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WEAKLY 6-CLOSED FUNCTIONS BETWEEN
FUZZY TOPOLOGICAL SPACES

Miguel Caldas, Govindappa Navalagi and Ratnesh Saraf

Abstract. In this paper we introduce and characterize fuzzy weakly #-closed functions
between fuzzy topological spaces and also study these functions in relation to some other types
of already known functions.

1. Introduction and preliminaries

The concept of fuzzy sets was introduced by L.A. Zadeh in his classical pa-
per [22]. After the discovery of fuzzy subsets, much attention has been paid to
generalize the basic concepts of classical topology in fuzzy setting and thus a mod-
ern theory of fuzzy topology is developed. The notion of fuzzy subsets naturally
plays a significant role in the study of fuzzy topology which was introduced by C.L.
Chang [5]. Ming and Ming [14] introduced the concepts of quasi-coincidence and
g-neighbourhoods by which the extensions of functions in fuzzy setting can very
interestingly and effectively be carried out. In [18] D.A. Rose defined weakly closed
functions in topological spaces. J.H. Park, Y.B. Park and J.S. Park introduced in
[17] the notion of weakly closed functions between fuzzy topological spaces. In this
paper we introduce and discuss the concept of fuzzy #-closed function and fuzzy
weakly 6-closed function. Also, we obtain several characterizations of these func-
tions comparing with other already existing known functions. Here it is seen that
fuzzy 6-closedness implies fuzzy weakly #-closedness but not conversely. But under
a certain condition the converse is also true.

Throughout this paper by (X,7) or simply by X we mean a fuzzy topological
space (fts, shortly) due to Chang [5]. A fuzzy point in X with support z € X
and value p (0 < p < 1) is denoted by x,. Two fuzzy sets A and 3 are said to be
quasi-coincident (q-coincident, shortly), denoted by Aqp, if there exists z € X such
that A(z)+ B(z) > 1 [14] and by q we denote “is not g-coincident”. It is known [14]
that A < 3 if and only if AG(1 — 8). A fuzzy set ) is said to be g-neighbourhood
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(q-nbd) of z, if there is a fuzzy open set p such that z,qu < A. The interior,
closure and the complement of a fuzzy set A € X are denoted by Int(\), Cl(A) and
1 — X = X°, respectively.

For definitions and results not explained in this paper, the reader is referred
to [1,5,8,9,11,15,17,18] assuming them to be well known.

DEFINITON 1.1. A fuzzy set A in an fts X is called:
fuzzy preopen [4] if A < Int(Cl(A));

fuzzy preclosed [4] if Cl(Int())) < A;

fuzzy regular open [2] if A = Int(Cl(A));
fuzzy regular closed [2] if A = Cl(Int(X));
fuzzy a-open [4] if A < Int(Cl(Int(\)));
fuzzy a-closed [4] if Cl(Int(Cl(A))) < A

DEFINITION 1.2. Let f: (X,71) — (Y, 72) be a function from an fts (X, 1)
into an fts (Y, 72). The function f is called:

(i) fuzzy closed [5] if f(A) is a fuzzy closed set of Y, for each fuzzy closed set
AeEX;

(ii) fuzzy open [5] if f(A) is a fuzzy open set in Y, for each fuzzy open set
A€ X;

(iil) fuzzy preclosed [19] if f(A) is a fuzzy preclosed set of YV, for each fuzzy
closed set A € X.

Recall that a fuzzy point x, is said to be a fuzzy #-cluster point of a fuzzy set A
[15], if for every fuzzy open g-nbd u of x,, Cl(p) is g-coincident with A. The set of
all fuzzy #-cluster points of X is called the fuzzy 6-closure of A and will be denoted
by Clg(A). A fuzzy set A will be called #-closed if A = Clg(\). The complement of a
fuzzy 0-closed set is called fuzzy -open and the #-interior of A denoted by Intg(A)
is defined as Intg(A\) = { x, : for some fuzzy open g-nbd, § of z,, C1(8) < A }.

LEMMA 1.3. [3] Let A be a fuzzy set in an fts X. Then:

1) X is fuzzy 0-open if and only if X = Intg(N);

2) 1 —1Intg(A) = Clp(1 — X) and Inte(1 — A) =1 — Clp(\);

3) Clg(A) (resp. Intg(N)) is a fuzzy closed set (resp. fuzzy open set) but mot
necessarily is a fuzzy 0-closed set (resp. fuzzy 0-open set).

REsULT 1.4. (i) It is easy to see that CI(\) < Clp(A) and Intg(A) < Int(A) for
any fuzzy set A in an fts X.

(ii) For a fuzzy open (resp. fuzzy closed) set A in an fts X, Cl(A) = Clg())
(resp. Intg(A) = Int(A)).

DEFINITION 1.5. [8] An fts (X, 7) is fuzzy Ta (FTs)-space in the sense of
Ganguly and Saha if for two distinct fuzzy points z», y, in X:

(i) z # y implies that z, y, have fuzzy open nbds which are not q-coincident;

(ii) 2 = y and A < p (say) imply that x, has a fuzzy open nbd and y, has a
fuzzy open g-nbd which are not g-coincident.
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DEFINITION 1.6. [9] An fts (X, 7) is said to be fuzzy normal if:

(i) for two fuzzy closed sets A and p in X with different supports, there exist
fuzzy open sets n and « such that A <7, u < v and nq~y;

(ii) if € Supp(A) and z,qA then there exist fuzzy open sets  and ~ such
that z,qn, A < v and 7qy.

2. Fuzzy weakly 0-closed functions

Now we define a generalized form of weakly closed and closed functions in fuzzy
setting.

DEFINITION 2.1. A function f: (X,71) — (Y, 72) is said to be fuzzy weakly
f-closed if Clp(f(Int(B))) < f(B) for each fuzzy closed set §in X.

DEFINITION 2.2. A function f: (X, 1) — (Y, 7) is said to be fuzzy 6-closed
if f(B) is a fuzzy 6-closed set in Y for each fuzzy closed set 3 in X.

Clearly, every fuzzy #-closed function is a fuzzy weakly #-closed function since
Clo(f(Int(B8))) < Clp(f(B)) = f(B) for every fuzzy closed subset 8 of X. Also,
every fuzzy 6-closed function is a fuzzy closed function since every fuzzy 6#-closed
set is a fuzzy closed set, but the converse is not generally true.

EXAMPLE 2.3. Let X = {x,y,2} and Y = {a,b,c}. Fuzzy sets A and B are
defined as: A(x) =0, A(y) = 0.7, A(z) = 0.4; B(a) = 0, B(b) = 0.2, B(c) = 0.3.
Let m = {0,4,1x} and 75 = {0,B,1y}. Then the function f: (X,71) — (Y, 72)
defined by f(z) = a, f(y) =b and f(z) = c is fuzzy weakly 6-closed but not fuzzy
f-closed.

EXAMPLE 2.4. Let X = {a,b,c} and Y = {x,y,2}. Fuzzy sets A and H are
defined as: A(a) =0, A(b) = 0.2, A(c) =0.7; H(x) =0, H(y) = 0.2, H(z) = 0.2.
Let 7 = {0,A,1x} and ¢ = {0,H,1y}. Then the function f: (X,7) — (Y,0)
defined by f(a) =z, f(b) =y and f(c) = y is fuzzy closed but not fuzzy #-closed.

THEOREM 2.5. For a function f: (X,7) — (Y, 72) the following conditions
are equivalent:

(i) [ is fuzzy weakly 6-closed;
(i) Clg(f(N)) < f(CLN)) for every fuzzy open set X in X.

Proof. (i) — (i1). Let A be any fuzzy open subset of X. Then Cly(f(\)) =
Clp(f(Int(A))) < Cla(f(Int(CL(A)))) < f(CL(A)).

(i1) — (i). Let B be any fuzzy closed subset of X. Then, Cly(f(Int(8))) <
f(ClInt(8))) < f(CL(B)) = f(B). =

Since the proof of the following theorem is mostly straightforward, it is omitted.

THEOREM 2.6. For a function f: (X,71) — (Y, 72) the following conditions
are equivalent:

(i) f is fuzzy weakly 0-closed;
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(i) Clg(f(N)) < f(CL(N)) for each fuzzy open set A in X;

(i13) Clg(f(Int(B))) < f(B) for each fuzzy closed subset B in X;
() Clg(f(Int(B))) < f(B) for each fuzzy preclosed subset 5 in X ;
(v) Cla(f(Int(B))) < f(B) for every fuzzy a-closed subset B in X.

THEOREM 2.7. For a function f: (X,71) — (Y, 72) the following conditions
are equivalent:
(i) f is fuzzy weakly 0-closed;
(i3) Clg(f(Int(CL(A)))) < fF(CL(A)) for each fuzzy set A in X;
(i13) Clg(f(Int(Cla(A)))) < f(Clg(X)) for each fuzzy set A in X;
(iv) Cla(f(N) < f(CYA)) for each fuzzy preopen set A in X.
Proof. 1t is clear that (i) — (44) — (iv) — (4) and (¢) — (447). For (ii1) — (iv)
note that Clg(A) = Cl(X) for each fuzzy preopen subset A € X [11]. m

THEOREM 2.8. IfY is a fuzzy regular space, then for a function f: (X,m1) —

(Y, 12) the following conditions are equivalent:
(i) f is fuzzy weakly 6-closed;

(i3) Clg(f(N\)) < f(CLA)) for each fuzzy regular open subset U of X ;

(iii) for each fuzzy subset 3 in'Y and each fuzzy open set p in X with f~2(8) < u,
there evists a fuzzy 0-open set § in'Y with B < 6 and f~1(8) < Cl(u);

(iv) for each fuzzy pointy, in Y and each fuzzy open set p in X with f~'(y,) < p,
there exists a fuzzy 0-open set § in'Y containing y,, and f~1(8) < Cl(u).
Proof. Tt is clear that (i) — (4¢) and (491) — (4v). To show that (i7) — (i44),

let 3 be a fuzzy subset in Y and let u be fuzzy open in X with f~1(3) < p. Then

F~1(B)qCl(1x — Cl(u)) and consequently Bqf(Cl(1x —Cl(u))). Since 1x — Cl(u) is

fuzzy regular open, 3q Clg(f(1x — Cl(u))) by (ii). Let § = 1y — Clp(f(1x — Cl(p)))-

Then by Corollary 3.6 of [15] § is fuzzy f-open with 8 < § and f~1(6) < 1x —

FH(Cle(f(1x — Cl(w)))) < 1x — f~' f(1x — Cl(w)) < Cl(p).

(iv) — (i). Let B be fuzzy closed in X and let y, € 1y — f(3). Since f1(y,) <
1x — 3, there exists a fuzzy f-open § in Y with y, € § and f1(§) < Cl(1x — ) =
1x —Int(B) by (iv). Therefore 6qf(Int(3)), so that y, € 1y — Clp(f(Int(B))). Thus
(1v) — (i). m

Note that the fact of Y being fuzzy regular space in Theorem 2.8 is only used
in (i) — ().

THEOREM 2.9. If f: (X, 71) — (Y, 72) is fuzzy weakly 0-closed, then for each
fuzzy point y, in'Y and each fuzzy open q-nbd p of f~'(y,) in X, there erists a
fuzzy B-open g-nbd § of y, in'Y such that f~1(6) < Cl(u).

Proof. Let u be any fuzzy open g-nbd of f~!(y,) in X. Then u(z)+p > 1 and
hence there exists a positive real number « such that pu(z) > o > 1 —p. Then p
is a fuzzy open gq-nbd of f~!(y,). By Theorem 2.8(iv) there exists a fuzzy #-open
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set § containing y, in Y such that f=1(6) < Cl(u). Now, 6(y) > a and hence
6(y) > 1 — p. Thus ¢ is a fuzzy 6-open g-nbd of y,. m

Next we investigate conditions under which fuzzy weakly 6-closed functions
are fuzzy 6-closed.

THEOREM 2.10. If f: (X, 71) — (Y, 72) is fuzzy weakly 0-closed and if for each
fuzzy closed subset 3 of X and each fiber f~1(y,) < 1x — B8 there exists a fuzzy open
g-nbd p in X such that f~(y,) < p < Cl(p) < 1x — B. Then f is fuzzy 6-closed.

Proof. Let 8 be any fuzzy closed subset of X and let y, € 1y — f(3). Then
/7 (yp)aB and hence f~'(y,) < 1x — 3. By hypothesis, there exists a fuzzy open
g-nbd p in X such that f='(y,) < p < Cl(p) < 1x — B. Since f is fuzzy weakly
f-closed, by Theorem 2.9, there exists a fuzzy 8-open g-nbd v in Y with y, € v and
f~t(v) < Cl(p). Therefore, we obtain f~!(v)qA3 and hence vqf(3), this shows that
yp ¢ Clg(f(B)). Therefore, f(B) is fuzzy 6-closed in Y and f is fuzzy #-closed. m

Now we give the following

DEFINITION 2.11. Let f: (X,71) — (Y, 72) be a function from an fts (X, 7)
into an fts (Y, 72). The function f is called:

(i) fuzzy contra-closed if f()) is a fuzzy open subset of Y for each fuzzy closed
set A € X.

(ii) fuzzy contra-0-open if f()\) is a fuzzy 0-closed subset of Y for each fuzzy
open set A € X.

THEOREM 2.12. (i) If f: (X, 1) — (Y, 72) is fuzzy preclosed and fuzzy contra-
closed, then f is fuzzy weakly 6-closed.

(1) If f: (X,71) — (Y, m2) is fuzzy contra-8-open, then f is fuzzy weakly 6-
closed.

Proof. (i) Let B be a fuzzy closed subset of X. Since f is fuzzy preclosed,
Clp(Int(f(8))) = Cl(Int(f(B))) < f(B) and since f is fuzzy contra-closed f(3) is
fuzzy open. Therefore Cly(f(Int(3))) < Clg(f(8)) = Clo(Int(f(3))) < f(B).

(ii) Let B be a fuzzy closed subset of X. Then, Clp(f(Int(3))) = f(Int(8)) <
f(B). =

THEOREM 2.13. If Y is a fuzzy regular space and if f: (X, 1) — (Y,72) is a
fuzzy weakly 0-closed function, then for every fuzzy subset B in'Y and every fuzzy
open set X in X with f~1(B8) < A, there exists a fuzzy O-closed set § in'Y such that
B <6 and f71(8) < CI(N).

Proof. Let 3 be a fuzzy subset of Y and let A be a fuzzy open subset of
X with f71(8) < X\. Put § = Clp(f(Int(C1()\)))). By Corollary 3.6 of [15] & is
a fuzzy 0-closed set in Y such that 8 < é since § < f(A) < f(Int(Cl(N))) <
Clo(f(Int(C1(X)))) = é. And since f is fuzzy weakly 6-closed, f~1(§) < Cl(A). m

COROLLARY 2.14. Let'Y be a fuzzy regular space. If f: (X,71) — (Y, 72) is
fuzzy weakly 8-closed, then for every fuzzy point y, in'Y and every fuzzy open set A
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in X with f~(y,) < A, there exists a fuzzy O-closed set § in'Y containing y, such
that f=1(6) < CI(N).

A fuzzy set B in an fts X is fuzzy 6-compact if for each cover 2 of § by
fuzzy open g-nbd p in X, there is a finite family {u,...,p,} in Q such that

B < Int(U{Cl(u;) : i =1,2,...,n}).

THEOREM 2.15. If f: (X, 71) — (Y, 72) is fuzzy weakly 0-closed with all fibers
fuzzy O-closed, then f(B) is fuzzy 0-closed for each fuzzy 8-compact 3 in X.

Proof. Let 3 be fuzzy #-compact and let y, € 1y — f(8). Then f~'(y,)3s.
Since f~1(y,) is fuzzy 6-closed, then for each z, € 3 there is a fuzzy open g-nbd
[z, containing x, in X and Cl(ug,)qf *(yp). Clearly @ = {pe, : 2, € 8} is a
fuzzy open g-nbd cover of 3 and since (3 is fuzzy 6-compact, there is a finite family
{lzys-- s Pz, } in Q such that 8 < Int(A), where A = J{Cl(pz,;) : ¢ = 1,...,n}.
Since f is fuzzy weakly #-closed, by Theorem 2.9 there exists a fuzzy #-open g-nbd
§ in Y containing y, and f1(§) < Cl(1x —A) = 1x — Int(A) < 1x — 3. Therefore
6qf(8). Thus y, € 1y — Clg(f(8)). This shows that f(3) is fuzzy 6-closed. m

Two non-empty fuzzy subsets A and § in X are strongly fuzzy separated [1] if
there exist fuzzy open sets u and v in X with A < g and 8 < v and Cl(p)q Cl(v). If
A and 3 are fuzzy singleton sets we may speak of fuzzy points being strongly fuzzy
separated. We will use the fact that in a fuzzy normal space [9], disjoint fuzzy
closed sets are strongly fuzzy separated.

THEOREM 2.16. If f: (X, 71) — (Y, 72) is fuzzy weakly 0-closed surjection and
all pairs of disjoint fibers are strongly fuzzy separated, then Y is fuzzy Ts.

Proof. Let y, and y be two fuzzy points in Y. Let x4 and v be fuzzy open sets
in X such that f'(yp,) < p and f~'(y ) < v with Cl(u)q Cl(v). By fuzzy weak
f-closedness (Theorem 2.8(iv)) there are fuzzy f-open sets A and 3 in Y such that
yp <Aandy < B, f71(\) < Cl(u) and f~1(B) < Cl(v). Therefore A\qB3, because
Cl(¢)gCl(v) and f is surjective. Then Y is fuzzy Ts. m

COROLLARY 2.17. If f: (X, 1) — (Y, 72) is weakly fuzzy 0-closed surjection
with all fuzzy closed fibers and X is fuzzy normal, then'Y is fuzzy Ts.

DEFINITION 2.18. A family {)\, : @ € Q} of fuzzy open subsets of a fuzzy
topological space (X, 7) is an open cover if [J{\s : @ € 2} = X. An fts X is said
to be fuzzy almost compact [12,6] (resp. fuzzy c-compact) if every fuzzy open cover
(resp. fuzzy closed cover) contains a finite subfamily {A,; : ¢ = 1,2,...,n} such
that X = J!" ; Cl(A\a,). A fuzzy subset A of X is fuzzy almost compact relative
to X (resp. fuzzy c-compact relative to X) if every cover of A by fuzzy open (resp.
fuzzy closed) sets of X has a finite subfamily whose fuzzy closures cover X.

Recall that an fts (X, 7) is said to be fuzzy extremally disconnected if the
closure of every fuzzy open set of X is fuzzy open in X [11].

LEMMA 2.19. [21]  function f: (X,71) — (Y, T2) is fuzzy open if and only if
for each fuzzy subset B in'Y, f~H(CL(B)) < CI(f~1(8)).
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THEOREM 2.20. Let f: (X, 1) — (Y, 72) be a fuzzy O-open and fuzzy weakly
0-closed function from a fuzzy extremally disconnected space X into a fuzzy reqular
space Y such that f~1(y,) is fuzzy almost compact relative to X for each fuzzy point
yp in Y. If X is fuzzy c-compact relative to Y, then f~1(\) is fuzzy almost compact.

Proof. Let {v : 8 € } be a fuzzy open cover of f~1(\). Then for each
yp €A F(X), f7H(yp) SU{CI(r ) : B € (yp)} =6, for some finite subfamily
(yp) of . Since X is fuzzy extremally disconnected, each Cl(v ) is fuzzy open,
hence 6 , is fuzzy open in X. So by Corollary 2.14, there exists a fuzzy 6-closed set
p , containing y, such that f~*(p ) < CL(6 ,). Then, {p , 1y, € X f(X)} {ly—
f(X)} is a fuzzy 6-closed cover of A, A< U{Cl( ,) :yp € } {Cl(ly — f(X))}
for some finite fuzzy subset  of A f(X). Hence by Lemma 2.19, f~1()\) <
U{f 7 (Clu ) sy € 3 {f7HCIAy = FON} < ULCHf 1 ) = yp €
FoACIS T Ay = fONF < {CIF M ) typ € Foso f7HO) < U{CIy )
B€ (vp),yp € }. Therefore f~1(N) is fuzzy almost compact. m

COROLLARY 2.21. Let f: (X,7) — (Y,72) be as in Theorem 2.2 . IfY is
c-compact, then X is almost compact.
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