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WEYL’S THEOREM FOR A GENERALIZED DERIVATION
AND AN ELEMENTARY OPERATOR

B. P. Duggal

Abstract. For a,b € B(H), B(H) the algebra of operators on a complex infinite dimensional
Hilbert space H, the generalized derivation d., € B(B(H)) and the elementary operator Aas €
B(B(H)) are defined by das(z) = az — zb and Aup(z) = axb — z. Let dap = dap or Agp. It is
proved that if a,b* are hyponormal, then f(d.s) satisfies (generalized) Weyl’s theorem for each
function f analytic on a neighbourhood of o(das ).

1. Introduction

Let B(H) denote the algebra of operators (i.e., bounded linear transforma-
tions) on a complex infinite dimensional Hilbert space H. For a,b € B(H), let
0ap: B(H) — B(H) and Ag: B(H) — B(H) denotes the generalized derivation
0ap(x) = ax — xb and the elementary operator Agup(z) = axb — x. Let dgp = d4p O
NAgp- The following implications hold for a general bounded linear operator ¢ on a
normed linear space V, in particular for ¢ = dg;:

t10) Lt(V) =t 10)nclt(V) = {0}
= t710)Nt(V) = {0} <> asc(t) < 1

[6, page 25]. Here asc(t) denotes the ascent of ¢, clt(V) denote the closure of the
range of ¢t and t~1(0) L ¢(V) denotes that the kernel of ¢ is orthogonal to the range
of t in the sense of G. Birkhoff. Recall that if M, N are linear subspaces of a normed
linear space V', then M L N in the sense of Birkhoff if |m|| < ||m+n/|| for allm € M
and n € N. This concept of orthogonality is not symmetric, i.e., M L N does not
imply N L M, but the concept does agree with the usual concept of orthogonality in
the case in which V' = H. The range-kernel orthogonality of d,; has been considered
by a number of authors (see [1,6,10,15,22,23] for further references). A sufficient
condition guaranteeing d;, (0) L dg5(B(H)) is that d;, (0) C ;.. (0) [10, Theorem
(i)]. The class of operators a,b* € B(H) such that d, (0) C d_.}. (0) is large, and
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includes in particular the class of hyponormal a and b* [ ,20]. f a,b* € B(H) are
hyponormal, then (dgy — )~1(0) C (dg+p= — )~1(0) and asc(dgy — ) < 1 for all
complex numbers . This implies that d,; has the single- alued extension property
and hence satisfies Browder s theorem [8].

A detailed study of the spectral properties of the operator d,; has been carried
out in a series of papers by L. A. Fialkow (of which [14] is an earlier sample). ur
aim here is a modest one. e show that if a,b* € B(H) are hyponormal, and is a
function which is analytic on a neighbourhood of the spectrum of d,;, then (d,)
satisfies eyl s theorem. ndeed moreistrue: (d,;) satisfies the generali ed eyls
theorem. roblems of this type seem not to ha e pre iously been considered.

The plan of this paper is as follows. e use the remainder of this section
to introduce some of our notation and terminology. (Any additional notation or
terminology will be introduced as and when re uired.) ection 2 will be de oted
to pro ing some complementary results, amongst them that du, a,b* € B(H)
hyponormal, is isoloid and that the range of do; — is closed for each isolated point

of the spectrum of d,;. e shall pro e eyl s theorems for d,; in ection 3.

e shall denote the spectrum, the point spectrum and the set of isolated points
of the spectrum of a Banach space operator t € B(V) by (¢), (¢t) and s (t),
respecti ely. The range, the kernel and the restriction to an in ariant subspace M
of ¢ will be denoted by #(V) (or, an(t)), t~(0) (or, kert) and ¢t , respecti ely.
The operator t is a asi a nity if it is in ecti e and has dense range, and ¢ is
said to be isoloid if there is implication € s () = € (t). Recall that
the ascent asc(t) of an operator ¢ is the smallest non-negati e integer n such that
t= (0)=t—  1(0).
Let V be a (complex) Banach space, and let  be an open subset of the complex
plane . Let ( ,V) denote the Frechet space of V- alued analytic functions from
. The operator t € B(V) is said to satisfy s op s condition ( ) if, for each open
subset of , the operatort gienby (¢t )( ):=(t— ) ()isinecti e and
has dense rangein ( ,V)foreach € ( ,V)andall € . Fora closed subset
of ,let V( ) denote the analytic spectral manifold

V()={ €eV:(t— ) ()= has an analytic solution : -V}

The spaces V ( ) are t-in ariant (generally, non-closed) manifolds of V. f, for
e ery closed C , V( ) is closed, then ¢ is said to satisfy  n ord s property
( ). ondition ( ) implies property ( ), which in turn implies that the operator ¢
isin ecti e for e ery open C . This last property is the single val ed e tension
property, shortened henceforth to . (Thus t has if, for e ery € V,
(t— ) ()= hasauni uesolution : —Von C .) e shall denote the
set of natural numbers by N.

A Banach space operator ¢t € B(V) is said to be red olm if t(V) is closed,
and both t=1(0) and V' clt(V) are finite dimensional. The red olm inde nd(t)
of t is defined by nd(t) =d m(t=1(0)) —d m(V t(V)). The operator t is eyl if
it is Fredholm of index 0, and it is 70 der if it is Fredholm and both asc(t) and
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dsc(t) are finite [11]. The (Fredholm) essential spectr m  (t), the eyl spectr m
(t) and the ro der spectr m (t) of t are defined by

t)={ € :t— isnot Fredholm},
t)={ € :t— isnot eyl},
»(t) ={ € :t— isnot Browder}

idently, (t) C (¢) C () € (t) acc (t). n general, the spectral
mapping theorem holds for 4(¢) but fails for  (¢) [12,13]. Let (¢) denote the
set of iesz points of t,andlet ()={ € s (t):0 dm(E— )71(0) }.
Then s (i) @t = s (¥ t)y = () € (t). e say that t satisfies
eyl s t eorem (resp., ro der st eorem) if

@ @)= () (resp,, (1) (&)= (2)

o 1 ntar r ult

e pro e in this section that if a,b* € B(H) are hyponormal, then d,; is
isoloid and an(d,, — ) is closed for each €  (d,p). But we start by working
towards pro ing that d,; has . Throughout the following, we write ¢ —
for the operator t — . The operators of left multiplication by a and right
multiplication by b shall be denoted by , and 4, respecti ely.

et a,b € B(H) e normal t ere e ists a asi a nity
z € AL 0) tenb is inverti le and z € (5;,)1 (0)

roo  The operators a and b being normal, it follows from an application
of the utnam-Fuglede theorem for normal operators that A, (0) = AL, (0)
[, orollary 3]. Let the uasiaffinity z € A_,'(0) ha e the polar decomposition
z= 1z (where is unitary). ince Agp(z) =0 = Agep= (), it follows from

bz =bz"(axb) = (bx*a)zb= z b

that = ,andsoalso z , € §,,'(0). Hence, since Agp(z) = Agp( ) =Lgp( )z =
0, €A,,(0). Let € H. Then

Dap( ) =0= Ta b = = =1 "a b [[<lallllo I,

i.e., b is bounded below. t is clear from Ay« (z) = a*zb* — z = 0 that b* is
in ecti e. Hence b is in ertible and = € 5;,71 (0). m

The following lemma is pro ed in [20] for the case in which d = ¢ for the case
in which d = A a proof follows from the argument of the proof of [ , Lemma 4].

a,b € B(H) are normal t en d_, (0) = d;bl (0)

The ascent of the operator d,; (indeed, any operator) e uals 0 if and only if dgp
is in ecti e, and then {0} = d_,'(0) C d,.}. (0) tri ially. The following proposition
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says that non-in ecti e dyp — satisfying (dgy — )~'(0) C (dg=p- — )~'(0) ha e
ascent one.
a,b€ B(H) and € ares c t at(deyp— )71(0)C
(da*b* - _)71(0) ten (lSC(dab - ) <1
T00 e consider the cases d,p = 45 and dyp = Agp separately.
ase dap = 6y Let 2 € (8ap — )~ '(0). Then the hypothesis (6,5 — )~ '(0) C
(6asp» — )71 (0) = az —2(b+ )=0=a*z—z(b* + ) = ~anz reduces a and
z reduces b+ . incex € (65— )71(0) = az and z(b+ ) € (d— )71(0),

a*ax = ax(b+ )* =aa*z

and
zb+ )b+ )=a"z(b+ )=zb+ )b+ )*
Hence ay =a—5—and by = (b+ ) are normal operators.
uppose now that € (6gp — )~ (0). et (bgp— ) =z, let zq : T —
~anx be the uasi-affinity defined by setting z; = x for each € H and let
: z x — ~anz ~anz ha e the matrix representation =] ] .

Then 0 = dap(x) =0 » (x1) 0=26,, ( 11) 0. The operators a; and b; being
normal, it follows from Lemma (2.2) that d, 5 ( 11) =0. Hencez =64 5 ( 11) 0=
0= (0ap— )()=0=asc(dsp — ) < 1.

ase dgp = Agp The proof is split into the cases = —1and = —1.

f =—1,then €(Ap— )~ (0)=abe(Awp— )"0)= a b =
0. fboth a and b* areinecti e, then = 0 (and we are done). f only one of
a and b* isinecti e,say a,then b* =0. Letting b* =0 b ,b in ertible,
and =] ] ; it then follows that ; = = 0. Hence b* = 0, which
implies that a b* = 0= a b= 0. Finally, if both a and b* are not in ecti e,
then upon letting @ =0 a, b* =0 b and =] ] ; it follows that

=0= a b* =0=a b=0. n either case asc(Ny — ) <1.

f = —1, then Ay — = (1 + )A » and (Aab - )71(0) - (Aa*b* -
)7H(0) <= A7(0) € AL (0), where we ha e set 72-a = c. Let z € A7'(0).
Then cxb — x = 0 = ¢*x2b* — x = ~anz reduces ¢, z reduces b and b
is in ertible (see the proof of Lemma 2.1). b iously, z € A7'(0) = cz and
zb e AH0). ince AH0) C A7L.(0),

A *p* (C.'L') =0=cA *p* (.Z') and A * ¥ (.’L'b) =0=A *p* (.’,E)b,

which implies that ¢; =c—w—and by = b are normal operators. Assume now
that € A7 (0). et Ay( ) ==z, let x x — ~anxz “ant hae
the matrix representation =[ ] ,, and define the uasi-affinity z; : x —

anz as abo e. Then
0=A4x)=A 4 (#1) 0=A , (1) O

The operators ¢; and b; being normal, it follows (from an application of Lemma
(2.2))thatA b ( 11)20. Hencexz = A ( 11) 0:0:>(Aab_ )( )=0=>
asc(Dgp— ) <1.m
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ft € B(H) is hyponormal, then so are the operators ¢ and ¢t + for e ery
€ . ince the inclusion d_;'(0) C d,.;.(0) holds for hyponormal a,b* € B(H)
[ ,20], it follows that

(6= VO =675 O SO, (0) = (Barpr = )TN(O)
Again, if = —1, then

(A= )0 =( o +=1)7(0)

N

and if = —1, then
(Bap = ) HO)=( 0 5) 'O C( ar v) H0) = (Dgmpr — ) H(0)

a,b* € B(H) are yponormal t en asc(dgy — ) <1 or

all € n partic lar du,p as
ro0  ince (dgy — )71(0) C (dg+p — )~'(0) for all € , roposition 2.3
applies. The finite ascent property of (dy; — ) implies [17]. m

(i) The asymmetric hypotheses on a and b in orollary 2.4
are not surprising for the record the corollary fails if ¢ and b are hyponormal
(e en, subnormal). pecifically, take to be the (forward) unilateral shift and let

z= 1_0 * 8 (on H H). hoosea=>b= 0 in the case in which d = §

,and a = and b= ( + ) O0in the casein which d = A. Then z € d;; (0),
but z € d;.}. (0).

(ii) ore is true in orollary 2.4 in the case in which d = 4. The hypothesis
a,b* € B(H) are hyponormal implies that a, b* satisfy Bishop s condition ( ) [17].
Hence d,p satisfies condition ( ) [17, Theorem 3.6.10, page 277] (which implies
that d4p has ). enoting B(H) by V and d4 by ¢, this implies that ()
is closed for all closed sets C ifand onlyif ( )=V ( )[17, roposition
1.4.13], where the algebraic spectral subspace ( ) is the largest subspace of V
on which all restrictions of t — , € , are sur ecti e. (e note here that

()=n (t — ) for all subsets of , because of the finite ascent
property of t.)
(i) oes Agp, a and b* € B(H) hyponormal, satisfy condition ( )

For the remainder of this section we assume that a,b* € B(H) are hyponormal.

(dap — ) as closed range or eac € s (dgp)

roo Before proceeding with the proof proper let us recall that if ¢ € B(H)
is hyponormal, then: (i) ¢ — is hyponormal (ii) ¢ uasi-nilpotent implies ¢ = 0
(iii) the isolated points of (¢) are poles of order one of the resol ent of ¢ and
(i ) the eigen alues of t are normal eigen alues. Let € s (dgp).

e case dgp = Ny e di ide the proof into the cases = —1and = —1.
Let 4= 4 b £ =-1,then0€ s ( a). ince ( )= { (a): €
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(b)} (this well known fact follows from [11, Theorem 3.2]), we must ha e that
either 0 € s (b)or 0 € s (a). wuppose that 0 € s (b). (The other case is
similarly dealt with.) Then O can not be a limit point of (a). For if 0 is a limit
point of (a), then there exists a se uence { } € (a) suchthat —0€ (a).

hoosing a non- ero € (b) we then ha e ase uence { } € ( 4) such that

— 0, which contradicts the fact that 0 € s ( 4). ( e remark here that
such a choice of is always possible, for if not then (b) = {0} and b is the ero
operator.) The conclusion that 0 can not be a limit point of (a) implies that either
0€e (a)or0€ s (a). f0 € (a), then a is in ertible and an( 4 ) is closed
whene er an( ;) is closed. oticethat 0 € s (b)) =0€ s (b*). inced*is
hyponormal, (b*) reduces b and b =0 b with respect to the decomposition
H = ) (b*) = Hy H ,say, of H. learly, the operator b =b is
in ertible. Letx : Hy H — H; H ha ethe matrix representationz = [z | .
Then 4(z) = 8 il Z . The operator b being in ertible,  is in ertible,
and hence an( ) (and so also an( 4)) is closed. owlet 0 € s (a). Then
a=0 a with respect to the decomposition H =  (a) (¢) =H, H,
say, of H, where the operator a =a  isin ertible. Let c: Hy, H — H, H
ha e the matrix representation z = [z | ;. Then 4(z) = 8 a mO p - The
operator , p being in ertible, an( ., ) (and so also an( 4)) is closed. This
lea es us with the case = —1, which we consider next.

f = -1,then (Agp— )(z) = azb—(1+ )z, and it follows from [11, Theorem
3.2] that
(Bap— )= { (-(0+ )+ a): € ()}

f € s (D), then0€ s (Agp— ). There exists a finite set { 1, ,..., }

of distinct non- ero alues of € s (b), and corresponding to these alues of

a finite set { 1, ,..., } of distinct non- ero alues € s (a) such that
=14 foralll < <mn. Let

H, = 1 (b— )", H = L (a— ), H =H H, and H =H H,

Then a and b ha e the direct sum decompositions a = a; a and b=0b; b,
where a; = a and by = b  are normal operators with finite spectrum, b; is
in ertible, a =a ,b =b ,and (a)N (@)= = (G)N (b). Let
z:Hy H — H, H ha e the matrix representation x =[x ] ;. Then

(Aab - )-7711 (Aa b — )-"C1

DNogp— )z = ,

e N N VN
where 0 € (Ayp — )foralll < , < 2such that , = 1. To pro e that
an(Qgp — ) is closed it thus remains to pro e that an(A, — ) is closed.

This follows from [1, (2.4) Theorem], since b in ertible implies (Ay p — )z11 =
(a1z11 —211(1+ )by" )b =6, |, , (z11b1), where the normal operators a

and (14 )b;" ha e finite spectrum.
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e case dgp = 0gp Let € s (0g)- Then 0 € s (6ap — ), where

(bap— )= (a)— (b+ )[11]. Hence (a)N (b+ ) consists of points which are

isolated in both (a) and (b+ ). n particular, (a)N (b+ ) does not contain

any limit points of (a) (b4 ). There exists a finite set ={ 1, ,..., }

of distinct alues such that = (a)N (b+ )andeach ,1< < n,isan
isolated point of both (a) and (b+ ). Let

H= (- ), H= (e ), H=H H ad H =H H,

Then, upon defining the normal operators a; and b; as before and letting = :
Hy H — H, H ha ethe matrix representation x = [z | , it is seen that

(bap — )11 (bas — )21
(5ab_)$1 (6ab_)x ’

a ,b =b and (@)Nn (b + )= foralll < , < 2such
that , =1 (sothat 0 € (ds — ) foralll < , < 2suchthat , =1). That
an(dqp — ) is closed now follows (see the proof abo ). m

(6ab — ).Z' =

As earlier stated, hyponormal operators are isoloid. The following theorem
says that d,p retains this property in the case in which a,b* are hyponormal.

dgp is isoloid

roo f € s (du), then0 € s (dep — ). Let denote the spectral
pro ection of d,; — at 0. Then

0= (B(H))={ze B(H): lim |(dap — ) zl|” =0}

e pro e that
(B(H)) ={z € B(H) : (dop — )z =0}

Let d = §. Then upon arguing as in the proof of Theorem (2.6) it is seen that there
exist decompositions H = Hy, H and H=H, H suchthatz:H; H —
H, H has the representationz = [z ] ; and

Oap = )z =1[0as — )z ] 1,

where ay = a and by = b  are normal operators with finite spectrum, and
where 0 € (0,5 — )foralll1 < , <2suchthat , =1. ince

{as = )z ||} <||(0ar— ) z|| =0

asn —  implies that (0, — ) is uasi-nilpotent for all 1 < | < 2, it follows
that z =0foralll1 < , <2suchthat , =1. onse uently,

(B(H)):{.’L‘:IL'H OEB(H) lim ||(6ab — ) .’1311”_:0}
The operators a; and by + in §, =d, 5 — being normal,

lim ||(6gp — ) zull” (Gap — )z11 =0
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[20, Lemma 2], i.e., if and only if 0 is an eigen alue of , , — . Hence
(B(H))={1'=$11 OEB(H):((SQI,— )1‘11 020}

owletd = A,and let 0 € s (Aw). f = —1, then (it follows from
Theorem 2.6 that)

(Bap— Jz=[(Bas — )z ] 1,
where a; and b; are normal in ertible operators with finite spectrum, and where
0€e (Agp — )forall1< , <2suchthat , =1. onse uently,

(B(H)) ={z =21 0€B(H): lim [[(Ass — ) zull” =0}
The operator b; being in ertible normal,
16,5 = ) zull” =l(Aas = ) z1)by |7 <Ib M I(La s = ) zul” =0
asn — . This implies that
(6,5 — Jzuu=0 (Agp — )z11 =0
and hence that
(B(H))={z==211 0€B(H):(Aep— )z 0)=0}
in the case in which = —1. Arguing similarly it is seen that if = —1, then
(B(H)) = {z = o[ ]eB(H):
(Bap— Jz = o(x) or ap(z)=0} =

t is clear from the proof of Theorem 2.7 that if 0 € s (dgs),
then (B(H)) = d;(0). ince B(H) = (B(H)) —1(0) and ~1(0)
dup(B(H)), it follows from [16, Theorem 3.4] that 0 is a pole of order one of the
resol ent of dyy, and B(H) = d_;' (0)  dup(B(H)).

The descent of the operator t, dsc(t), is the smallest non-negati e integer n
such that an(t ) = an(t '). The operator t is said to be razin inverti le if
there is an operator s and an n € N such that

t st=t ,sts=s and st =ts

t is known that ¢t is ra in in ertible if and only if both asc(t) and dsc(t) are
finite (and this is e ui alent to the existence of a decomposition t =¢  t;, where
t is nilpotent and ¢ is in ertible) [18]. The following theorem relates the ra in
in ertibility of d,; to the finiteness of a subset of (du;). But before that we
recall (once again) from [2, Theorem 3.3] that if s,t € B(H) are normal, then
c(6 (B(H))) 6 %(0)=4§ (B(H)) 6 '(0) = B(H)if and only if the set (s)N (t)
is isolated in (6 ). ince (dgp) = (a) — (b) (and (Aw) = { (=14 a):

€ (b)}),0€ s (6ap) (resp.,, 0 € s (Agp))if and only if the set (a) N (b) is
isolated in  (d,p) (resp., theset { : € (a), € (b), and = 1} is isolated
in (Aw).)
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Oap TESD DNgp s Tazin inverti le 1 and only i t e set
{ (@) (b)} is isolated in (04p) resp t eset{ € (a): ~1 € (b)} is isolated
in (Aab)

700 e pro e the case in which d = ¢ the other case is similarly pro ed. f
dqpis ra inin ertible, then both asc(d.p) and dsc(dqp) are finite.  ince asc(dqp) <
1by orollary (2.4), it follows from [21, Theorem .6.2] that asc(dap) = dsc(dap) <
1 and 84(B(H)) 6,,(0) = B(H). Hence 0 € s (64), which implies that
{ (@) (b)} is isolated in (dgp).

on ersely, { (a) N (b)} isolated in  (dgp) = 0 € s (dap). ( learly, 0 €

(0ap) = ra inin ertibility, tri ially.) By Remark 2.8, 0is a pole of order 1 of d,;
and 6,4(B(H)) 6, (0) = B(H). Hence asc(6,5) = dsc(6qp) < 1 [17, roposition
4.10.6] and d,p is ra in in ertible. m

ote that the ra in in ertibility of d,p implies the existence of a pro ection

and a bi ection ¢ on B(H) such that dsy = ¢=c¢ (see[17, roposition 4.10.7]).

. W I’ T or

The implication eyl st eorem =—> 1o der s t eorem holds, but the re erse
implication is in general false. = Browder s theorem [8], but this im-
plication fails if one replaces Browder s theorem by  eyls theorem [7]. Let
V = B(H) and let (as before) a,b* € B(H) be hyponormal. Then the
of dopy => Browder s theorem holds for dg;. Recall from [7, Theorem 2.5] that
if an operator ¢t on a Banach space has , then t satisfies eyls theorem
< an(t— )isclosed fore ery € (t). Hence, in iew of Theorem (2.6), dup
satisfies eyl s theorem. ore is true.

is analytic on a neig o 1 ood 0 (dg) t en (dgp)
satis es eylst eorem
700 being stable under the functional calculus [17], dyp has =
(dgap) has for each analytic in a neighbourhood of (dsp) = »( (dap)) =
( (dap)) [13]- ince the spectral mapping theorem holds for ;, we ha e

( (dap)) = o( (dap)) = ( b(da)) = ( (dab))

To complete the proof we ha e to show that ( (dap)) = ( (dasp)) ( (dap)):
this follows from Theorem 2.7 and a limit argument applied to [1 , roposition 1].m

Browder s theorem is transmitted to and from dual operators,

but the same does not in general hold for eyl theorem [13]. t is known that if

€ B(H) is hyponormal, then both and * satisfy eyls theorem. A formal

dual of the operator d,; may be defined by dg+p+. 0es dg+p+ satisfy Browder s

theorem  otice that (dg+pr) = (dgp)and € s (dgspr) = € s (dw) =
€ (dep) = € (dg+p+). ince eyls theorem holds for dgp,

(da*b*) (da*b*) = (dab) (dab) = (dab)
oes (dav) = (darp+)
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An operator t € B(V) is said to be gener
alized red olm, or red olm, if there is an n € N for which the induced operator
t :t (V) >t (V) is Fredholm in the usual sense, and generalized eyl, or B-

eyl , if in addition ¢ has index ero. The generali ed eyl spectrum (t) of
t is defined to be the set { € : (t — ) is not generali ed eyl}, and we say
that t satisfies generalized eyl s t eorem (resp., generalized 1o der s t eorem) if

@)= () (t) (resp., t)y= () (), where (@)={ € s (t):

is an eigen alue of t} and (¢) is the set of poles of t. ( ee [3,4,5] for further in-
formation.) The implication ¢ satisfies genarli ed eyls theorem = ¢ satisfies

eyl s theorem holds, but the re erse implication in general fails [5, xample 4.1].

perators dgp, recall a,b* are hyponormal, satisfy generali ed eyl s theorem.

(dap

) = (dap)  (dap) rt ermore i  is analytic on
aneig o1 oodo (dg) te

1 (dqp) satis es generalized eyl s t eorem

roo Let € (dgp) (dap). ince dgp has , it follows upon arguing

as in the proof of [5, Theorem 3.12] and an application of Theorem (2.7) that

€ s (dap) = (dap). on ersely, if € (dgp), then dgp — is Fredholm

of index 0 ( by Theorems (2.6) and (2.7)). Hence d,; satisfies generali ed eyls
theorem.

ow let be as in the statement of the theorem, and let  (dg) = { €
:(dep — ) isnot ra in in ertible } denote the ra in spectrum of dgp. Then
( (dap)) = ( (dap)) [3, orollary 2.4]. Also, since dgp and (dgp) ha e ,
(dap) = (dap) and  ( (dap)) = ( (dap)) [5, Theorem 3.12]. Hence

( (da)= ( (dap) (dap)) = ( (dap))

The isoloid property of (dgp), Theorem 2.7, now implies that

( (dab)): ( (dab)) ( (dab))

[4, Lemma 2. ], and the proof is complete. m
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