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SUFFICIENT CONDITIONS FOR ELLIPTIC PROBLEM
OF OPTIMAL CONTROL IN R*, WHERE n > 2

S. Lahrech and A. Addou

Abstract. This paper is concerned with the local minimization problem for a variety of non
Frechet-differentiable Gateaux functional J(f) = fQ v(z,u, f)dz in the Sobolev space (W, *(Q),

|l ||»), where u is the solution of the Dirichlet problem for a linear uniformly elliptic operator with
nonhomogenous term f and || - ||, is the norm generated by the metric space L?(Q), (p > 1). We
use a recent extension of Frechet-differentiability (approach of Taylor mappings, see [5]), and we
give various assumptions on v to guarantee a critical point to be a strict local minimum. Finally,
we give an example of a control problem where classical Frechet differentiability cannot be used
and their approach of Taylor mappings works.

1. Preliminaries

1.1. Description of the optimization problem
Let A be an elliptic operator of second order
Au= Y (=1)!'DYas(z)Du),
[1<1,]s/<1

where a;s(x) € D(Q). Suppose that @ is a sufficiently smooth and bounded domain
inR"™. Let us consider the problem

Au = f,
u/aQZO. (1.2)

—~~
—
—

~—

For this problem, let us state Agmon’s-Douglis-Niremberg’s theorem.

THEOREM 1.1. If1 < q < oo, then we have that Vf € Li(Q), there exists a
unique solution u € W29(Q)NWy%(Q) of problem (1.1), (1.2). Moreover, ¥m >0
if f € W™(Q), then u € WmH24(Q) and |lullw = ¢  flw . o-

Let f € W,%(Q) be a control and let u be the solution of problem
(1.1), (1.2) in Wy *(Q) N W22(Q) associated to f. Let us consider (f) =
Q (xvuvf) r ”f”%/v'l?Qv( :071727“'7 1) and (f)= Q (Z’,U,f) z,
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(=1 1,1 2,..., 1 2), where the se uence of functions Q R R R
is measurable on R R and has second deri ati e with respect to (u, f) on
R R for almost all z € Q.

e consider three problems of minimi ing the functional o(f)

) o(f) min, (1.3)

) O(f) min, (f) =0, where = ( sitlyeeey S1+52)7 (1‘ )

) O(f) minv (f) =0, (f) 0, ( = 1727“'7 1)' (15)

e must choose a control f° in order that the solution u° of the problem (1.1),
(1.2) with f = fO satis es the ine uality type (f) 0, (1 1) and the
e uality type (f)=0,(1 1 1 o) and the functional o(f) ta es the

minimum alue. his control f° will be called optimal.

1.2. Ta lor mappin s and lo er semi Ta lor mappin s

Let || |lw12 ¢ be the usual norm in W,?(Q), a subset of W, *(Q),

a topology in ,  a normed space, and || || the norm in . According to
5, a mapping (respecti ely, R) is said to be in nitesimally
(Il llwr2 @ )-small (respecti ely, in nitesimally lower ( ,|| |[lw1.2 ¢ )-semismall)
oforder ;at fe if V >0, €,V eWy*(Q) weha e
fooe =01 I e g
(respecti ely V > 0, €,V eW,*Q) weha e
fooe = Iz-1lllgeg)
here and below, is a neighborhood of f in ( , ).
A mapping (respecti ely, R) is called a ( ,] [lwi2 g )-
aylor (respecti ely, lower ( ,|| |lw12 ¢ )-semi- aylor) mapping of order ; at

f e if there e ist  linear symmetric (not necessarily continuous) mappings

(f) (V@) (respecti ely,  (f) (W,*(Q)) R), =1..., 1,
such that

F )= H=
= ' 2" 2N, (o) ' 2O, ) (F ),
where (respecti ely, R)is an in nitesimally ( ,|| [|w1.2 ¢ )-small
(respecti ely, in nitesimally lower ( ,|| |[|w1.2 ¢ )-semismall) mapping of order
at f €

e note that ! (f),..., ' (f) are not in general single- alued. he set of
tuples (1 (f),..., *(f))is denoted by ,( ,f).
Let us sol e the problems (1.3), (1. ) and (1.5).
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For the problem (1.5) let us introduce the Lagrange functions

S1

(f7 [ 0) = ZO (f) ) (f) 9 (1 )
2 o) = z LW, (17)
F, 0= (N . P, (1)

where g€ R, €(R*?), €(R™).

Similarly, for the problem (1. ), let us introduce the Lagrange functions

(fa y 0): 0 O(f) ) (f)v (19)
(f 0= 0,4 (f) . ) (1.10)
(fs 0= 0o (f) .2, (1.11)

where o€ R, € (R*?).

Let us gi e the following lemma where the proof can be traced bac to 5.

EMM 1.1. et( , , ) be a measure spa e with nite measure, and let
be a omplete linear metri spa e ontinuousl imbedded in the metri spa e M( )
of equivalen e lasses of measurable almost ever where nite fun tions x R,
with the metri able topolo (m a ) of onver en e in measure on ea h set of
nite measure.

uppose that ontains with ea h element x( ) the fun tion x( ), the metri

in  is translation invariant, and (z,0) = (z,0) forea hx € . hen for ea h
sequen e X, 0 in there exist o subsequen e x, and an element € su h
that x, () (), =1,2,... in the sense of the natural order on lasses of
fun tions.

2. Su cient conditions of local minimum for ateau functional
of second order Dirichlet problem

Suppose that @ is a sufficiently smooth and bounded domain in R"™, where
> 2. Let  be a subset of W,*(Q). Let be the functional de ned on by
(f) = Q (z,u(z), f(x)) z, where u(x) is the solution of problem (1.1), (1.2) in

W 2(Q)NW22(Q) and the function @ R R Rismeasurableon Q@ R R
and has second deri ati e with respect to (u, f) on R R for almost all z € Q.

Suppose also that 2 , % are continuous in Q@ R R.

Let  be the topology generated by the metric space L (Q), where > 1. n
the rest of this section a = .
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THEOREM .1. wuppose that the followin  onditions are added to the ondi
tions of para raph (1) and (2)

(x,u, ) a(u f ) 0(1’),
! (:uu,f) ! (mvuv ) a(u ! f 1) 1(1')7

2@wf) 2 P@uf)  P@uwf) au’ f7) ),
where = 2%, o) € LNQ), 1(2) € L7 2(Q), »(2) € L7(Q), and 1 <
2% hen isa( ,|lllwi2g) a lor mappin of se ond order at ea h

point f € . Moreover,1 2 (f) € ((Wolz(Q),H lwiz g ),R) and ! (f) €
(W5 (@) | llwr2 @ ) R).
roof. Let us pro e rst that the functional is nite. e ha e

(f) = (z,u,f) = (z,u,f) @
Q Q
a u(@) fz) o(z) =
Q Q Q
allu@l o @I o  lo@l e
Llu@)llprz g If@lwrz g o@)l 1o < oo

hus the functional is nite.
Let W, (Q) W,2(Q), where ( ( ))(z) is a solution of the problem

Au= | (2.1)
u/aq = 0. (2.2)
Such a solution e ists V € W,*(Q).
Let !(f)and 2 (f) bede ned by

) =lim O )= ()

0
=11H%] 1 (-'Eau ()7.f )_ (1'7“7 ) T
Q
= IIH}] 1 (.T,U ( )7f )_ (x,u, )
Q
(z,u, )— (z,u,f) =
= lim o o (z,u () f ) ()
(w7u7f ) T
0
= lim ! (xau ( )7f )_ ! (.T,’LL, ) ( )
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Yz, f) () Yz, f )= ' (z,u, f)
0 0
Y@ f)
0
=  l@uf) () Y (@,u f) @
Q Q

and

Q
' (x,u,f 2)_ ' (.’IJ,’LL,f) 1z
1
= lim ! 2 (2,u (2)f 2) (2)
Q o
1
* (au, f 2) 2 (1) =
0
1
2 (x,u ( 2)7f 2) ( 2)
Q o
1
(:c,u, 2) 2 1
0
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he linearity and bilinearity of ! (f) and
that they are bounded.

ddou

2 (f) are ob ious. Let us pro e now

e ha e
L) Y f) () 2 Yo, f) @
Q Q
a u@) ' fl@) ! (@) () x
Q
a u(x) S a f(x) 127,
Q Q
@) 7w ()7 @ T
Q Q Q
= a u@l% e @15, @I -,
Ol =y, I,
o @iz g M@z g 1@ =
I Ollwiz g llwie @
hus 5 > 0 such that
L) o [l Ollwrz g Il w2 g
n the other hand, ( ) depends continually on ,thus ! (f) Il llwie g,

where > 0. onse uently, ! (f)e ((

WE2(Q), Il lwez o ), R).

Let us pro e now that 2 (f) is also bounded. e ha e

(N1, 2) Y@ f) (1) (2) 2 Y@ f) (1) 2 @
Q Q
2(337“7.)“) 1 (2) X Q(x,u,f) 12 X
Q Q
(@ f) (1) (2) =
Q
2 “(zu, f) (1) 2 (2) 1 =z Y@ f) 12 @
Q Q
2@ f) 2 P (zuf) ? (@,u, f)
Q
(1)(2) (1)2 1(2) 12 X
a U2_p f2_p 2(z)
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2 2 2
a u(x)@ T g a f(ar)&p T g 2(x) T =z
Q Q Q
_ 2 2
(1) (2) ? =z (1) 2 * =
Q Q
2 2
1 (2)7215 12 oz
Q Q
(O S (S P I O P Y

bl o 1l 2y ol oy gl 2y

a(lu@| s g @I e o) 2@ 5 4
I CDllwzoll (Dlwize I Dliwee g Il sllwea

I allwez g I C2llwez g Nl dllwrz g Il 2llwrz @

I 1llwrz @ I 2llwee g -

hus 2 (f) e (W@l llwiz @ ), R).
Let us pro e now that isa ( ,|.|lwt2 ¢ )- aylor mapping, where is the

topology generated by L (Q).

Let f € and let us pro e that () = (f y— (f)— () —
21 2(f)(, ) isin nitesimally ( ,|.|[wr2 ¢ )-small of second order at ero.

Assume the contrary. hen ( n)m € and >O0suchthat ,, Oin L (Q)
and () > | mlyes -
sing the Agmon’s-Douglis-Niremberg’s theorem, we obtain  ( .,) 0

in L (Q) and using Lemma 1.1, we deduce that (z) € L (Q) such that
C (@) (2)

Let o(z)= (z) w(z),then u(z) ( ( wm))(z) o(x), where o(z) €
L (Q). Analogously for f € WH2(Q), we obtain f(z) m 1, where ;| €
L (Q). ehae

()= (@u ()f )= @uwfhH- "@uf) ()= '@uf)
-21 () X)) 2 P@uf) () P(uf)?

= (x,u ()7f )_ (x,u,f ) (x,u7 )_ (ac,u7f)
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= 1(mu ( ),f ) ( ) l(xauhf )
0 0
:0 () I(IBU ()f )_ l(xvu ()7f)
1
Yaou (), f) You f )
0
= () Y@u  ()f) ' (4, )
0 0

0 0
So,
()= ' (z,u (Lf ) O)= t@uf) ()
Q o
-2 Yz, f) () =
l(xvuvf ) - 1(x7uaf) -2 ! Q(x,u,f) 2 T
Q 0
- * (@, f) () x
Q 0
wu () ) () e
Q 0 0
1
= l(xvu ( )7f)_ 1(x7uaf)_2 1( Q(x,u,f) ( ) ( )
Q o
1
l(xvuaf )_ l(ac,u,f)—2 ! 1(x7uaf) z
Q o
1
- * (@, f) () z
Q o
1 1
wu ()W) () e
Q 0 0
Let A;,, m be two functions de ned by
M (w ): (ZL‘,U ( 77(1)7];)_ (.’L’ﬂL,f) _ 2 (m,u,f), ( m):()’
0 (m):()
m(w ): (xaumf m)_ (:c,u,f)_ 2(.’1) u,f), m:0
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Let mbede nedby m(z, , )= > (zu@) (m)f

So,
1 1
(m) = 0 Ap(z, ) *(m) @ 0 m(x, )2 w
0 0
1 1
m(@ 5 ) (m) m T .
Q 0 0
hus
1 1
(m) Am(z, ) 2( m) T m(, ) fn x
0 Q 0 Q
1 1
m(wa 9 ) ( m) m xr
0 0 Q
1 2 ) -2 2
Am(xv ) 7o ( m) Tt
0 Q Q
1 2 ) -2 2
m(a"v ) oz m T
0 Q Q
1 1 2 2
m(.%‘, ’ )E z ( m) m 2
0 0 Q Q
1 2
_ - 2
=, QAm($7)2$ II(m)Ilz_QQ
1 2
= 2
R O I [ T
1 1 2
m($7 9 )E ‘T
0o 0 Q
1 1 _ 2
( m) 2 . 2 N 2 . 2
Q Q
1 2
Ap(z, )* I Cmlifz @
0 Q
1 1 2
2 _
| mllie g m(@, , )7
1 2 1 2
An(z, )2 m(z, )2
0 Q 0 Q
1 1 2
m(fL', y 2 x m”%}[/la Q
0 0 Q

Let us remar that A, (z, ), m(z, ), m(z, , )

0 almost e erywhere.

(2.3)
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n the other hand, using the mean alue theorem, we deduce that there e ists
a se uence ,(z)such that0  ,,(z) 1 and

Az, )7 = Z(zu(@) (o
2(@u@)  w@) (w) @) % (@u),f) ?
a u@) @) ()@ T f@) T a()

—~~
3
~—
—~~
&
=
I
[V
—~
B
IS
—~~
&
=
|

a u(@) " f@) T @) ?
a(u@)  (w)@)F  f@)™
a u(@) ®  f@) T 2 u() T

2a( o) " @) ) 2 a(e) T LYQ).
Analogously, for ,,, we deduce that there e ists ,,(z) 0 m(z) 1and
m@ )= (@) f@ a om)— C(mu),f(z)
a(u@ ™ f@) o ow ) (@)
a(u(@) ™ f@) ) a@) ®
2a(u(@) * 2 1(2)*) 2 a(z) T e L(Q)
Analogously, for ,, we obtain

m@ )= P@u@) () m) = (@), f)
.

au@ () m
w(@) * f@) ) 2 @) 7
2a( o(z) *  i(@) ) 2 o(x) T € LNQ).

Let us remar that A, (x, ) 0, .n(z, ) 0, m(z, , ) 0 almoste ery-
where. hus, using the dominated con ergence theorem, we conclude that

1 2

Ap(z, )2 x 0,
0 Q
1 2
m(T, )7 0,
0 Q
101 2
m(T, , )2 =z 0,
0 0 Q
but this contradicts (2.3). m
THEOREM . . et the followin ondition be added to the onditions of he

orem 2.1
2p 2p

1($,U,f) l(a:,u,f) a u f_ 1(3))
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hen the fun tional s a( ,||.lwi2 @) a lor mappin of rstand se ond order
at ea h point f €

roof. e must estimate ( )= (f )= (f)— ' (f) asin the proof
of heorem 2.1, representing ( ,,) in the form

(m)= An(z) (m) = m(T) m T,
Q Q
where
(x,u ( m)af m) - (m,u,f m) 1 I -0
Ay (z) = () (z,u, f), ( m) ’
0, ( m) =0,
(wvuvf m)_ (wauvf)_ l(x,u,f), mZO,

0, m =0,
while ,, is the same as in the proof of heorem 2.1. hese estimates are omitted. m

Now let us gi e sufficient conditions of optimality for the problems (1.3), (1. )
and (1.5).

THEOREM . . uppose that in the problem (1. ),  satis es the onditions

of heorems 2.1 and 2.2. hen the fun tionals
(f)E (xvuvf) z 7( =1 .., 1 2)
Q
are (|| llwi2 g ) a lor mappin s of rst and se ond order at ea h point f €
and  (f)= o @uf) @ fllfpe g, ( =0,..., 1) are lower
( Sl lwiz2 @ ) semi  a lor mappin s of rst and se ond order at ea h point f €
onsequentl , L) and ? (f),( =0,..., 1 2).
et us suppose also that (f) =0, € (R%), >0 (f, ,1)=0

andV € er ' (f)  (f, S, ) =2 | e g, where  (f, 1) and
(f, ,1) are wen b formulas (1.1 ), (1.11). hen f is a stri t  lo al min
imum point.

roof. All conditions of heorem 1.5in 5 are satis ed, so f is a strict -local
minimum point. m

THEOREM . . uppose that in the problem (1. ), satis es the onditions
of heorems 2.1 and 2.2. hen the fun tionals
(f)E (xvuvf) z, ( =1 ]-7"-7 1 2)
Q

are (|| llwizgq ) a lor mappin s of rst and se ond order at ea h point
f e and (f) = Q (z,u, f) z ||f||%,V1_2Q , ( =0,..., 1) are lower
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( Sl llwr2 @ ) semi  a lor mappin s of st and se ond order at ea h point f €
onsequentl , ! (f) and 2 H,( =0,..., 1 2).
et us suppose also that f € , (f) =0, (f) =0,( =0,..., 1)
et us put L = e WrAQ)/ '(f) =0, =1,...,1, *(f) =0.
uppose that e (RY) , e (R*?), > 0, >0, ( =1,., 1)
(f, ,,1) =0andV € L (fs 5 sDCs ) > 2| e g » where
(f, , ,1) and (f, , ,1) are de ned b formulas 1. and 1. . hen f

is a stri t  lo al minimum point.

roof. All conditions of heorem 1. in 5 are satis ed, so f is a strict -local
minimum point. ®

THEOREM . . wuppose that in the problem 1. , satis es the onditions of
heorems 2.1 and 2.2. hen the fun tionals
(H = (z,u,f) z, (=1 1,...,1 2)
Q
are (.|| llwrzgq ) a lor mappin s of rst and se ond order at ea h point
fe and (f)= 4 (wuf)a ||f||%,v1‘2Q , ( =0,..., 1) are lower
( Sl llwr2 @ ) semi  a lor mappin s of st and se ond order at ea h point f €
onsequentl , YHand (), ( =0,..., 1 2).
et us suppose also that 01 (f)=0and >0,Y € W,?(Q) 02 (HC, ) >
2 | I3z o hen fisastrit loal minimum point.

roof. All conditions of heorem 1. in 5 aresatis ed, so f is a strict -local
minimum point. m

EM R .1. Let us remar that in heorems 2.1 and 2.2, the increase
conditions satis ed by are not sufficient to certify the Frechet di erentiability of
functional — (Wy%(Q),|l |l » o) R™.

ndeed, suppose weha e =3and; < <1.Letusdene @ R R R

by (z,u,f)=a u? f32 o(z), where o(z) € (Q),a €R,a>0.

Let ,, oo and put ., = m%,so m o and Vz € Q Yu € R
VYm e N

— 2 1
(xauam)za/mQIU/QOZaQO:amm

Let f € W01’2(Q). y the countable additi ity of Lebesgue measure, >0 Q@
Q (Q@)>0and (@, Q)>0andVzeq® f(x)
n this case put D =ma  (z,u,f)/u , f ,x € Q < oo. Let us
1

choose Q,, @ such that (Qm)= m m:. Let ., de ned by

m — f(z), when z € Qn,,
0, when z € Q@ Qnm.
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e ha e

I m@lro Imlro  F@I-a
m (@) Q)T W (@) P

10

onse uently, || m(2)|| » g 0,ie, m(z) OinL (Q).
n the other hand, we ha e

(f m- ()=
= (z, (f  m) (@) f(@) m@)= (=, (f)(@)flx) =
> (@, (f m) (@) m) 2z - (z, (f) (@), f(x)) «
Q Q

herefore, (f m)— (f) 0o. hus isnot Frechet di erentiable at each
point f € W01’2(Q). [
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