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SUFFICIENT CONDITIONS FOR ELLIPTIC PROBLEM OF
OPTIMAL CONTROL IN R™ IN ORLICZ SOBOLEV SPACES

S. Lahrech and A. Addou

Abstract. This paper is concerned with the local minimization problem for a variety of
non Frechet-differentiable Gateaux functional J(f) = [, v(z, u, f) dz in the Orlicz-Sobolev space
(W3 L (), ||]|ar), where u is the solution of the Dirichlet problem for a linear uniformly el-
liptic operator with nonhomogenous term f and ||.||a is the Orlicz norm associated with an
N-function M.

We use a recent extension of Frechet-Differentiability (approach of Taylor mappings see [2]),
and we give various assumptions on v to guarantee a critical point is a strict local minimum.

Finally, we give an example of a control problem where classical Frechet differentiability
cannot be used and their approach of Taylor mappings works.

1. Preliminaries

1.1. Some definitions and well-know facts from Orlicz space. We
begin by listing briefly some definitions and well-known facts from Orlicz space
theory (see [1]).

Let Q be an open subset of R", with Lebesgue measure dz, and let M be an
N-function (i.e. a real-valued continuous, convex, even function of ¢t € R satisfying
M(t) M(t)

M(t)>0fort>0, =2 = 0ast— 0and —= — 400 as t — +00).

The Orlicz class Ly () is defined as the set of (equivalence classes of) real-
valued measurable functions u on Q such that [, M(u(z))dz < 400, and the Orlicz
space L3,(€) as the linear hull of Ly ().

L3,(§2) is a Banach space with respect to the Luxembourg norm:

lulloany =inf{k >0 /QM(%) iz < 1}.

L%,($2) is a Banach space with respect to the Orlicz norm:

||u||M=sup{\ [ wanterde| [ Wy <1},

where M is the N-function conjugate to M.
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The Orlicz norm ||.||as is equivalent to [|.[|[(ary: ||-Il(ary < II-Ilar < 2||-ll(ar)-

Let W™L%,(§2) be the Orlicz-Sobolev space of functions u such that « and its
distribution derivatives up to order m lie L},(Q).

Wm™L%,(§2) is a Banach space with respect to the norm:

2
fullnr = (107l

la|<m

1. . Orlicz-So ole Spaces. We define a further Orlicz-Sobolev space
W™L%,(Q) to be the closure of () in W™L%,(), ( Luy, ) -

1. . Description of the optimization pro lem. Let be an elliptic
operator of second order:

u > () (@ w),

(NES S

where  (2) € (Q). Suppose that Q is su ciently smooth and bounded domain
in R™.
Let us consider the problem :

=, (1.1)
u o =0. (1.2)
or this problem, let us state gmon- ouglis-Niremberg s theorem:
( gmon- ouglis-Niremberg) 1< <
e L (Q) uwe W Q) W:(Q
m 0 e W™ () ueWwWm?2(Q)
[l @< Il o)
Let M be an N-function such that ¢t < M(¢) fort ¢, where > and
t >0. Let € W L%,(2) be a control and let u the solution of problem
(1.1), (1.2) in W (Q) W?2 (Q) associated to
Let us consider () = [ov (z,u, Jdz+ || |1 (g (k=0,1,2,..., )
and ()= [yv (z,u, )dz, (k= +1, +2,..., 4+ »2), where the sequence

of functions v : 2 R R — R is measurableon 2 R R and has second
derivative with respect to (u, ) on R R for almost all z € Q.

We consider three problems of minimizing the functional () :

) ()= min, (1.3)
) () — min, ()=0, where =( , ,..., , )s (1.4)
) ()—=min, ()=0, ()<0, (k=1,2,..., ). (1.5)
We must choose a control  in order that the solution w of the problem (1.1),

(1.2) with = satisfies the inequality of the type: ( )<0,(1<k< )and
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the equality of the type: ( )=0,( +1<k< + 2)and the functional ( )
takes a minimum value. This control  will be called optimal.

1. . Ta lor mappin s and lower semi-Ta lor mappin s. Let M be an

N-function, [|.|[ 1 1 (o) the usual norm in W L},(Q), a subset of W L3,(Q2),
a topology in ,  a normed space, and ||.|| a norm in . ccording to
[2], a mapping : — (respectively, : — R) is said to be infinites-
imally (||| + =+ ())-small (respectively, infinitesimally lower ( ,|.| : « (0))-
semismall) of order at €  if: > 0, € , € W Ly, (Q) we
have
e HCHI < TN Ly
(respectively, >0, € , €W L%,(R) we have
e HCHI I )
here and below, is a neighborhood of in ( , ).
mapping : —  (respectively, : — R)iscalleda (,[.[[ 1 (q))-
Taylor (respectively, lower ( ,[|.|[ 1 : (q))-semi-Taylor) mappings of order

at € if there exist k linear symmetric (not necessarily continuous) map-
pings ()( ): (W Li,(Q) — (respectively, ()( ): (W Li,(Q)) — R,
k=1,..., ,such that

(+) ()=

= OC)y +2 @O), )+ +C) WO, )+ (+ ),
where : —  (respectively, : — R) is an infinitesimally ( ,[|.[[ 1 1 (q))-
small (respectively, infinitesimally lower ( ,[|.|| 1 : (q))-semismall) mapping of or-
der at €

We note that ()( ),..., (1( ) are not in general single-valued. The set of
tuples ( ()( ),..., (())is denoted by ,( , ).

Let us solve the problems (1.3), (1.4) and (1.5). or the problem (1.5) let us
introduce the Lagrange functions:

(L5, )= O+ % (), (1)
(L5, =% OO0+ = Oy, (1.7)
(L5, )=% @0+ = o), (1.8)

where €R, *€(R )", e(RY)".
Iso for the problem (1.4), let us introduce the Lagrange functions:

(.5 )= O+ = (), (1.9)
(,*% )= Y0+ * OOy, (1.10)
(,% )= PO+ = @), (1.11)

where €R, *e€ (R )".
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Let us give the following theorem where the proof can be traced back to [1].

M Q R"
we Ly () ulln <1 Jo M(u(z)) da < co.

Let us give also the following lemma where the proof can be traced back to [2].

(Q7 ) )

M(Q)

z: 2 — R
(m )
z( ) z( )
(z,0)= (z,0) x €
T, — 0 Tn, €
z, () < ()

sing the same argument as in Lemma 1.1 and the result of Theorem 1.2, we
obtain the following lemma.

M Q R"
un — 0 (L3 (), [I1In) Un
€ Ly () un () < () k=1,2,...
2 eLu(Q) [oM2 (z)dr<
+00

Suppose that u, — 0 in (L%3,(R),]|.]|a). Then, there exists a subse-
quence u, such that ||u, [|n < 5. Let us put no(z) =3"  wun (z). We show
that the sequence ,(z)is auchy in (L3,(Q),|.||s). Let m > . Then

m m 1
I a(z)  m@lw= 2 wun(@) <2 3 |us @)y <2 5
n M n

s M3

Since (L3,(9), ||-|la) is complete, (z) = un () € L3,(Q). onsequently,
there exists k € N such that || Y un (2) ||m < 5.
t can be assumed that ,(x) — (z) almost everywhere in 2. Let us put
(z)=>> , un (z). Obviously, k& k wu, (z) < (z) almost everywhere in
Q. urther, || ()||x < 5. By theorem (1.2), it follows that [, M(2 (z))dz < +oo.
Thus we achieve the proof. m

0

Q
R" M t < ME) t ¢
t >0 >0 eW L@ Ol @ < I 10
Tl < s ()
w2 (Q) W (Q)

>
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. Let €W L3,(Q). Since t < M(t), then € L (). Thus, there
exists a unique solution u € W% (Q) W * (Q) of problem (1.1), (1.2).  oreover,
lull 1+ (@ < II'II' (2), where >0.

On the other hand, W' (2) — (Q). Therefore, u € (). Let us put
( )=wu. So,since W’ (Q) — (), then

IO @< I O @< 2l ILOS (@< [T @
where , 5, , >0.
On the other hand, we have W L%,(Q2) — " () = (Q). Thus, there
exists > 0 such that || @< I @ =

. Su cient conditions of local minimum for ateau functional
of second order Dirichlet pro lem

Suppose that 2 is su ciently smooth and bounded domain in R"™. Let
be a subset of W L%,(R), M an N-function such that ¢ < M(¢) for ¢t ¢,
where > and ¢t > 0. Let  be the functional defined on W L%,(Q) by:

) = Jov(z,u(z), (x))dz, where u(z) is the solution of problem (1.1), (1.2) in
W (Q) W2 (Q) and the functionv: R R — Ris measurableon 2 R R
and has second derivative with respect to (u, ) on R R for almost all z € Q.
Let s be the topology generated by the Orlicz norm ||.||as.  enceforth in this
paragraph = t.

v,v@),v@) 2 R R
v(zu, ) + 0@, )+ 0@, ) < M) +M() + (2),
v (zu, ) +20 %@, ) + 0Pz, ) < M@ +M() +  (2),
€ L (Q) € L (Q) (sl s )
= (2)( ) €

(W Ly I+ 50 R) - OC) e (W Ly (@)Ll + 4,0),R)

. Let us prove first that the functional is finite. We have

_/v(xu ) dz

()=

v(x u, )dz

< (/M dx+/M da:) / (z)dz < o0.
Q
ndeed, we have W Ly, () — (92). onsequently, € (). On
the other hand, v € W~ (Q) — (€2). Therefore, [, M(u(x))dz < oo and

Jo M( (2))dx < oco. Thus, the functional is finite.
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Let W L3,(2) — W L3,(Q), — ( ( ))(=x), where ( ( ))(z) is the
solution of problem

S
|
~ N
N
[N
~

u Q=0.

Such a solution exists € W L3},(Q).
Let ()( ) be defined by:

Q) = lim (+ ) ()
= lim /Qv(a:,u+ (), + ) ov(z,u, )de

—tm [t (O 4 )
+ )+o(z,u, + ) v(z,u, ) dz

v(x,u
zlim/g/v()(x,u+ () + ) ()d

+/ ot )(az,u, + ) d do
zlim/ / o) (z,u + (), + ) o9@u, ) ()d
Q
+/ v O(z,u, ) ()d +/ vt )(az,u, + ) v()(w,u, ) d
+ /v()(ac,u, Yd dx
:/v()(x,u, ) ( )dx—l—/ v()(x,u, Ydx.
Q

Q
Then

()( )=/Qv()(x,u, ) ( )dm—}—/v()(x,u, ) dz.

o
Let  (( ) be defined by:

@A), 2)=lim OC+ 2 O0)
= lim / ’U( )(SII,’U, + ( 2)7 + 2) /U( )(xauv ) ( )d.’L'
Q
+/ n )(x,u-l- (2), + 2) o )(l”“v ) dz
Q

= lim /v()(x,u+ (2), + 2) U()(%% +  2)
Q

—|—v()(x,u, + 2) 1)( )(x,u, ) ( )dl’
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+/ O eu+ (2), + 2) o (@u, + )
Q

+v()(az,u, +  9) 0! )(az,u,) dx

= lim //v@)(x,u+ (2), + 2) (2)d
Q
+/ Vzu, +  2) 2d  ( )de
.|_/Q / v(2)(x,u+ (2, + 2) (2)d
+/ 1)(2)(33,u, + 2) ad dx
= [ v®(z,u o) dz v (2, u 9 dzx
_/Q (,,)()()d+/9 (u, ) () 2d

—l—/v(2)(x,u, ) ( 2)dx+/v(2)(x,u, ) odz.
Q Q

The linearity and bilinearity of ()( ) and (?)( ) are obvious.

Let us prove now that they are bounded.

O ) S/Qv()(w,u, ) ()dw+/ﬂv()(x,u, ) do

M)+ M() + (2) ()+ ) dx

IA

Mu)+M() + (2) max[ ()l(z) +max (z) dz

IA
S~ 55— 55—

Mu)+M() + (@) || Ol @+l (@ dz

IA

o I 4 5,0

where 5 > 0. or the last inequality, see Lemma 1.3. onsequently, ()( ) €
(W Ly (), 1 1 52),R)-

Let us prove now that (?)( ) is also bounded. We have

@A), ) 5/9 M) +M() + (2)
() (

DA () ek (D4 o
< M) +M(O) + @I o

max [ ()](z) max [ ( 2)](@) +max [ ()](z) max »(z)

+tmax  (z) max [ ( 2)[(z) +max (z) max »(z)
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< 0 CO @l CI @+ COll @l 20l
+1 @l C2 @+ T @l 20l (@
< L@l 2l 1 og@)-

or the last inequality see Lemma 1.3. Thus,
@)e (W Ly@Llll + 5,0 R).

Let us prove now that isa ( am,|.[| 1 : (o))-mapping. Let € . We show
that the mapping

() C+) O D0 2 PO,

is ( m, Il 1+, (a))-of second order at zero.

ssume that this is not so. Then there exist a sequence ,, € and a number
> 0 such that ,, — 0in L},(Q), but

S R A C

On the other hand, using the fact that W * (Q) — () and the regularity of
solution of the problem (1.1), (1.2), we obtain ( ,,) — Oin (L3, (), ||.]lar)- sing
Lemma (1.2), we deduce that € L3,(2) m ( ( w))(z) < (x), where 2 €
Ly (Q).

nalogously, for ,, € W L%,(2), we obtain ,,(z) < (x), where 2 €
Ly (Q). We have

(F/vww-ﬂ,+)UWM)v“mw)H WO@,u, )
Q

2 vD(z,u, ) ) +20P@u, ) () +0P (@, ) ? da
[ [ O@ar O+ O O O
2 v@(zu, ) 2() d dx+/9/ Ve, + ) v ()
2 P )2 d de /Q/ oD@, ) () d de
+/Q//v(2)(a:,u+ (), + ) ()d ddzx
=/Q/ Out () ) O@a, ) P, ) () ()dde
+/Q/ v zu, + ) 0@, ) P, ) d de

/Q/ v(2)(x,u, ) () d dx
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+/Q//v(2)(a:,u+ (), + ) ()d d d=

Let .., m betwo functions defined by:

1(7 ( )7) 1(7a) (2)(

v (z,u, ), if m) =0,
m(@, )= ) ) ()
0, it (m)=0
YO, ) (L) (2) . B
v (x,u, ), if ,,=0,
(@ )= ( )
0 if ,,=0
Let ,bedefinedby: m(z, , )=vP(@u@)+ (m), + m) vZ(z,u(z), ).
Then
m)d da:—l—// 2d dx
/// wd d da).
Thus

m(z, ) drd +/ / m(z, ) dzd

/Q (e, s Ydzd d || W2 s )
z) such that 0 < k,,(z) <1 and
zu(@) + kn(2) [ (w)@), ) + 0P (z,u(@), ).

/Q :

/ /Q @, ) dzd d max [ (w))(2) max
i

/

On the other hand, k,,
m(z, ) < v®

So, we obtain

i@, ) € M@ +kn@) [ (@) +M() + (@)
+ M@ +M() + (@)
< GME @) +2M( )+ Mu(e)) + 5 M(2u(x))

+2 (x) e L ().
nalogously, ,.(z) such that 0 < ,,(z) <1 and

(@ ) < 0@ u@), m@) @)+ )+ P (@ u@), ).

45
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So, we obtain
m(®@, ) < Mu@)+M( w@) w@+ )+ ()
+ M(u(z))+M( () + (2)

< 2M(u)+%M(2 (a:))+%M(2 @) +M() +2 (z) €L ().

nalogously for ,,, we obtain

m(@ ) < 0P@u@), ) + vP(@u@) +  (m)y + om)
< M@ @)+ M2 ()M + M2 ) +2 (1)
+ M@)+M() €L (Q).
Let us remark that ,,(z, ) = 0, ., (z, ) = 0, n(z, , ) — 0 almost every-
where. Thus

// m(x, ) ded —0 as m — +oo,

Q

// m(x, )drd —0 as m — +oo,
Q

/// m(x, , Ydxd d -0 as m— 4o
Q

but this contradicts (2.3).

Now let us prove that the functional isa ( a,|[.[| 1 x (o))-Taylor mapping
of first order at each point € . We must estimate

() C+) O Q0.

ssume that ., — 0in L},(Q), and ( m) [ mll 1+ +(2- Thus ( m)—0
in (L3,(2),|-lar) as m — +o00.  sing Lemma (1.2), we deduce that there exists
€ L3,() and there exists € L3,(02) suchthat me N [ ( n)](z) < (z)and
m(z) < (x) almost everywherein Q. oreover,2 € Ly (Q)and 2 € Ly (Q).

On the other hand, we have
(m) = /Qv(%u(x)ﬂ ( (@), (@)+ wm(z) v(zu(z), (z))

VO (@,u(@), @) (m) 0@ u@), @) m de

IN

/Qv(xaU(wH (m) @+ m) v@u@), @)+ n)

v z,u(@), (@) (m)+o(@u@), @)+ m)
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x,u, ), if 5, =0,

0, if ,,=0.

() <[ w@) demadll (@] + [ (o) do max] @)
< [ @t [ a@de |l e (2.4)

Let us remark that ,,(z) — 0, m(z)— 0 almost everywhere in Q.
sing the mean value theorem, we obtain

w(@) < Mt () +M( @+ n@) + (@)
b M)+ M( (@) + (o)
< M@ @)+ME @) +2 (@)

+ o GM@u() + MR () + M) + M( (@) €L (@)
sing the same reasons, we obtain

m(z) < M(u(x))+M( (2)+ wm(z) + (o)
+ M(u(z) +M( (2)) + (2)

IN

1 1
2M (u(z)) + §M(2 (z)) + §M(2 (2))
+ M( ())+2 (z) € L ().
By the Lebesgue dominated convergence theorem, we conclude that
/ m(z) dr =0 as m — 400
Q

and

/ m(x) de — 0 as m — +o0
Q

but this contradicts (2.4). m
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Now let us give the su cient conditions of optimality for the problem (1.3),
(1.4) and (1.5).

() /v(x,u, Yde, (k= +1,..., + 2)
Q

(sl @)
€ ()= Jqv (z,u, )dz + | I1? . @ (k=0,..., )
(sl o s )
€ Oy @y k=0,..., + 5
()=0 O()
W Ly (0, Il + 1,0)
R e (R ) > 0 (, *1) =0 € )
( ’ *71)( ’ ) 2 ” ”2 1 L(Q) ( H *71) ( ’ *71)

1l conditions of Theorem 1.5 in [2] are satisfied. Thus is a strict

pm-minimum point. m

(sl 1 s @)
€ ( ):fﬂv (x,u, )d$+ ” ”21 (Q) (kZO,..., )

(sl o s )
€ O0) @y k=0,..., +

€ ()=0 ()=0 (k=0,..., )
L= ewrry9 ) =0k=1,..., O() =0
O) W Ly Q-+ 5,0) R e®R)
*e (R ) 0 >0 (k=1,..., ) (,* ,1)=0
(o 55D0,) 201 0 (%0 (,* .1

11 conditions of Theorem 1. in [2] are satisfied. Thus is a strict

m-local minimum point. m
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v

() /Qv(x,u, Ydz, (k= +1,..., + 2)

(sl 1 s @)
€ ()= Jov @u, Ydz+ || |71 (g (k=0,..., )
(sl o s )
€ O DYy k=0,..., + »
Oy =o0 >0 € W Ly(Q)
DO 211k "

1l conditions of Theorem 1.4 in [2] are satisfied. Thus is a strict
m-local minimum point. m

Let us remark that, in Theorem 2.1, the increasing conditions sat-

isfied by v are not su cient to certify the rechet-di erentiability of functional
(W Ly (), |I-la) — R.

ndeed, let us definev: @ R R — R by: v(z,u, )= chue uw 1 +

ch 1, and put (z) 0. Let us suppose that = 1. Let us put

M(t)= It 1, andlet d,, — 4+00. Let € W L%,(Q). By the countable
additivity of Lebesgue measure,

>0 0 Q (Q)>0, (2, 2)>0,
and 1 €Q (v) < . Let Q, Q suchthat (Qn)=( dm 1) . ut
max v(z,u, ):u < , < ,z€0 <oc.
Let ,, be defined by:

(x>_{(dm)l (z), ifz€Qm,
™ o, ifzeQ Qn.

Then [| m(@)llary = 0, but  ( (2) + m(z))  ((2))  chdn dn
1 () () — 5. Thus  isnot rechet-di erentiablein (W L3,(Q),|.||a)-
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