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A CLASS OF UNIVALENT FUNCTIONS DEFINED
BY USING HADAMARD PRODUCT

M. K. Aouf, H. M. Hossen and A. Y. Lashin

Abstract. In this paper we introduce the class L* (X, 3) of functions defined by f * S.(z)
z
of f(z) and S. = m
theorems and radii of close-to-convexity, starlikeness and convexity. Also we find integral operators
and some results for Hadamard products of functions in the class L7 (), 8). Finally, in terms of the
operators of fractional calculus, we derive several sharp results depicting the growth and distortion
properties of functions belonging to the class L% (X, 8).

We determine coefficient estimates, closure theorems, distortion

1. Introduction

Let A denote the class of functions of the form
fR)=z4+ > an2" (1.1)
n=2
which are analytic in the open unit disc U = {2 : |#2| < 1}. And let S denote the
subclass of A consisting of analytic and univalent functions f(z) in U.
A function f(z) from S is said to be starlike of order « if and only if

Re{i{ég)}>a (zeU)

for some a, 0 < a < 1. We denote the class of all starlike functions of order «
by S*(«). Further, a function f(z) from S is said to be convex of order « if and

only if

2f"(2)
2 }>a (z€U)
for some a, 0 < @ < 1. And we denote the class of all convex functions of order
a by K(a). We note that f(z) € K(«) if and only if zf'(z) € S*(a). The classes
S*(e) and K (a) were first introduced by Robertson [7], and later were studied by
Schild [9], MacGregor [2] and Pinchuk [6].

Re{1+

AMS Subject Classification: 30 C45

Keywords and phrases: Univalent functions, Hadamard product, fractional calculus.

83



84 M.K. Aouf, H.M. Hossen, A.Y. Lashin

Now, the function

z
Sa(2) = ——— 0< 1
()= oo (0<a<D)
is the well known extremal function for the class S*(a). Setting
1 n
(0 )= = (—2) ( 2
(-1

Sa(2) can be written in the form S, (2) = 2+ > .-, (a )z". Then we can see
that (a ) is a decreasing function in « and satisfies

a<l?2
lim (¢ )= 0 a>12
1 a=1 2

Let f (z) denote the adamard product (convolution) of two functions f(z)
and (z), that is, if f(2) is given by (1.1) and (z)is given by (2) =z+Y . 5 nz",
then

f (R)=z+ ian n2”

n=2

Let  denote the subclass of S consisting of functions of the form
fle)=2— 3 an2" (an, 0) (1.2)
n=2

We say that a function f(z) defined by (1.1) belongs to the class ,( ) if f(z)
satisfies the following condition
(f Sa(2)) }
Re { > 1.3
(F Sa@y +(1- ) ()
forsome a, 0<a <1, ,0< <1, ,0< <landforall zeU.
Further we denote by %( ) the class obtained by taking intersection of the

[e3

class o( ) with ,thatis %( )= o( ) . We note that:

(i) *,(0 )= **( ) (Sarangi and ralegaddi [8] and Al Amiri [1])

(i) *,( ) represents the class of functions f(2) € satisfying the condition

f'(2) }
s i
frz)+(1-)
where0 < <land 0 <1
(ifi) «(0 ) represents the class of functions f(z) €  satisfying the condition

Re{(f Sa(2))'} >

. Coe cient esti ates

f(2) f(2)

Q *
—~
~—r

S (- ) (@ Jan<1- 21)
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Assume that ine uality (2.1) holds and let |2| < 1. Then we have
( Sula) 1= )FT, (@ )

(f Sa(2))+(1- ) 1= 30, (a apz®

(- )¥E, (@ ),

< =
1- En=2 (a )an
!
This shows that the values of (f Sa,(z>) lie in the circle centered at
(f Sa(2))+(1-)
=1 whose radius is 1 — . ence f(z) satisfies condition (1.3).

onversely, assume the function f(z) defined by (1.2) is in the class ().
Then

(f Sa(2)) . 1—22"22 (@ Yanz"
S R Ao S P s el S

1
for z € U. hoose values of z on the real axis so that (f Sal(z))
(f Sa(z))+(1- )

is real. pon clearing the denominator in (2.2) and letting z 1 through real
values, we obtain

1—n§2 (a )an 1-— n§2 (a )an

which gives (2.1). Finally, the result is sharp with the extremal function f(z) given
by

flz)=2- - ) )z” ( 2) = (2.3)
f(z) )
1—
“S AT ) @) ( 2 (2.4)
f(z)
. So e ro erties of the cass *( )
0€a<l 0L < 92<1 0< <1
o) sl )
t follows from Theorem 1 that
Y (1= 2) (@ )<y (1= ) (@ o <1-

for f(2) € %i( ). ence f(z)isin %( o ). m
0o <<l 0 (1 0 <1

al ) ()
aq as
Since (a ) is a decreasing function in «, it follows from Theorem 1
that
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. C osure theore s

We shall prove the following results for the closure of functions in the class

()

flz) =12
Fl)=2— ni; an 2 (an  0) (4.1)
zeU ) (2)
()=2= 3

> (- ) (@ Jan <1- (=12 )
Therefore
> (- )@ )a=% (- ) (@) =Ta
1

== i 1= ) (@ )an <1-

ence by Theorem 1, (2) € %*( ). Thus we have the theorem. m

mploying the techni ues used earlier by Silverman [11], and with the aid of
Theorem 1, we can prove the following

o)

Asaconse uence of Theorem 5, there exist extreme points of the class %( ).

fz) =2
1- n
0<a<l 0 <1 0 <1 f(2) )
fR)=2202 nfa(2) n 00 1)

. Distortion theore s

With the aid of Theorem 1, we may now find bounds of the modulus of f(z)
and f'(z) for f(z) € %( ).
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£() ()
0 <10 <1 0<a<56 |¢<34
1-— 2
s max{o il g S P
PO+ == P

y virtue of Theorem 1, we note that

1—
f(z)| max {O z| — max z ”}
1ol = max e
1—
f(2)| € ]2+ max 2"
FEI< I+ max e I
for z € U. enceit su ces to deduce that
(@ I ) I
! z = z
1= ()
1-2
is a decreasing function of  ( 2). Since (a +1)= _tl-ca (@ ), we
can see that, for |z] =0, (a lz| ) (a |z| +1)if and only if

(@lef )=( +1)( +1-20)= ?z| ©
t is easy to see that (a |z| ) is a decreasing function of « for fixed |z|. onse
uently it follows that

(@l ) G6ll )= 2a-lDh+3( -2 0

for0<a<56,z€eU and 2.

Further, since  (a |z| ) is decreasing in |z| and increasing in , we obtain
that  (a |2] ) > (1 |2] ) (1342)=0for0<a<1l,|z]<34and

2. Thus max,, (a |z| ) is attained at = 2.

Finally, since the functions f,(2) ( 2) defined in Theorem 6 are extreme
points of the class *( ), we can see that the bounds of Theorem 7 are attained

o

by the function f2(z), that is

PO= s et "

f(2) 200

0<a<56 0 <1 0 <1 £(2)
P TC IS Yo

f(z) 20
0< <10< <1 0<a<12 |21 2
1-— , 1—

1_2(1_ )(1—04) |Z|<|f (Z)|<]_+2(1_ )(].—Oé) |z|

t is similar to the proof of Theorem 7. m
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. Radii of c ose to con e it , star i eness and con e it

o) S 0<ax<l2
Naote that the function f(z) defined by (1.2) is in the class S if
Yoo 5 lan] <1 (cf [11]). enceit su ces to prove that (1— ) (o ) 1-—
for0 < a<120< <1,0< <1 and 2 by means of Theorem 1.

Since (a ) (12 )=1for0<a<1 2, wecanseethat, for 0 < a <1 2,
0< <land0< <1,

- ) (@ )--) (1- )-@1-) 0

onversely, if we assume a > 1 2, then lim, o (a ) = 0. Taking the
function f,(z) given by (4.2), we have

1 B n
1-—
for z» = (1_& which is less than one for su ciently large. Thus
fn(z) is not univalent for « > 1 2and = (a)su ciently large. m

y using Theorem 1, we can prove the following

72) ()
0<a<120< <1 0 <1 £(2)
0 <1 |2| <
ot {(1— a-_) (@ >} -
£(2)
72) )
0<ag120< <1 0 <1 £(2) 0 <1)
2] < 2
[ a-)0- ) @)y "
2‘nf{ (- } ¢ 2
£(2)
i) ()
0<ag120< <1 0 <1 £(2) 0 <1)
2l <
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. Inte ra o erators

£(2) ()
> -1 (2)
(5) = — £0) (7.1)

al )
From the representation of (2), it follows that (2) =z—> "0, »2™,

where , = (—)a,. Therefore
Y (A= ) (e )a=3 A=) (@) ——

n=2 n=2
oo

<X (- ) (@ Jan<1=

n=2
since f(z) € %( ). ence by Theorem 1, (z)€ *( ). m

(2) =2=3 0 s an2" (an  0)
) > -1 f(z)

2| < *
o 0= ) @) +DY T
-nl S €2
From (7.1) we have
PEMERICINC IS

n order to obtain the re uired result it su ces to show that |f'(2) — 1] < 1 in
2| < *. Now

F-1= - —— @ <

el
n=2 +]- n "
Thus |f'(2) — 1] < 1if

+1

8

||
N

& +

n=2

ut Theorem 1 confirms that > an <1. ence (7.2) will be

satisfied if ( ) n=2 a 1 _) @)
+ - «
[ — n <
e (2
or if
1= ) (@ )( +1) } "
z| < 2 7.3
e {2 e (2 (73)
The re uired result follows now from (7.3). The result is sharp for the function
f(Z)ZZ— (1_ )( + ) P ( 2) -

(1=) (@ )( +1)
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. Modi ed Hada ard roducts

Let the functions f (z) ( =1 2) be defined by (4.1). The modified adamard
product of f (z) and f2(z) is defined by

foRE) == an anoe”

fR) (=12
() 0<a<l120< <1 0 <1 I fa(z) €
o (@ )
(1-)a- p

41— Pl-ao- (1- )

mploying the techni ue used earlier by Schild and Silverman [10], we
need to find the largest (a ) such that

n=2 1-—
Since Y. ( 1 ) (o )an < 1and Y ( 1 ) (@ )anz < 1, by the
n=2 - n=2 -
auchy Schwar ine uality we have
) 1-—
£ 0= ) @) g
n=2 -

Thus it is su cient to show that

(1_1_) (@ )an n2 < (1_1_) @ ) an anz ( 2)
bt o< =) e 1
thatisthat @, an2 < 1= )= - Notethat —an ans < 1- ) (a )
( 2). onse uently, we need only to prove that
1- 1- )a-)
- ) @osa- - - P
or, e uivalently, that <1-— - (1)2_ (C)%(l )__) SE ( 2). Since
A()=1- a-)a- ) (8.1)

1= )2 (@ )— 1=
is an increasing function of  ( 2),for0<a<120< <landO0<K <1,
letting = 2in (8.1), we obtain

_ (- Ha- )
R T N R B (e

which completes the proof of Theorem 14.
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Finally, by taking the functions f (z) given by
1—

f(z):z—4(1_ )(1—a)z2 (=12) (8.2)
we can see that the result is sharp. m
f(z) ol )
0<a<120< <1 0 <1 fa(2)
) 0<ax<l120< <1 0< <1
fof(z)e 4 (e )
@ )o1- (- )a-)a-)

41— )1- )(l-a)— (1-)(1-)

Proceeding as in the proof of Theorem 14, we get

(1- Ha- Ha-)

< —1- 2) (83

N (B e (T B

Since the function ( ) is an increasing function of 2),for0 < a<1 2,
0< <land0< <1,letting =2in (8.3), we obtain
C o1l (- )= a- )

41- )1- )l-o—- (1- )0-)
which evidently proves Theorem 15.
Finally, the result is best possible for the functions

1- 2 _ 1- 2
f(z):z—4(1_ )(1_a>z and fg(z)—z—4(1_ )(1_a>z m
fQ) (=123
) 0<a<120< <1 0K <1 f 2 f(2)e
ol (@ )
_ 1-)1-)
@ TR e G
1- 2
(=123 To =~ a-a”
From Theorem 14, we have f fa(2) € *( (« )). We use now
Theorem 15, and we get f  fo f(2) € i( (« )), where
o o1l (- )0 )0 )
41- )a- )A-a)- (1-)1-)

L (- )a- )
61— ) (G-aP- (1-)

This completes the proof of orollary 4. m
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fQ) (=12
o ) 0<ag120g <1 0 «1
(2) =2— X (af +ak,)2"

n=2

_ a- -y
R (R E =t
(=12

y virtue of Theorem 1, we obtain

o) 2 o 2
(= @)’ 7 0= ) @),
1-— 1-—
n=2 n=2
and
[e%) 2 [e%S] 2
1- ) (a ) a2, < 1- ) («a )an2 <1
1- 1-—
n=2 n=2
t follows from (8.4) and (8.5) that
[e%s) 1 1_ 2
3 ( 1_) (a ) ai -I-afb2 <1
n=2

. 2(1— )(1— )? .
that is <1-— - 2 @ 2= ) ( 2). Since
( ):1_ 2(1_ )(1_ )

Q

(= 7 (@ )-2 (- p

is an increasing function of  ( 2),for0<a<120g

<land0<
we readily have

_ (- )a-
D (e o (R B (e

and Theorem 15 follows at once. m

. Fractiona ca cu us o erators

The ob ect of this section is to obtain several growth and distortion proper

ties of functions in the class % (

o

calculus (that is, fractional integral and fractional derivative).

<1,

) involving a family of operators of fractional
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First of all, in terms of Gauss hypergeometric function

> =002z cyp €eC =0-1-2..)

where () = denotes the Pochhammer symbol, we recall the definitions

()
of fractional integral operator and the fractional derivative operator
as follows (cf., e.g., [4] and [14], see also [13]).

The fractional integral of order is defined, for a function

f(Z): () (Z—) 2 + - 1_; f() ( >0)

where f(z) is an analytic function in a simply connected region of the z plane
containing the origin, and the multiplicity of (z — ) is removed by re uiring
log(z — ) to be real when z — > 0, provided further that

A= (1) (¢ 0 >maxfo - }-1) (9.1)

The fractional derivative of order is defined, for a function

= 0 <1)

" f(2) (< < +1 €N)

e
where f(z) is constrained, and the multiplicity of (z — ) is removed, as in
efintion 1, and is given by the order estimate (9.1).
t follows from efinitions 1 and 2 that

fy= =) (>0 (9.2)
and
)= flz)  (0< <1) (9:3)
where  f(2) (€ R) is the fractional calculus operator considered by wa [3]
and subse uently by wa and Srivastava [5] and in many other works (cf., e.g., [12]
and [13]). Furthermore, in terms of Gamma functions efinitions 1 and 2 readily
yield

(cf. Srivastava et al. [14])
(+) (= + +1)

z = T~ 1) (+ 7 +1)z ( >0 >max{0 - }-1)
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o (+) (- + 41 L
z = - 1) (- = +1)z (0< <1 >max{0 1-1)

2- +) - -
@G- ) er +)! {1‘2@— @t + - ><1—a>'z'}

< f(2)l <

2- +) (1-)2- +) .
<mmyer 7 e e a)"}%)
(€U >0max{ - - — }<2 ( +)<K3)
- +) (1= )e- +)
e e ) €
<)
- +) (1= )e- +)
<mye " o ><1—a>'z'}9_7)
(z€U0<(<1)max{ - -} <2 (=) 3)
U <1
v ={r o oy R
f(z)=2- 1- 22 (9.8)

First of all, since the function f(z) defined by (1.2) is in the class
(0 ),0<ax<120< <land0< <1, wecan apply Theorem 1 to
deduce that

[es) 1—
an < 9.9
I Sai- -a) ©9)
Next, making use of the assertion 9.4 of Lemma 1, we find from (1.2) that
2-) 2+ + ) 2
zZ) = z Z2)=2z— anz™ 9.10
(%) CI—— f(2) nZ::2() (9.10)

where, for convenience,
(1)n(2 -+ )n
= eN {1 9.11
O= g8 G2 5— (eN (1) (911)
The function () defined by (9.11) can easily be seen to be nonincreasing under
the parametric constraints stated already after (9.6), and thus we have
22- + )
0< < (2)= eN {1 9.12
(< @=goomras (N ) 1)
Now the assertion (9.6) of the theorem follows readily from (9.9), (9.10) and (9.12).
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The assertion (9.7) of the theorem can be proven similarly by noting from (9.5)
that

_e-)e- +) SN
(=G f@=:- % Om
where
0< ( ): (l)n(2_ + )n < (2): 2(2_ + )

2= 2= + ) 2-)2- + )
( € N {1}) under the parametric constraints stated already after (9.7).

Finally, by observing that the e ualities in each of the assertions (9.6) and
(9.7) are attained by the function f(z) given by (9.8), we complete the proof of the
theorem. m

n view of the relationships (9.2) and (9.3), by setting = — and = in
our assertions (9.6) and (9.7), respectively, we obtain
f(2) al )
0<ag120g <1 0 «1
2] { 1- }
1- < <
2+ ) 2@+ A= Ja-a fly st 1G)
.
<2 g eU >0) (9.13
2+ ) et A= Ja—a flp ) (919)
|| { 1- }
51— Zlp < FR)I<
e\ T a- a-w st e

B 1-
S @—->{1+2@— (-

)(l—a)lzl} (zeU 0K <1) (9.14)

f(z)
The assertions (9.13) and (9.14) of orollary 5 can indeed be applied further in
order to deduce the following interesting results for functions in the class ().

flz) (>0




96 M.K. Aouf, H.M. Hossen, A.Y. Lashin

F C
H. . Al-Amiri, n a subclass o close to con e wunctions with ne ati e coe cients, Math-
ematica (Clu ) ,1 (1 ), 17,
. H. Mac regor, he radius o con e ity or starli e unctions o order 1 , roc. Amer.
Math. oc. (1 63), 71 76.
wa, n the distortion theore s | Kyungpook Math. . (17),535.
wa, M. aigo and H. M. rivastava, So e characteri ation theore s or starli e and
con e wunctions in ol in a certain ractional inte ral operator, . Math. Anal. Appl.

(1 ),41 46.

wa and H. M. rivastava, ni alent and starli e enerali ed hyper eo etric wunctions,
Canad. . Math. (1 7), 1057 1077.

inchuk, n starli e and con e wunctions o order , Duke Math. . (16) 134
M. . obertson, = the theory o uni alent wunctions, Ann. Math. (1 36), 374 40 .
. M. arangi and . A. Uralegaddi, he radius o con e ity and starli eness or certain
class o analytic unctions with ne ati e coe ctents , end. Accad. a . Lincei 17),
3 4.

A. child, n starli e unctions o order , Amer. . Math. (1 65), 65 70.

A. child and H. ilverman, Con olutions o unctions with ne ati e coe cients, Ann. Univ.
Mariae Curie- klodowska ect. A, (1 75), 107.

H. ilverman, n¢ alent wunctions with ne att e coe cients, roc. Amer. Math. oc.

(1 75),10 116.

H. M. rivastava and . wa ( ds.), ni alent unctions ractional Calculus and heir
Applications, Halsted ress ( llis Horwood Lys., Chichester), ohn Wiley ons, ew York,
Chichester, risbane and oronto, 1

H. M. rivastava and . wa ( ds.), Current opics in Analylic wunction heory, World
cientific ubl. Co., ingapore, ew ersey, London and Hong Kong, 1

H. M. rivastava, M. aigo and . wa, A class o distortion theore s in ol in certain
operators o ractional calculus, . Math. Anal. Appl. (1 ),41 4 0.

(received 03.0 . 00 )

Department of Mathematics, Faculty of cience, Mansoura University, Mansoura, gypt

ail: sinfac mum.mans.eun.eg



