proof consists of se eral steps.

St 1. et ={ } eafamil ofallsu setsof A with card( )=
ut A = () ( emma 5) and let = {A } e ordered
inclusion

St . n re in  § t t tentereeists m in
im{X ,p , } lm{X,p , }
amel ,if =( , ) lim{X ,p , },then de nition of the threads
of {X ,p , } the condition ( ) is satis ed. If ( ) is satis ed for = (

) lim{X ,p , 1}, then it is satis ed for ( , ) since the re uired in
() lies de nition of the set in the set . This means that ( , )
lim{X ,p , }. owwede ne ()= , )-

St . e etin{X, , }is s inverse system It su ces to
pro e transiti it , i.e., if , then = . This easil follows from
the de nition of
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St . es elmXis memr ¢ t lm{X , , } eeX =
lim{X ,p , } eshallde neahomeomorphism imX lm{X , , }L
et =( . A) ean point of limX. ach collection { , }isa
point of X since X =1lim{X,,pap, }- oreo er, from the de nition of
( tep 2) it follows that ( )=, . Thus, the collection { }
is a point of lim{X , , } et ()={ , }. Thus, is a continuous
mappin of lim X to lim{X , , }. In order to complete the proof it su ces to
pro e that is 1-1 and onto. et us pro e that is1-1. et =( 4 A)
and = (, A) e a pair of points of lim X. This means that there e ists
an such that , = ,. There e ists a such that . Thus, the
collections { , }and { . } are di erent. rom this we conclude
that = s X =lim{X,,pa, }. ence is 1-1. et us pro e that
is onto. et = ( ) ean point of im{X , , }. ach is
a collection { , } and if , then the collection { , } is the
restriction of the collection { , ton . et e the collection which is the
union of all collections { , 1, . ence is a collection ( , A)
which is a point of limX and ( )=

St . nverse system {X , .} s ire te inverse system. et
{X ,p , } } e a collection of appro imate su s stems {X ,p , }.
Theset = { } has the cardinalit since card( ) . irtue
of teps 1- there e ists an appro imate su s stem {X ,p , }, card( ) =
This means that {X , , }isa directed in erse s stem.m

et X = {X4,pap, A} € n T im te inverse system
m tmetr: s es enlimX is memr ¢ t te imit ire te
s inverse system {X , , } ere e X is  imit n r im te
inverse s system {X , p , } card( )=

et X ={X,,pu, A} € n T im te system s t tX,

A re m t Yy nnete S eS N P remntnes retins Y =
{Xp,p , }is n 1 imtes system X tentem in lim X
limY e ne in te ter erem i85 mmntnesretin
r et , limX X, A, e the natural pro ection. imilarl , let
P limY X, , ethenatural pro ection. rom the de nition of ( tep
2 of the proof of Theorem 7) it follows that p, = , for each . irtue
of [10, orollar .5] and [7, orollar 5. ]it follows that , and p, are monotone
sur ections. et us pro e that is a sur ection. et = (4 ) lmY.
Thesets , ( ), , are non empt since , issur ecti e for each A. rom
the compactness of lim X it follows that a limit superior = s{ , ( a), }
is a non empt su set of lim X. e shall pro e that for each =( , A) ,
o( )= a4 uppose that ,( )= ,. There e ists a pair , of open dis oint
su sets of X, such that , and  4( ) . or su cientl lar e ,
ol (b)) isin ecause of (). This means that , ( ) , () = for
su cientl lar e . This contradicts the assumption s{ o (a), }.

ence is a sur ection. In order to complete the proof it su ces to pro e that
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is monotone. Ta e a point limY and suppose that () is disconnected.
There e ists a pair , of dis oint open sets in lim X such that ()
rom the compactness of lim X it follows that is closed. This means that there
e ists an open nei h orhood  of such that () () . rom
the de nition of the asis in limY it follows that there e ists an open set , in
some X, such that Po (o) . oreo er, we ma assume that
is connected since X, is locall connected. Then , ( ,) is connected since 4 is
monotone [7, orollar 5. ]. oreo er, () o (oand , ( o)
since 4 = pq . This is impossi le since and  are dis oint open sets and

. (&) is connected. m

et X = {X4,Dap, A} € n r im te inverse system m
ts es (X,) card(A) re A n cf(card(A)) =
ten X =1limX is memor i t mit ire te s 1nverse sys
tem {X , , } ere e X is  imit n T im te inverse s  Sys

tem {X ,p , } card( ) = re ver 1 card(A) is re r rin
ten X =1limX is memr i t mit ire te s imuverse sys
tem {X , , } ere e X is  imit n T im te inverse s system

{X,p , } card( )=

directed preordered set (A, )issaidto e  nite pro ided each A has
onl nitel man predecessors. If Ahase actl  predecessors, we shall write

p( )= 1. ence, A is the rst element of (4, )if and onl if p( )=1.
(4, ) is nite t en it s tis es t e in  Tini e
m tin
et A e sets t ot
(i) nt ins te rsteements A
(ii) ¢ ntins te reeessTs A ten
en =A
[15, emma 1] et = () ={ by by > € N
T oim te m r im te res tin s e en t ere e ists n
r im te m r imteres tin = (4) ={ , , ,}
tes e n minresin sretin s tisyin te m
n it ns
(i) ds drete n n e ntisymmetri n nite set
(if) ( ) I ) ()
(i) ( ) = = = n = enever

et X = {Xa4,par, A} € n 1 im te inverse system
m ts es en t ere e ists nite r im te inverse system Y =
{ ,p , }s t te issme X, € p 1SS mepy n limX is
mem r i t limY
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T irtue of Theorem ( .2) of [10] an appro imate map p X X is
an appro imate resolution if and onl if it is a limit of X = {X,,pas, 4}. ppl
emma 8. m

et X = { X4, pap, A} € n r im te inverse system m
tn nmetri s es it s retiwe nin MmN S Pap e X, 18 imit
s ire te inverse system X( )={X., , &« & , of metri m
ts es ten
1. t eree ists s ire te inverse systemX ={X, , } se inverse
mit X s memr i t X =1lmX
2. every X is  imit n T im te inverse system {X o ., 4 . b , A}
m  tmetri s esX, _,
3.1 tem MSPay N 4 4 remntneten o . p, N re
m n t ne
r . The proof consists of se eral steps. In the teps 0.—11. we shall de ne a
usual in erses stem X ={X , , } whosein erselimit X is homeomorphic
to X = lim X.
St . rom orollar 2 it follows that we ma assume that A is co nite.

St 1. or each X, there e ists a directed in erse s stem

X()={Xa , a o« ; o} (1)

such that each X , is a metric compact space, each , , is monotone and
sur ecti e and X, is homeomorphic to limX( ). ow we ha e the followin dia ram

X. “” X, b X ¢ X
(a,7a) (b,7y) (7))
X. ., X, X
(2)
(a,7a)(a,8a) (5.7)(b,5p) (v )8
X, ., Xy, X
St out ={(, a) A, . o} and put  to e the set of all
su sets of of the form
={(, o) A}, (3)
where e er , is the ed element of .
St . et easu set of containin all for which there e ist the
mappin s
a g b b Xb b Xa a 7 ( )
such that

{Xaaa aabb7A} (5)
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is an appro imate in erse s stem and each dia ram

X, o X,
(a:7a) (®7p) ()
X a a X b »
(a,va)(b,7p)
commutes, where , ., X, X, , isthe canonical pro ection. It is clear that
the mappin , _ , , isuni uesince , , is a sur ection.
St . eset ism nem ty re ver re s set . A
card( o) t ere e ists s t t ={(, a) A} .

r every o €t A e some r1st element of A and let o such
that for e er «. The space X , , is a metric compact space and
there e ist mappin s . _ pas Xo Xao ,, . irtue of Theorem 1 for
each there e ists a » such that for each »s » Where b,
there e ists a monotone sur ecti e mappin e . b Xb, X, , with

¢ wPab= & , b, b ,,ie,thedia ram

X, o X

(ay7a) (b.p) (7)

X. . X,

(a,va)(b,vp)

b

commutes. uppose that (, ,), (, ,)y...,(, , ) arede ned for each A
with p( ) 1 such that the each dia ram ( ) commutes. et A eamem er
of A with p( ) = . This means that ( , ,), (, ,), ..., (, , ) are de ned.
rom the co nitness of A it follows that the set of , which arede nedin ,is nite.
ence there e ists o sy o edemne » considerin the space
X, , andthemappins , pa Xp X, , . ain, Theorem 1 for each
there e istsa p such that foreach , ., , ,..., , and thereis
amappin 4, , p , X , Xo, with o Db = a5, b, ie,

the dia ram

X, ot Xy

(a,74) (b,7p) (8)
X a X b

(a,74 )(by7p)
commutes. induction on A ( emma 7) the set is de ned. It remains to pro e
that {X, ., o« , » , A} isan appro imate in erse s stem. et e a normal
coerof X, . Then = . () is anormal co er of X,. irtue of ( 2)

a

b

there e ists a such that for each we ha e (pg ,D op
irtue of the commutati it of the dia rams of the form (8) it follows that

(aw 4 aa a)

Thus,{X, ,, 4« , 5 ,.A}is an appro imate in erse s stem.
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St . e de ne a partial order on  as follows. et e a pair of
mem ers of  such that ={(, a) A, . o} and ={(, a)
A, o}. € write if and onl if . for each A. rom tep
it follows that ( , )is directed. oreo er, X is a usual in erse s stem.
St . re te imits eX t e inverse system 18
m ts e re ver t ere e ists m  in X X  The e istence
of  follows from the commutati it of the dia ram ( ). The followin dia ram
illustrates the construction of and the space X .
X, ot X b X ¢ X
(a:64) (b:85) 6)
Xa, Xy, X
(9)
(a7a)(a6a) (b1 (b,65) a6
X., Xy, X X
(a,7a)(b,7p) (bvp)( 5 ) )
St . If | is a pair of mem ers of such that = {(, o)
A, 4 ot ={(, &) A, 4 o} and , then for each A
commutes the dia ram
X, . (@00)(00y) 5 -
(a,7a)(a,64) (b7 )(b,5p) (10)
X. ., Xy,
(a,7va)(b,7p)

This follows from the sur ecti it of the mappin s , , and from the commuta
ti it of the dia rams of the form ( ) for and , i.e., from the commutati it
of the dia rams

X, ot Xy
(@.7a) @) (11)
X, , X,
(a,va)(b,vp)
and
Xa o Xb
(a,6a) (b,6y,) (]_2)
X, Xy,
(a:8a)(b,63)
St . rom tep 7. it follows that for | with there e ists

a mappin X X (see [1, p. 138]) such that =
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r te et , and let . Then =
This follows from tep 7. and the commutati it condition in each
inerses stem X( )={X, , o« &« , of (see(1)of tepl.).

St . e etin {X, , }is s tnverse system m t
s es.
ppl teps 1.-8.
St 1. ereis m  in X X i 1S
tep . and tep 8. for each there is a mappin X X
such that = for . This means that there e ists a mappin

X X [1,p.138]. et usproethat is1-1. Ta e a pair , of distinct
points of X. There e ists an Asuch that , =p.( )and , = p.( ) are distinct
points of X,. ow, there e istsan ( , ,)such that , _ ( ,)and , , ( o) are

distinct points of X , , . rom tep . it follows that there is a such that
( )and () are distinct points of X . Thus, is 1-1.

St 11. em in 18 mem r ism nt X . et e a point
of X . et us pro e that there e ists a point X such that ()= . or
each we ha ea point = (). ow, we ha e the points , , ()
in X, , and thesusets « = _ (o, () ofXs, et e an open
nei h orhood ,. There e ists an open nei h orhood of , . () such that

e, () . einfer that s{ , , ( 5) } o Since o . ()=
im{ ., , 5, », () } and the dia rams ( ) commute. irtue of [ ,
emma 2.1] it follows that there e ists a non empt closed su set  of lim X such
that pp( ) p. The famil { } has the nite intersection propert .
This means that X = { } is non empt . or each X wehae
()= (), . Thus, ( )= . The proof is completed. m

the similar method of proof we o tain the followin theorem.

et X = {Xo,Par, A} € n r im te inverse system
m tnnmetri s es i s Tretive NN M NS Pap e X, 18
imit s ire te inverse system X( )={X, , &« & > af m ot
s es 1w (X, ) ten
1. ¢t eree ists s ire te inverse systemX ={X, , } se inverse
mmit X is memr ¢ t X =1lmX
2. every X is  imit n r im te inverse system {X , ,, o« , b , A}
m ts e X, ,
3.1 tem IMSPewy N 4 o remntneten o _p, 0N re
m n t ne
eteX={X,p , } e n r im teinverse se ene
m tnnmetri s es it sretiwe min M InSpP e X s
imit s ire te inverse system X( )={X , +  metri

m ts es ten
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1. t eree ists s ire te inverse systemX ={X, , } se inverse
mit X s memr ¢ t X=IlmX
2. everyX 4s tmit n v im teinversese en e{X , , t
m tmetri s esX ,
3.1 tem msp n rem ntne ten n
rem n t ne
et e a topolo ical propert of spaces.
et X = {Xo,Par, A} € n r im te inverse system
m tnnmetri § e it sretive NN M NS P N et e
t 1 r erty S ess t t
l. e X, s imit s ire te  inverse system X(a) =
{Xe , o a » af metri m ts es it 1T erty
2.4 X is  imit n r im te inverse system {X . ,, o , b , A}
m tmetri s esX, , i T ety tenX s
3. 14 18 tmat e te s inverse system m ts es it T
erty t en S

en X =limX ste r erty

A ication

eteX={X ,p , } en r im teinversese en e Yy
nne te metr: ntin te nmnin m s remmntne n s re tive
t en X =limX is y nne te

r There e ists a usual in erse se uence Y ={ , , }suchthat =

X =p P ...p for each and a homeomorphism

limX limY [2, roposition 8]. ach mappin as a composition of the

monotone mappin s is monotone. This means that Y is a usual in erse se uence of

locall connected continua with monotone ondin mappin s . encelimY is

locall connected. e infer that X = lim X is locall connected since there e ists
a homeomorphism limX limY.m

et X = {Xg,Pap, A} € n r im te inverse system Y
nne te  ntin st tcard(A) = en X =limX is y nne te
ro. irtue of emma 3 there e ists a counta le well ordered su set of

A such that the collection { Xy, pp , }isanappro imatein ersese uence and lim X
is homeomorphic to im{X3,p, , }. rom emma 9 it follows that lim{Xy,p, , }
is locall connected. ence X =lim X is locall connected. m

et X = {X4,pa0, A} € n 1T im te inverse system Yy

nne te metre ntin n mntne nin m NS en X =1limX is
y nne te

r . If card(A) =  then we appl emma 10. If card(A) then from

orollar 1 it follows that X = lim X is homeomorphic to the limit of a  directed
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usual in erse s stem {X , , }, where each X 1is a limit of an appro imate
in erse su s stem {X ,p , },card( ) = . rom emma 10 it follows that
each X, is locall connected. Theorem 3 we infer that the limit of {X , , }

is locall connected. ence, X is locall connected since X is homeomorphic to
lim{X , , }.=

et X = {Xy,pap, A} € n T im te inverse system
y mnnete  ntin n mntne mnin m  ins en X =1lim X is
y nne te ntin  m
ro. irtue of Theorem 3 and emar 1le er X, is a limit of a usual
directed in erses stem X( )={X, , o« & , of of metric locall connected
continua with monotone ondin mappin s , , . rom Theorem 9 it fol
lows that there e ist 1) a usual directed in erse s stem X = {X, , }

whose in erse limit X is homeomorphic to X = limX 2) e er X is a limit of
an appro imate in erse s stem {X, ,, o . » , A} of compact metric spaces
X, , and 3) if the mappin s p,y and , , are monotone, then , , 3 ,

and are monotone. ow, e er X as the limit of appro imate in erse s stem
{X. ., o .0b, A} islocall connected ecause of emma 11. inall , X is
locall connected since X is homeomorphic to X = limX and X is locall

connected (Theorem 3). m

e shall sa that a non empt compact space is er e ¢t if it has no isolated
points.

continuum is said to et ¢t yre r[12,p. 7]if foreach = in X

there is a positi e inte er and perfect su sets A ,..., A of such that A
for =1,..., impliesthat { ,..., } separates from in X.

[12, roposition 7. ] tt yre r ntin mis ere it riy

y mnnete n rim nite

The followin theorem is a part of [12, Theorem 7.15].

X is ntin mtente m n i ns ree w
ent

1. Xistt yre r

2. Xis memvr ¢ t lim{X,, o, } s t te Xois tt yre v
ntin m n e w8 mntnesretin

[12, Theorem 7.7] et X = {X,,pab, A} e n inverse system
tt yre r ntin X, n mntnes retvem NS Pap en X =
limX istt yre T

et X e nnmetri tt yre r  ntin m ere e sts
ire te inverse system X = {Xg, Do, A} s t te Xoistt yre r
e i mntnesretin n Xis memr 1 t limX

r . ppl [12, Theorem 9. |, Theorem 1 and emma 3.50f[1 |. =



9 . oncar
ow we shall pro e the followin theorem.

eteX={X,p ,} e n T im te inverse se en e
tt yre 1 metri ntin te nim m s remntne n
sretive ten X =lmX istt yre r

r . There e ists a usual in erse se uence Y ={ , , }suchthat =

X =p P ...p for each and a homeomorphism

limX limY [2, roposition 8]. ach mappin as a composition of the

monotone mappin s is monotone. This means that Y is a usual in erse se uence

of totall re ular continua with monotone ondin mappin s . irtue of

Theorem 1 limY is totall re ular. e infer that X = lim X is totall re ular
since there e ists a homeomorphism ImX IlmY.m

et X = {Xo,par, A} € n r im te inverse system
tt yre r ntin s t tcard(A)= en X =limXistt yre r

oo irtue of emma 3 there e ists a counta le well ordered su set

of A such that the collection {Xp,p, , } is an appro imate in erse se uence

and lim X is homeomorphic to lim{X3,p, , }. rom Theorem 1 it follows that
lm{Xs,py , }istotall re ular. ence X =limX is totall re ular.m

et X = {Xo,pab, A} € n r im te inverse system
tt yre r wntin  nm mmntne nin m  ins (X.) card(A)
re AtenX=1lmXis tt yre r ntin m
ro. irtue of Theorem 7 (for = ) there e ists a directed in erse
s stem {X , , }, whereeach X isalimit of an appro imatein ersesu s stem
{X,p , },card( )= . rom Theorem 17 it follows that e er X is totall
re ular. Theorem 1 completes the proof. m
et X = {Xs,par, A} € n r im te inverse system
tt yre rmetri ntin n mntne nin m s en X =lim X
istt yre r ntin m
r . Ifcard(4) =  then we appl Theorem 17. If card(A) then from
Theorem 18 it follows that X is totall re ular.m
et X = {Xs,par, A} € n r im te inverse system
tt yre rn n metry ntin it sretwemntne min M N SPap
en X =limX istt yre r
ro. irtue of Theorem 15 e er X, is a limit of a usual directed in
erses stem X( )={X, , &« 4 , ofofmetrictotall re ular continua with
monotone ondin mappin s , , . rom Theorem 9 it follows that there e
ist 1) a usual directed in erse s stem X = {X , , } whose in erse limit

X is homeomorphic to X =1limX, 2) e er X is a limit of an appro imate in
erses stem{X, ., , ., » , A} of compact metric spaces X , _ and 3) if the
mappin s pg and , , are monotone, then , , , , and are monotone.
ow, e er X as the limit of appro imatein erses stem {X, ., . , » , .4}
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is totall re ular ecause of Theorem 19. inall , X is totall re ular since X is

homeomorphic to X =1limX and X istotall re ular (Theorem 1 ). m
et X = {Xo,par, A} € n 7 im te inverse system

tt yre r  ntin it s retwemntne nin MmN S Pab en X =
limXistt yre r

r . ppl Theorems 19 and 20. m
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