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research paper

ASCENT, DESCENT, QUASI-NILPOTENT PART AND
ANALYTIC CORE OF OPERATORS

Abstract. This paper concerns a localized version of the single valued extension property
of a bounded operator T' € L(X), where X is a Banach space, at a point Ag € C. We shall relate
this property to the ascent and the descent of A\gI — 7T, as well as to some spectral subspaces as
the quasi-nilpotent part and the analytic core of Aol — 7. We shall also describe all these notions
in the setting of an abstract shift condition, and in particular for weighted right shift operators
on ¢*(N), where 1 < p < oo .

1. The single-valued extension property

One of basic properties in local spectral theory is the so-called single valued
extension property for bounded operators on Banach spaces. This property is
enjoyed by several classes of operators as the decomposable operators, as well as
other classes of operators; we refer to the excellent monograph by Laursen and
Neumann [16] for a modern treatment of the theory of decomposable operators.

In this paper we shall consider the following local version of this property,
introduced by Finch [13] and studied later by several authors [18, 19, 26, 1, 2, 3,
5, 6].

DEFINITION 1.1. Let X be a complex Banach space and T' € L(X). The op-
erator 7' is said to have the single valued extension property at Ao € C (abbreviated
at Ag), if for every open disc , centered at Ag, the only analytic function

X which satis es the e uation

A T) () 0 (1)

0

is the function 0.
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n operator T' € L(X) is said to have the if T has the at every
point A € C.
The of T € L(X) may be also de ned as follows Let be an open subset

of Cand let ( X) denote the space of X-valued functions on e uipped with
the topology of uniform convergence on compact subsets of . Then ( X)isa
Frechet space and every T' € L(X) induces a continuous mapping 7 on ( X),
de ned by

T ()X (A T) (A for al € ( X) (2)
The operator T' € L(X) has the precisely when T is injective.
The may be characteri ed by means of some typical tools originating

from the local spectral theory. ecall that, for a bounded operator T € L(X),
the lo al resolvent set of T at the point € X, is de ned as the union of all open
subsets  of C such that there exists an analytic function X which satis es

(A T) () forall A€ (3)

The lo al spe tru ()of T at isthesetde nedby () C () and
obviously () (T'), where (T') denotes the spectrum of 7.

learly, any analytic function which veri es (3) on this union is a local exten-

sion of the analytic function (A T') G de ned on the resolvent set

(T) of T. enerally, the analytic solutions of (3) are not uni uely determined. It

is clear from the de nition that, if T has the at Ao, then the analytic solution
of (3) is uni uely determined in an open disc centered at A.

For every subset  of C, let us denote by X ( ) the analyti spe tral su spa e
of T' associated with
X () ex ()

For an arbitrary operator T' € L(X) and a closed subset  of C, the glo al spe tral
su spa e ( )isde ned astheset of all € X for which there exists an analytic
function C X which satis es the identity (A T (A) forallA e C
Note that T has if and only if X ( ) () for all closed sets C,
see roposition 3.3.2 of [16].

The , as well as the at a point A\g € C, may be characteri ed in a
very simple way

EOE 1. . eTeL(X) X a anahspae hen

i T has the at Ao i and only i er (Ao ) X () 0
heore
it T has the i andonlyi X () 0 and this is the ase i and
onlyi X () is losed see roposition
The basic role of arises in local spectral theory, since every decompos-

able operator enjoys this property. ecall that a bounded operator T' € L(X) is
said to have the ishop s property ( ) if for every open set  the operator T
de ned in (2) is injective and has closed range, while T' € L(X) is said to have the
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de o position property () if X () () for every open cover of
C. The decomposability of T' € L(X) may be de ned in several ways, for instance
as the union of the property ( ) and the property ( ), see [16, Theorem 2.5.19].
Note that the property ( ) implies that T has , while the property ( ) implies

for T , see [16, Theorem 2.5.19]. The class of decomposable operators con-
tains, for instance, all normal operators on ilbert spaces, all spectral operators,
all operators with a non-analytic functional calculus and any operator with a to-
tally disconnected spectrum, [16]. xamples of non-decomposable operators which
have the may be found among the class of all multipliers of a commutative
semi-prime Banach algebra, [16, roposition 4.2.1]

e shall now introduce two important subspaces in local spectral theory and
in Fredholm theory

DEFINITION 1. . Let X be a Banach space and T € L(X). The analyti ore
of T is the set (T) of all € X such that there exists a se uence ( ) X and
0 for which

(a) o and T for every €N
(b) for every € N.

It easily follows, from the de nition, that (7') is a linear subspace of X and
that T( (1)) (T). In general, (T)isnotclosed and (T) T (X), where
T (X) T (X) is the hyperrange of T. Furthermore, if T'is uasi-nilpotent
then (T) 0, see [18].

DEFINITION 1. . Let T € L(X), X a Banach space. The wuasi nilpotent part
of T is the set
o(T) €eX lim T 0

Iso o(T) is a linear subspace of X, generally not closed. Furthermore,
(T) o(T), where (T) er T' is the hyper ernel of T', and T is
uasi-nilpotent if and only if o(T)) X, [27, Theorem 1.5].
The systematic investigation of the spaces (T') and ((7T) was initiated by
be hta [18], after an earlier wor of rbova [27]. In particular, these authors
established the following local spectral characteri ations of (T") and (7).

EO E 1. . ora ounded operator T € L(X) X a ana h spa e e have
i (o T) X (C X)
it oo T) (X ) so i T has ol T) X (X)
Note that, for every A9 € C, the following inclusions hold
X() X€ X)) K T) ( 7T) (X) (4)
and
er (A T) o T o T) X (o) (5)

Two important notions in Fredholm theory are those of the ascent and the
descent of an operator. The as ent of an operator T is the smallest non-negative
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integer (T') such that er T er T . If such integer does not exist
we put (T) . The des ent of an operator T is the smallest non-negative
integer (T) such that T (X) T , and if such integer does not exist
we put (7)) . It is well- nown that, if (T) and (T) are both nite, then
(T) (T), [14, roposition 38.3]. Furthermore, if A\ belongs to the spectrum
(T, then 0 (M T) M T if and only if )¢ is a pole of the

resolvent (AT) (A T) ,[14, roposition 50.23]. Obviously, in this case Ag
is an isolated point of (7).

ecall that T € L(X), X is said to be se i redhol if T'(X) is closed and at
least one of the two defects (T') dim erT or (T) codim T(X)is nite.

DEFINITION 1. . n operator T' € L(X), X a Banach space, is said to be
se i regulorif T(X)is closed and erT T (X).

n operator T € L(X) is said to admit a generali ed ato de o position,

abbreviated , if there exists a pair of T-invariant closed subspaces ( )
such that X , the restriction T is semi-regular and T is uasi-
nilpotent.

n important case is obtained if we assume in the de nition above that T is
nilpotent. In this case T is said to be of ato type, [17]. If  is nite-dimensional
then T is said to be essentially se i regular, see a ocevic [24] or wuller [22].
Obviously, any semi-regular operator is of ato type. Note that if 7" is of ato
type then T' (X)) (T) and (T) is closed, see [2, Theorem 2.3 and Theorem
2.4]. nimportant class of operators of ato type is given by the class of all semi-
Fredholm operators, see  est [29]. Furthermore, ta ing 0 and X, we
see that every uasi-nilpotent operator is of ato type.

In the se uel by we shall denote the annihilator of the subset X;
and by the pre annihilator of the subset X .
EO E 1. . ora ounded operatorT € L(X) here X isa ana h spa e
the ollo ing © pli ations hold
i oldo T) losed odo T) (M T) losed o(Mo
T) M T) O T has at Ao
i X M 1) M 1) T has at Ao
oreover i Mg T is o ato type then all these i pli ations are e uiva
len es
700 ithout loss of generality, we may consider Ay 0.

(i) ssume that (7)) is closed and let T' denote the restriction of T' to the
Banach space ¢(T"). Obviously, o(T) o(T), so that T'is uasi-nilpotent and
hence (7)) 0 . It is easy to see that o(T) (1) (T'). This shows
the rst implication. The second implication of (i) is an immediate conse uence of
Theorem 1.5. Indeed, we have

er ()\0 T) X ( ) 0()\0 T) ()\0 T)
so, if the last intersection is 0 , then T has the at Ao, by Theorem 1.2.
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(ii) From [17, roposition 1.8] we now that o(7T) (T' ) and hence
(T) o) . ealsohave oT ) (T) . Indeed, let € (T ) and
consider an arbitrary element € (7). ccording to the de nition of (7)),

there is a se uence ( ) X, and a 0, such that ¢ , T and
for every € N. learly, T for every € N. onse uently,
() T ) @ ) ) T T
and hence ()~ T ~ for every € N. The last term converges to 0 as
,since € (T ), and from this it follows that ( ) 0,ie. € (T) .
Finally, if X o(T) (T') then 0 o(T) (1) o(T) T),
thus, by part (i), 7' has the at 0.

For the last assertion see Theorem 2.6 of [3]. m

n example, given in [5], of a bilateral right shift T' de ned in the ilbert space
L (), where () is asuitable weight se uence, shows that the at
a point A\ does not, in general, implies that ¢(Ao T M T) 0.

Iso the niteness of the ascent and the descent has important conse uences

on the . In fact we have the following implications.

EO E 1. . ora ounded operator T on a ana h spa e X the ollo ing
i pli ations hold
@H A 1 D T T) (X)) 0 T has at A
@ (A 1 X A T) A T) (X) T has at A

oreover 1 Mg T is o ato type then all these i pli ations are e wiva
len es

roo . (i) There is no loss of generality in assuming A 0.

Let (T) . Then (T) er T and hence, by [14, roposition
381, () T (X) 0.FromT (X) T (X)weobtainthat (T
T (X) 0 . The second implication is a conse uence of Theorem 1.2, since,
from the inclusions (4), we obtain that

erT X () T T (X) 0

(ii) lso here we may assume that A 0. Let (1) . Then
T (X) TX)and X T (X) e T forevery €N, by[l4, roposition
38.2]. From this it easily follows that X () T (X),sothe rstimplication

of (ii) is proved.
In order to show the second implication of (ii), we rst note that, if X
(T T (X), then (T T (X) 0 . Now, let us consider an
element € erT X (). learly,
€ erT er (T) er (T ) T (X) T (X)
for every € N and therefore €T (X) . On the other hand, from ()
we obtain, by Theorem 1.5, that

e ) T)KX) T)X) (eT)
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for every € N. From this it follows that € (T) and therefore €
(1) T (X) , which implies that 0. gain, from Theorem 1.2 we
conclude that T' has the at 0.

For a proof of the last assertion see orollary 2.7 of [2]. m

ence each one of the two conditions (A9 T or o(A¢ T) closed
implies the at Agp. The next two examples show that in general these two
conditions are independent.

ELl .LetT (N) (N) be de ned by

T 5 — where ( )

It is easily seen that T ——, from which it follows that 7" is uasi-nilpotent
and therefore (7)) (N). Obviously, (T)

El.1 . In[3]it has been given an example of a direct sum of unilateral
weighted shifts for which (7)) 0 and ((7T) is not closed. The following simpler
example is ta en from [10]. Let 1 be given and denote by ()

a bounded se uence of positive real numbers. Let us consider the corresponding
weighted unilateral right shift 7 on  (N), de ned by

T for all () e (N

where () stands for the canonical basis of (N). This operator has , since
T has no eigenvalues and hence (A T) Oforall A e C.

routine calculation shows that the norm of 7' is given by

T sup( ... ) forall €N

uppose now that () is de ned by
0 if is as uareof an integer
1  otherwise

It is easily seen that T 1 for all €N, so that T is not uasi-nilpotent.
This excludes that o(T') is closed, see next Theorem 2.7. It is easy to see that
(T) 0 . Therefore, this example shows that the implication ¢(7T) closed
(T) ofT) 0, noted in Theorem 1.7, cannot in general be reversed.

From Theorem 1.8 it follows that the nite as ent property for an operator
T € L(X) de ned as

a7 for every A € C
implies that T has . There are many examples of operators for which the
condition (A T holds for every A € C. For instance, every multiplier of a

semi-prime Banach algebra veri es this property, see [16, p. 406], and in particular
every convolution operator on a group algebra L ( ), where is a locally compact

belian group. Other examples of operators of this type are the generali ed scalar
operators, see [28], as well as several other classes of operators studied in [15]. s
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noted by Barnes [10], a class of operators which have this ascent property is given
by the class (X) of all bounded operators on a Banach space X which satisfy
a polyno ial gro th ondition, where T € L(X) is said to satisfy a polynomial

growth condition, if there exists a 0, a 0 for which
exp( AT) (I X )forall A€
The nite des ent property for an operator T' € L(X) is de ned as
A for every A € C

This property is obviously satis ed by every operator for which every spectral point
is a pole of the resolvent.

EO E 1.11. etT € L(X) here X isa ana h spae hen T has
the mnite des ent property pre isely hen (T) is nite set o poles o the resolvent
(AT)

roo  learly, if (T) is nite set of poles of (A T) then (A T)

for every A € C.  onversely, suppose that (A T) for all A € C. Then
(G foral A€ (T), (T) the boundary of (7). ince T ha

at every A €  (T) then the condition (A T entails that every A € (T

isapoleof (A T),see orollary1of [25]. learly, this implies that (T") (1),

so that the spectrum (T') is a nite set of polesof (A T). m
Therefore, the nite descent property implies that both T"and T' have
(actually we have more, T' is decomposable since it has nite spectrum). It should
be noted that the proof of Theorem 1.11 shows that the nite descent property is
e uivalent to the apparently wea er condition (A T forall A e (7).
Theorem 1.7 suggests in a very natural way the following concept, introduced
in [3]

DEFINITION 1.1 . bounded operator T € L(X), X a Banach space, is said
to have property ( ) if o(A  T) is closed for every A € C.

learly, every uasi-nilpotent operator has property ( ), since o(A T
0 forallA\ Oand o(T) X. ore generally,

(T) nite T has property ( ) (6)

Indeed, if A € (T) is isolated then o(A  T) coincides with the range of the

spectral projection associated with the singleton set A , see [14, roposition 49.1].
In particular, the implication

T has nite descent property T has property () (7

holds. ince every multiplier of a semi-simple Banach algebra has property ( ), see

Theorem 1.8 of [3], we see that any multiplier with a non- nite spectrum provides

an example of operator which has property ( ), but not satis es the nite descent

property.
ecall that a bounded operator T € L(X), X a Banach space, is said to have
un ord s property , shortly property (), if the analytic subspace X ( ) is
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closed for every closed subset C. Tt should be noted that property ( ) implies
property (), see [16, roposition 1.2.19] and it turns out, by part (ii) of Theorem
1.2, that property ( ) implies that T has

n obvious conse uence of part (ii) of Theorem 1.5 is that if 7' has property
( )then oA T) X ( A)isclosed for every A € C, so that the following
implications hold

T has property ( ) T has property ( ) T has . (8)
Note that neither of the implications (8) may be reversed in general. rst
counter-example, of an operator which has but not property () is given by

the operator T' de ned in xample 1.10, see also next Theorem 2.7. n example
of an operator which shows that the rst implication is not reversed in general,
may be found among the convolution operators T of group algebras L ( ), since
these operators have property (), see [3], while may have not property ( ), see
Theorem 4.11.8 and Theorem 4.1.12 of [16].

. An a stra t shit ondition

In this section we shall consider operators T € L(X) on a Banach space X
for which T (X) 0 . This condition may be viewed, in a certain sense, as
an abstract shift condition, since it is satis ed by every weighted right shift 7' on

(N). learly, the condition T' (X) 0 entails that T' is non-surjective and
hence 0 € (T). oreover, this condition also implies that (T') 0 ,since (T)
is a subset of T' (X)), but the uasi-nilpotent olterra operator on the Banach
space X [0 1], de ned by

C )0) ()d forall € [01]and €0 1]
0

shows that, in general, the converse is not true. Indeed, is uasi-nilpotent and
hence ( ) 0, while

(X) € [0 1] (0) 0 €
thus (X) is not closed and, conse uently, strictly larger than () 0.

It is easily seen that the condition T (X) 0 has some other important
conse uences, for instance
T (X) O (A T) Oforallx O
and
A T forallAe (T) O 9)
Indeed, er (A T) 0 forall0 AeC,since ec (A T) T (X)forall
A 0. This implies that (A T forall A € (T) 0 otherwise, if were
G ,then (A T) (A T) 0 and hence A € (T), which is
impossible.

For an operator T' € L(X), let
(T) inf T € X and 1
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be the lo er ound of T and de ne
(T) lim (T) sup (T )

learly, if (T) is the spectral radius of T € L(X) then (T)  (T). In the se uel
by D(0 (T")) we shall denote the closed disc centered at 0 and radius (7).

E0O E 1. T (X) 0 then T has oreover the ollo ing
state ents hold

(i) () is onne ted and
DO (T)) () forall0 €X (10)

i) oA T) 0 orallAX 0 onse uently T has property () i
and only i o(T) is losed

(i) (T) O then T has property ( )

iv) (IO (T) then T has property ( )

700 . The may be proved in several ways, for instance from Theorem
1.2, since er (A T G 0 for every A € C.  oreover, the local
spectrum () is connected, by Theorem 1 of [26]. The proof of the inclusion (10)
is proved in [16, Theorem 1.6.3]. To show the statement (ii) observe rst that the
for T implies, by part (i) of Theorem 1.5, that

oA 1) eX () A forall A e C

Now, let A 0 and suppose that there is 0 € oA T). inceT has ,
by part (ii) of Theorem 1.2, we obtain that () ,s0 that () A, which
is impossible since 0 € (), by part (i). Therefore o\ T) 0 for all
A 0.

To prove (iii) it su ces to prove, by part (ii), that o(7) 0 . ince,
o(T) €eX () o0
from the inclusion (10) we infer that the condition (7') 0 entails that each 0
cannot belong to  o(T'). Therefore, o(T) 0 .

The assertion (iv) has been proved in roposition 1.6.5 of [16]. e give the
simple proof for sa e of completeness. uppose now that (T) (T). Then
D(0 (7)) is contained in () for all non- ero € X, and hence

() D (1)) (T) for all non- ero € X
This implies that X ( ) X for every closed set  which contains D(0 (7)),
while X () 0 otherwise. m

Let (T) denote the eyl spe tru ,i.e.the complement of the set of all A € C
for which A T is a Fredholm operator with index ind T (T) (T) o.
The ro der spe tru (T) is de ned as the complement of all A € C for which
A Te (X)and (N 1) \ 1 . Note that (7)) (T) and
this inclusion is in general proper.
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EO E .. etT e LX) X an in nite di ensional ana h spa e and
suppose that T (X) 0 hen (T) is onne ted and
(T) ™ (@) (11)

roo By roposition 1.3.2 of [16] we have, since T has

(T) (T) ()

?

where  (T') denotes the surjectivity spectrum of 7. ince the local spectra ()
are connected then (T') is connected. The e uality (11) has been established in
[26]. e give here a simpler proof.

By orollary 2.8 of [7], we have (T (T), since T has . e show
that (T (T'). The inclusion (T (T) holds for all T € L(X), so it
remains to establish that (T) (T'). Observe that, if the spectral point A € C
is not isolated in (T'), then A € (7).

uppose rst that T is uasi-nilpotent. Then (T') () 0 ,since (T
is non-empty whenever X is in nite-dimensional. uppose that T is not uasi-
nilpotent and let 0 A € (T). ince (T) is connected and 0 € (T), then
neither 0 or \ are isolated points in (T'). ence (T (T).m

Let  (T) denote the ato type resolvent of T', de ned as
(T AeC X Tisof atotype

The set  (T) is an open subset of C, see [4], so it may be decomposed in maximal
connected open components.

The following two results generali e Theorem 2 of chmoeger [26].

EO E . . uppose that T € L(X) here X isa ana h spae iso
ato type et  denote the onne ted o ponent o (T) hih ontains 0
henT (X) 0 i andonlyi (T) and

() forall € erT (12)

urther ore ¢ T (X) 0 then T has property ( )
roo  uppose that T (X) 0 . ince T has then (7)) , by
Theorem 1.8, and (T er T , by orollary 2.7 of [3]. The of T also
ensures, by Theorem 1.7, that o(A T)isclosed forall A € . ince the mapping

PYS oA T) (A T) oA T) (A T

is constant on , see [20] or [8], we then have
er T of)  (T)  ox T) (A 1T)

for all A € . Now, by part (iii) of Theorem 2.1, oA T) 0 forallA 0
and hence

er T COS) €eX xe ()
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for all A € 0 . Thus, for € erT we obtain 0 ( ) and, by part

(ii) of Theorem 2.1, 0 € () for all 0. This implies that () for all
€ erT .

onversely, assume that (1) and ()forall € erT.

The condition (T entails that T has at 0 and, by Theorem

1.8, Ty T (X) 0 . ssume that there exists 0 €T (X). Then

€ (T) e T ,thus0€ (). On the other hand, since T (X) (1),
see Theorem 2.4 of [2], then € (T), so that 0 € (), by Theorem 1.5; a
contradiction. Therefore, T (X) 0.

To show the last assertion, observe that o(A 7T) 0 forall A 0, while
the , by Theorem 1.7, implies that also (7T) is closed. m

It should be noted that the previous result extends, in a sense, Theorem 2.1.
In fact, if (T') denotes the approzi ate point spe tru of T, then

(ry XxeC (IT) X (1)
see roposition 1.6.2 of [16]. Therefore the condition (7') 0 entails that T is
bounded below and hence is of ato type.

EO E . . wuppose that T € L(X) is 0  ato type and T (X) 0
T is not wuasi nilpotent then T does not have the oreover T 1is not
de 0o posa le

700 e now that (Ao 7)) forall0 X € (T). Indeed, if for

some N\ € (T) 0 we have (X T) . Let be the component of

(T") containing 0. ince (7') is connected and T is not uasi-nilpotent, then

(@™ 0) . Let € ((T) 0). ince T is of ato type,

the condition ( T) entails that T does not have the at , see
Theorem 2.9 of [3].

The last assertion is clear, since the decomposability of T implies that T is
decomposable and hence has , by Theorem 2.5.19 of [16]. m

The previous results apply to isometries, since (T) (T 1 for every
isometry T' € L(X). Note that for every isometry  (T') is contained in the unit
circle, so that A T is bounded below and hence upper semi-Fredholm for every
A 1, see roposition 1.6.2 of [16]. ence every isometry T has property ( ),
by Theorem 2.1 (actually we have much more, T has property ( ), by roposition
1.6.7 of [16]). In the case that an isometry 7' is non-invertible, for instance in the
case that T' (X)) 0 , the spectrum is the entire closed unit disc, while (1)
is the unit circle. Furthermore, by orollary 2.9 of [7], we have (7)) (T).

nisometry T € L(X) for which the condition T (X) 0 issatis ed issaid
tobease ishit. roposition 1.6.8 of [16] shows that T is a semi-shift if and only if
T has at lo al spe tra,i.e. the e uality () (T") holds for every 0, see also
[23]. xamples of semi-shifts are the unilateral right shift operators of arbitrary
multiplicity on  (N), as well as every right translation operator on L ([0 )), see
ection 1.6 of [16]. From Theorem 2.4 it follows that every semi-shift operator is
not decomposable.
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The following result has been established in [21]. e give an alternative proof.

EO E . . (T) 0 the ollo ing assertions are e uivalent
(i) T is de 0 posa le (ii) T has property ()
(iii) T is wasi nilpotent (iv) 0 is an isolated point o (T)
v) AW 1) orallXx 0
roo  learly (i) (ii). To establish the implication (ii) (iii), we show
rst that the surjectivity spectrum (T)is 0 . uppose that A 0 and choose
0 such the closed disc D(A ) does not contains 0. Let (0 2) and
C D(0 ), where (0 2) is the open disc centered at 0 and radius 2 .
learly, is an open cover of C, so, ta ing into account that 7" has , the

property () implies that X X (D0 )) X (C D(0 )). From the inclusion
C DO )) C 0 weinfer
X (C DO )) X (C 0) Ty ©
so that X X (D(0 )). On the other hand, by roposition 1.2.16 of [16], we
now that
( T)(X (DO )) X (DO )) forall
thus A € (T). ence, (T) 0 . On the other hand the point spectrum
(T) is contained in 0 , so that (7)) (T) Ty 0.
learly, (iii) (i), so the statements (i), (ii) and (iil) are e uivalent. Obvi-
ously, (iii) (iv). e prove that (iv) (iii). uppose 0 isolated in (T"). Then
(1) er and o(7) (X), where is the spectral projection associated
with the spectral set 0 . From (7)) 0 we deduce that o(7T) X,soT is
uasi-nilpotent. It is evident that (iii) (v). To show the opposite implication,

assume that T is not uasi-nilpotent. Then (A T) forall0 Xe (1),
by (9), so the proof is complete. m

It is easy to see that, if T (X) 0 ,then

T has the nite descent condition T is nilpotent
In fact, if (T) ,then T (X) T (X) 0 , while the converse is
obvious.
E . . In[16, p.89] an example is given of a right shift 7"on (N)

such that T has property ( ), but not property ( ). Therefore, T also provides an
example of a shift which has property ( ), but not uasi-nilpotent.

owever, the following result, established in [10], shows that the property ( )
for a right shift 7" is e uivalent to be T' uasi-nilpotent in some special case.

EO E . . uppose that in nitely any eights are ero  hen or
the orresponding right shit T on (N) 1 the ollo ing state ents are
e uivalent
(i) T is wasi nilpotent (ii) T is de 0o posa le

(iii) T has property () (iv) T has property ()
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(v) T has property ( ) (vi) T has property ( )
(vii) o(T) is losed

roo The e uivalences (i) (ii) (iii) have been proved in Theorem
2.5. The implications (ii) (iv) (v) (vi) are satis ed by every bounded
operator.

(vi) (i) uppose that o(7T) is closed. ince T forall €N,
if Othen € eT o(T). uppose that 0 and let be the smallest
integer such that 0. It is easy to chec that

T 0
so € eT o(T). This shows that o(T") (N) and hence T is uasi-
nilpotent. Therefore (vi) (i). ince the e uivalence (vi) (vii) has been

proved in part (ii) of Theorem 2.1, the proof is complete. m

e conclude this paper by mentioning a characteri ation of property ( ),
established by Bourhim [10, roposition 4.5], in the case that the weighted right
shift T is injective. It is easily seen that, if () is the weight se uence, then T
is injective if and only if none of the weights is ero; so that Theorem 2.7 does
not apply to this case.

EO E . . uppose that the right shit operator T on (N) or so e
1 is in e tive  hen the ollo ing state ents are e uivalent
(i) T has property ()
(ii) ither T is wuasi nilpotent or (T) lim sup( ) 0O m

Observe that the uantity (T') for a right shift operator T' with weight ()
may be computed as

(T) lim inf( )

and (7)) (T, so, to prove the preceding theorem, we cannot apply the result
from Theorem 2.1.
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