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UNIFICATION OF SOME CONCEPTS
SIMILAR TO THE LINDELOF PROPERTY

T. Hatice Yalvag

Abstract. In this paper the ¢1 2-Lindelof property is defined and studied with the aim of
unifying various concepts related to the Lindelof property in General Topology.

1. Introduction

Unifications of various concepts in general topology have been studied in [1,
10-16,18, 21, 24-28]. Although the unifications discussed in [11] and [13] using
operations were given for fuzzy topological spaces, it was pointed out that they
apply equally well to topological spaces.

A principle aim of unification theory is to reduce the confusion caused by a
plethora of very similar properties. For the most part we will not repeat here the
definitions of the various properties used to illustrate the results obtained, although
these will usually be clear from the particular choice of operations involved.

In a topological space (X,7) we will use int, cl, scl, etc., to stand for the
interior, closure and semi-closure operations, and so on. We will also use A°, A to
stand for the interior and closure, respectively, of a subset A of X.

DEFINITION 1.1. Let (X, 7) be a topological space. A mapping ¢: P(X) —
P(X) is called an operation on (X, 1) if A° C p(A) for all A € P(X) and ¢(0) = 0.

The class of all operations on a topological space (X, 7) will be denoted by
O(X, ).

A partial order “<” on O(X, ) is defined by ¢1 < @2 < p1(A) C @a(A) for
each A € P(X). An operation ¢ € O(X, 1) is called monotonous if ¢(A) C ¢(B)
whenever A C B, (A, B € P(X)).

DEFINITION 1.2. Let ¢ € O(X,7) and A,B C X. Then A is called p-open
if A C p(A). Likewise, B is called ¢-closed if X \ B is ¢-open. An operation
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v € O(X,7) is called the dual operation o ¢ if p(A) = X \ p(X \ A) for each
A e P(X).

If ¢ is monotonous, then the family of all p-open sets is a supratopology
( C P(X)) is a supratopology on X means that } € |, X € and is closed
under arbitrary unions [2]).

Let (X, T) be a topological space, p € O(X,7), C P(X)and € X. We will
use the following notation.

()= € €
PO(X) = : C X, isp-open |,
v (X)= . CX, s p-closed |
eO(X, )= o €p0(X), €
(,)= :  C X and theree istsa € ( )suchthat C

DEFINITION 1. . Take ¢ € O(X,7) and C P(X). Then ¢ is called re ular
it respect to (shortly w.r.t.) if € X and given , € () there e ists

€ ()suchthat o( )Co( ) ¢ ).

For any operation ¢ € O(X,7), 7 C ¢O(X) and X, are both p-open and
p-closed.

DEFINITION 1. . Let 1,902 € O(X,7), A C X. Then

a) € p12int A& theree ists € ¢10(X, ) such that g ) C A.
b) €¢i2clAs foreach € piO(X, ), po ) A=0.

c) A is @1 9-open < A C g 5 int A.

d) A is ¢ 9-closed & 1 2¢l A C A.

If A C B then p2int A C p19int B and 1 2¢clA C p12¢l B.  learly, for
any set A we have X \ ¢12int A = @1 2cl(X \ A) and Ais ¢12-0openi X\ Ais
(1 2-closed.

We will use 1 20(X) (912 (X)) to denote the family of all 7 >-open subsets
(the family of all o1 2-closed subsets) of X.

EO E 1. . ([13]) et 1,02 € O(X,T)

a) ¢120(X) is a supratopolo on X

b) o is re ular 1t ©10(X) t en v120(X) is a topolo on X and a
su set o X is closed 1t tistopolo i pr1ocl C

c) waisreular 1t p1O(X) and i ¢a or w2 1t en p20(X) is
a topolo  on X and a set  is closed rt tistopolo i pi2cl =

In [17], conditions were obtained under which the operator : P(X) — P(X)
defined by (A) = ¢12cl A for each A € P(X) is a uratowski closure operator.

E 1. . Let the following operations be defined on a topological space

(X,7): p1 =int, o3 =cl int, =cl, o =scl,p = ( istheidentity operation),
¢ =int cl. Then:
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prp2y,pSp <9 <p andpr<p <p.

©10(X) =7, p20(X) = O(X) = the family of semi-open sets.
¢ O(X)=¢ O(X) =¢ O(X) = P(X) = the power set of X.
¢ O(X) = PO(X) = the family of pre-open sets.

with base O(X) consisting of the regular open sets = the family of -open sets.
w2 O(X)= O(X) = the family of all -semi-open sets.
©1,¢ (2, ) are pairs of dual operations. Also, w2, ¢ , ¢ , ¢ and ¢ are
regular w.r.t. ¢10(X).

We use  (X) (P (X), (X), (X) and (X), respectively) to de-
note the family of semi-closed (pre-closed, regular closed, semi- -closed, and -semi-
closed) sets.

(X)= 0(X) (X) = the family of semi-regular sets.

learly if ¢4 is monotonous and pa = for 1, 3 € O(X, 7), then ¢1 20(X) =
©10(X) and 12 (X) =1 (X).

. Filter

Throughout this section the operations ¢ , = 1,2, are defined on a topo-
logical space (X, 7).

DEFINITION 2.1. ([26]) Let  be a filter (or filter-base) in (X,7) and € X.
Then is said to:

a) 1 g-accumulate to  if € ) pr12¢l €

b) ¢ o-converge to if for each € p10(X, ), there e ists an €  such
that  C pa( ).

EO E 2.2. ([26]) 1) lter- ase 1 9-accumulates ¢ 2-con er es to

i lter enerated (1 2-accumulates 1 3-con er es to
2
©10(X, )int e a o e de nitions

2 18 monotonous e can ta e t e amil (p10(X), ) instead o

)

3) lter  @1a-con eresto i o ): €piO(X, ) C
)
)

4 ©p12-con er esto t en 1 2-accumulates to

5) et C ort e lters and
a) p1 2-accumulates to t en 1 2-accumulates to
b) ©12-con er esto T en 1 2-con er es to

6) ¢©0(X) C p1O(X) and 5 @2 ort e operations p1 Q2 P Py €
O(X,7) t en a lter or a lter- ase P 9-accumulates @ 4-con er es to
ene er @1 g2-accumulates @1 9-con er es to
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A space (X, 1) is called @1 o- g if foreach , € X ( = ) there are ¢j-open
sets and suchthat € |, € andga( ) @2 )=0[13, 26].

EO E 2. . ([26]) et(X,7) eaqia- 2 space  a lter @1 o-con er es
to some point € X and 1 2-accumulates to some point € X t en =

E2. .Let €Xand bea filter in (X, 7).

a) Let o1 = cl int, gy = cl. 1 2-converges (7 g-accumulates) to i
rc-converges (rc-accumulates) to since . €7, € = : € €
oX) [
b) Let @1 = int, @3 = cl. (1 o-converges to i r-converges [8] (or
equivalently almost converges [4]) to . (X,7)is ¢12- 21 (X,7) is Urysohn.
c) Let o1 =int, oo = . 1 o-converges to i converges to in (X, 7).
(X,7)is p19- 21 (X,7)is ausdor .
A filter  is called a - lterif is closed under countable intersections and
a filter-base is called a - lter- ase if is a base of a -filter.  learly in
any topological space (X,7), for any ¢ € O(X,7), = X is a -filter and
X € pO(X).
E 2. . 2 @1 0Ty t en p10(X) C p20(X) e con erse is
alse

E 2. . Let o1 =cl int, 9 = semi-int be defined on  with the usual
topology. For A = (0,1], ¢1(A4) = [0,1], v2(A4) = (0,1] and p1(A) C @2(A). ie.
p1 < 2.

For the set of rational numbers , C o )=0.1e. ¢ . utp;0( )=
O( ) =@20( ).
It can be easily seen that if ¢ is regular w.r.t. ¢10(X) and p10(X) C p20(X)
then ¢1 20(X) is the same topology as that given in Theorem 1.5 (c).

EOE 2.. etACX en

1) t ere e ists a - lter containin A ic @1 2-accumulates to t en
Ep1a A
2)  »1O(X) is closed under counta le intersections and ps is monotonous
t en

a) € @raclA i tereeists a - lter containin A ic (1 2-CON er es
to

b) A is 1 2-closed i ene er t ere e ists a - lter ic contains A and
p12-con er estoapoint mX ten €A

For the remainder of this section we will assume that ¢;0(X) is closed under
countable intersections.

EO E 2. . w2 is monotonous t en a - lter 1 2-accumulates to a
point i t ere e ists a - lter suc t at C and 1 2-con er es to
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EO E 2. .a) @1OX)CeO(X)ten =¢O(X, )is - lter ase
oreac € X and @1 2-con er es to
b) @2 is monotonous and ©10(X) C p20(X) t en = @ ): €

»1O(X, ) isa - lter- aset at ¢y 9-con er es to
If 2 is monotonous, then since ¢1O(X) is closed under countable intersections,
clearly s is regular w.r.t. ¢10(X).

EO E 2.1 . et ps e monotonous and p10(X) closed under counta le
intersections or an A€ P(X) let us de ne

c A= : tereeistsa - lter ic contains A and @y 2-con er es to

learl ¢l A= p1oclA

a) ecl operator de nest e topolo T i en

T = CX:(X\ ) cX\
= CX:(plZCI(X\ )CX\ :(,0120(X)

b)  p10(X) C p0(X) t en

r = CX:(X\ ) =X\
= CXZ(,D12C1A:A :(plgO(X)

) ©10(X) C p20(X) and @2 ): € 010(X) C p120(X) t encl
and 1 2¢l are  wurato s i closure operators since in t is case p12cl(pyacl A) =
p12c¢lA oreac A€ P(X)

E 2.11. Let ¢; = int, 9 = cl. Then:
©10(X) = 7. g is monotonous, regular w.r.t. p10(X) and p2 1. Also,

pr12clA= clAforany A€ P(X)andcl A= :theree istsa -filter such
that A€ and  (; o-converges to
If (X,7)isa space (i.e. each set is open), then a set A is -closed i

clA = A1 whenever -filter contains A and ¢ 3-converges to a point in X,
then € A.

. T e Lindel6 ro ert

DEFINITION .1. Take p1,902 € O(X,7), X € C P(X)and AC X.

a) If Ac|J for asubfamily of , then is called an -cover of A. If
an -cover of A is countable (finite) then we call a countable -cover (finite

-cover) of A.

b) If each -cover of A has a countable subfamily such that A C
U w2 ): €, then we say that A is ( -p2)-Lindelof relative to X (shortly,
a ( -p2)-L. set)).

¢) We call a (- )-Lindelof set relative to X a -L. set for short.
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d) If we take = ¢10(X) in (b), then we say A is ¢; o-Lindelof relative to X
(shortly, a 1 o-L. set).

If we take = ¢1 20(X) in (c) we get the definition of a @1 30(X)-L. set.
If X is a @1 o-L. set relative to itself, then X will be called a ¢ o-L. space.

If X is a @1 20(X)-L. set relative to itself, then X will be called a 1 20(X)-L.
space.

In the sequel it will be assumed that all operations ¢ , =1,2, are defined
on (X, 7) whenever they are used.

EOE 2. Xe C CPX)andpa<p,teneac ( -p2)- set
isan ( -py)- set 01 0(X) C10(X) and 2 < ¢, t en a p12- setisa
p19- set

0 0 oo <1 and pa < @y t en eac @12- Setis a Pqo-
set
E .. If ¢y is regular w.r.t. ¢10(X), then a subset A of X is a
1 20(X)-L.seti A is Lindelof relative to X in the topological space (X, ¢1 20(X)).
E . . Let ¢ =cl int, p2 = scl, p; = int, p, =int cl, p; = int

and ¢, = cl. For a subset A, we have:

Aisapro-L.seti Aisa( O(X)-scl)-L.seti Aisan -L.set (see ample
3.10 below).

An  -L. space was called rs-Lindelof in [7].
Aisa p120(X)-L.seti Aisa O(X)-L.seti A is Lindelof relative to X
in the supratopological space (X, O(X)).
ote that ¢ o-L. sets were defined for  (P) spaces under the name ;-closed

relative to X [23] and ¢, 5-L. spaces were defined for  (P) spaces under the name
strongly  (P)-closed spaces [23].

Ais a ¢, ,0(X)-L. set i A is Lindelof relative to X in (X, 7).
The set A is a ¢, ;O(X)-L. set i A is Lindelof relative to X in (X, 7).

(P)-closedness was defined for  (P) spaces. An  (P) space is called (P)-
closed i it is a ¢ 5-L. space [20)].

ets which are  (P)-closed relative to X were defined in  (P) spaces in [1 ].
o,in an (P) space, a set A is (P)-closed relative to X i A is a ¢, 5-L. set.

A ¢, »-L. space was called weakly Lindelof in [5].

ince ¢; < @1 and @2 < ,, each 1 9-L. set is a ¢ 5-L. set. enceeach  -L.
set is a (7-cl)-L. set and each rs-Lindelof space is a weakly Lindelof space.

EO E . P2 ©1 OT P2 and i @1 1S monotonous t en eac
©10(X)-  setis a p120(X)-  set
roo It can be easily seen that ¢1 20(X) C ¢10(X) under the given condi-
tions [13], from which the proof is clear. m
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EOE .. et = oo ): €ppOX) en
a) o ) € pi1O(X) and pa(p2( )) C pa( ) or eac € p10(X) t en
Cp120(X)  ¢10(X)
b)  ©»10(X) C ©20(X) and C ¢120(X) ten is a ase orte
supratopolo 1 20(X)
c) o Q1 0T (P2 and i C ¢120(X) ten is a ase orte
supratopolo 1 20(X)
d) 2 p1ores and i p2( ) € p1O(X) pa2(p2( )) C 2 ) oreac
€ p1O(X) t en isa ase ort e supratopolo p120(X)

roo a)Let € p;O0(X)and € o ). Then € @2 ) € ¢10(X) and
©a(p2( ) Cpa( ),s0 € @raintpa( ). Wehave po( ) C p12int@a( ). ence
w2 ) € p120(X) for each € p1O(X) and C ¢120(X) ©10(X).

b) Let A € ¢120(X) and € A. There e ists a € ¢;0(X, ) such
that p2( ) C A.  ence we have €  C a2 ) C A, pa( ) € p120(X) and
p2( ) €

The proofs of (¢) and (d) are clear from Lemma 2.5 and (a), (b). =

EO E .. e ollo in results are alid
1) Aisapia- set tenitisap20X)- set
2) et CP(X) en

a) Xe Cp120X) teneac @120(X)- setisa - set
b) isa ase o p120(X) t enasetisa - seti itisap;20(X)-
set
3) et = o ): €prO(X) en
a) 10(X) C p20(X) t en eac - setis api2- set
b) <p10(X) C @20(X) and C ¢120(X) t en a set is a p12- seti it is

ap120(X)- seti itisa - set

C) P2 @1 Or Py andi Cp120(X) tenasetisa - seti itis
ap120(X)- seti itisapya- set

d) w2 p1ores and i p2( ) € p1O(X) @a2(p2( ) C 2 ) oreac

€EpiO(X) tenasetisa - seti itisapi20(X)- seti itisapa-
set
EOE .. @ )=¢ () oreac €¢iOX) ten orasusetA
e ae
a) Aisapia- seti itisap; - set

b) Ais a ©120(X)- seti itis a@r O(X)- set

E .1 .a)Let p; =cl int, s =scl. Then:

()and p120(X) = O(X). For € p0(X) = O(X)
sl € (X) C OWX). Ao, paipa( ) = scl(scl ) =

P10(X) =
we have @o( ) =
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scl = pa2( ) and @2 . Thus, = s : € piO(X) = (X), whence
= (X) is a base for the supratopology ¢1 20(X) = O(X).
o,asetisa -L.seti itisa ( O(X)-scl)-L.seti itisa
b) Let 1 = int, w2 = int cl, ¢ =scl. Then:
©10(X) = 7, ¢120(X) = ¢1 _(Z(X) =T, ¢ and ¢ 1. For each
€ ©v10(X) = 7 we have paf ):D = =scl [B,and¢ ( )= )€
p10(X) =7, @alpa( ) = () = " =¢2( ). Then, = ¢ ): €
©1O0(X) = O(X)and O(X) is a base for 7.
o,asetisa O(X)-L.seti itisa (r-int cl)-L.seti itisar-L.seti a
(1-scl)-L. set.

O(X)-L. set.

E .11. a) For ¢ = , the ¢1 o-L. property relative to X coincides
with the p10(X)-L. property relative to X.
b) If ¢ is monotonous and ¢ = , then for A C X we have:

The set Aisa @yo-Loseti Aisa iO(X)-L.oseti Aisa ¢ 20(X)-L. set.

roo a) lear.

b) If ¢; is monotonous then ¢10(X) is a supratopology and for ¢ = we
have p10(X) = 1 20(X), from which the result follows easily. m
FOE .12. aeX€e CPX) ACXandlet = X\ : €
ent e ollo in are e ui alent
a) Aisan - set
b) isan su amil o  suc t at or eac counta le su amil 0
e aeAd (N )=0temA (N )=0
c) isan su amil o it A ( Y=01t ent eree ists a counta le
su  amil 0 suc tatA (N )=0
E0E 1. 0 Xe CcPX) tenXisan - spacei or eac
€ X\ isa - set
If we take = ¢120(X) in Theorem 3.12 and Theorem 3.13, then =

v12 (X) and we obtain equivalent conditions for a set to be a @1 20(X)-L. set,
and equivalent conditions for the space X to be a ¢1 20(X)-L. space.

EOE .1 . aistedualo o3t ent e ollo in aree ui alent

a) Aisapya- set
b) or an amil 0 @i-closed sets it A () ) =0 tereeistsa
counta le su amil o suc tatA (N2 ): € )=

c) is a amil o pi-closed sets suc t at or eac counta le su amil
0 e aeAd (NwA ): € )=0tenA ( )=0
FOE 1. aeACXand = ¢ ): € p10(X) w2 1 or

©2 and i pa( ) € p1O(X) @2(p2( ) Cp2( ) oreac € p1O(X) t en
t e ollo in are e ui alent



Unification of some concepts similar to the Lindel6f property 71

a) Ais apra- set
b) Aisa - set
c) Ais a g 20(X)-  set

d) isan su amil o X\ ): € ©iO(X) suc t at or eac
counta le su amil 0 e aeAd (N )=0tenA (N )=0

e) isan su amil o X\p2( ): €pOX) @ A (N )=10
t ent ere e ists a counta le su amil 0 suc tatA (N )=0

f) isan su amil o X\ : € ¢120(X) suc t at oreac counta le
su  amil 0 e aed (N )=0tenA ( )=0

g) isan su amil o X\ : €¢120(X) suc tatA (N )=10
t ent ere e ists a counta le su amil 0 suc tatA (N )=0

paist edual o pa t ent e ollo in statements and i are e ui alent

to eac one o t e a o e statements

h) oran amil o o ¢i-closed sets it A ([ ) =10 t ereeistsa
counta le su amil o suc tatA (N2 ): € )=0

i) is an amil o @i-closed sets suc t at or eac counta le su amil
0 e aeA (Neg2): € )=0tenA (N )=0
ow, using the equality 12 (X)= X\ : € ¢120(X) and the Theo-

rems 3.13 and 3.15 we obtain the following theorem.

EO E .1 . nderte pot eseso eorem t e ollo in aree ui -

a) X is a ¢12- space

b) X isa - space

¢) X is a v120(X)-  space

d) oreac €piO(X) X\wa )isapia- set

e) oreac € p1O(X) X\ pa2( )isawp20(X)- set
) or eac € p1O(X) X\ a2 )

g) ac 1 2-closed set is a p12-  set
)

s a - set

ac @i 2-closed set is a 1 20(X)-  set
i) ac @jq-closed setis a - set
t er e ui alent e pressions ma e o tained ta in X in place 0 A in
(d) o eorem
E .1 . Let ¢; = semi-int, o3 = scl. Then:
The conditions of Theorem 3.15 are satisfied and g is the dual of ¢;.

PpO(X)= 0X),¢1 (X)= (X), = ¢ ): €@mO(X) = sc
e 0X) = (X).
X\ ) €pmOX) = (X). p120(X) = O(X) and p12 (X) =

(X).
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ow we obtain equivalent conditions for a set to be a ( O(X)-scl)-L. set by
using Theorem 3.15, and equivalent conditions for the space (X, 7) tobe a ( O(X)-
scl)-L. space (equivalently,  -Lindelof) by using Theorem 3.16.

EO E 1. et (X,7) e a topolo ical space and A C X ent e
ollo in are e ui alent
a) orewc O(X)-coer o A teree istsa counta le su amil 0
suc tatAC scl : €
b) or eac (X)-co er o At eree ists a counta le su amil 0
suc t atACU
c) or eac O(X)-co er o A t ere e ists a counta le su amil o A
suc tatACU
d) is a su amil o (X) suc t at oreac counta le su amil 0
e aeAd (N )=0 temA (N )=0
e) isan su amil o (X)suc tatA (| )=0 t ent eree ists
a counta le su  amil 0 suc tatA (N )=0
f) is a su amil o (X) suc t at or eac counta le su amil
0 e aeAd (N )=0tenA (N )=0
g) is an su amil o it A (| )=0tentereecistsa
counta le su amil 0 suc tatA (N )=0
h) oran su amil o semi-closed sets it A ([ )=01t ere e ists a
counta le su amil o suc tatA () semi-int( ): € )=0
i) is an amil o semi-closed sets suc t al or eac counta le su amil
0 e aeA (N semi-int( ): € )=0tenA (N )=0
or a topolo ical space (X,T) to e rs- indelo e ui alentl a ( O(X)-
scl)-  space e can add t e ollo in e wi alent statements to t ose 1 en in
eorem ta in X instead 0 At ere

) ac semi-re ular setis a  (X)- set

k) ac semi-re ular set is a  O(X)-  set

1) ac semi-re ular set is a ( O(X)-scl)-  set
m) ac @2-closed setisa  (X)- set

n) ac @1a-closed setisa  O(X)-  set

0) ac 19-closed setis a ( O(X)-scl)-  set

E .1 . a)Let 3 =cl int, 93 =cl. Then:

The conditions of Theorem 3.15 are satisfied. @3 = int is the dual of ¢s.
v10(X)= O(X)and 1 (X)= (X).

= pa( ) €piOX) = ¢ : € 0X) = (X).

p120(X) = O(X) and 12 (X)
X\B:Be = O(X).

[
E

[
e

€ Y QO(X) .
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Aset Aisapro-L.seti itisa ( O(X)-cl)-L.seti itisa O(X)-L. set i
it is (X)-L. set.
ence we obtain, (X,7) is a ¢ o-L. space i X is rc-Lindelof (re-Lindelof
spaces were defined by . ankovic and h. onstadilaki, as mentioned in [5]).

Again, we can get equivalent conditions for a set to be a ( O(X)-cl)-L. set in
a topological space (X, ), and equivalent conditions for a space to be re-Lindelof
by using Theorems 3.15 and 3.16.

b) Let 1 = int, @2 =int cl on (X, 7). Then:
The conditions of Theorem 3.15 are satisfied and @3 = ¢l int.
©010(X) =7, p1 (X) = family of closed sets. ¢120(X) = 7 = family of

-open sets, X\ € ¢120(X) = ¢12 (X) = family of 7 -closed sets =
family of -closed sets.

= @ ): €epOX) = °: er = OX). X\B:Be =
X\ ): €@mO(X) = (X).

ow, using Theorems 3.15 and 3.16 we can obtain equivalent conditions for
a set to be a (7-int cl)-L. set, and equivalent conditions for a space to be a (7-
int cl)-L. space. Also, in (P) spaces, equivalent conditions for a set to be -

closed relative to the space and equivalent conditions for a space to be strongly
(P)-closed.

ome equalities related to di erent types of closure can be obtained using
operations. ome of them were given in [24] and some of them are given below. In
a topological space (X, T) we have:

1) = - =7-c ,foreach €.

2) -semi-cl =scl =semi- -cl , for each €.
3) =7-cl =7 -c ,foreach €71 ,(1r = X, c o).
4) semi- -cI =scl |, foreach €71 .

E .2 . Let p; =int, ps =7-cl, ¢ = -cl, ¢ =7 -cl. Then:

©10(X)=7. Foreach €7 wehavepa( )=¢ ( )=¢ ( ).
p2 = T-int, for each pj-closed set ,int = -int =7 -int
£120(X) =01 O(X) =1 O(X) =1,

X\ ¢ €9120(X) =912 (X)=p1 (X)=¢1 (X) = family of

-closed sets.

ow, by using Theorems 3. , 3.12, 3.13, 3.14 and 3.16 we can add some more
equivalent conditions for a set to be a @1 2-L. set (@1 20(X)-L. set), and for a
space (X, T) to be a o1 o-L. space (1 20(X)-L. space) for some special choices of
the operations ¢; and @s.

E 21, ([25]) oreac  €¢1O(X) e ae Cpraintpa( )

EO E .22. e ollo in are e ui alent or an su set A o X

a) Ais ap1a- set



T4 T. atice alvac

b) ac - lter- ase in A 1 2-accumulates in X to some point in A

c) er - lter- asein X  ic meets A @1 g-accumulates in X to some point
o A

d) oran amil o non-empt sets it A () pr2cd + € )=10
t ere e ists a counta le su amil 0 suc tatA (N : € ) =10

e) oran amil o non-empt sets suc t at or eac counta le su amil

0 e aeA (N : € y=10 it oldst at A () pr12cl : €

) =10

f) isa - lter- ase suc t at A ([ p12¢l : € )=0 tent ere
eistsan € suc t at A=

roo ( ). Let A be a ¢ o-L. set. Let us accept that some -filter-base

in A does not accumulate to any point in A.

Then, for each € A theree istsa € ¢;0(X, )andan €  such that
wa( ) =0. ince A is a ¢ 2-L. set there is a countable subset  of A such

that ACl @2 ). ence( ) (U w2 ) =0. encetheree ists
an €  suchthat C|) . Thus A = (. This contradiction completes
the proof.

( ). If isa -filter-basein X which meets A,then = A : €

is a -filter-base in A and hence in X.

The -filter  generated by contains A and C . From (a), ©1 2-
accumulates to some point in A. o (1 2-accumulates to

( ). Let : €  be a family of non-empty sets with (  ¢12cl
€ ) A=10. Let us accept that for each countable subset of we have
N ) A=0. Then = : C , countable isa -filter-base in

X which meets A. ence there e ists a point in A such that (1 2-accumulates
to

For each € p1O0(X, ) and for each € | w2( ) = 0. o for each

€ ¢10(X, )andforeach € |, wa( ) =0. Thisgives € ([ @12¢l )
A = (). This contradiction completes the proof.
( ). Let AC  where CpO(X). Then (N X\ : € ) A=0.
Let = X\p2( ): € .Iftheree istsa € suchthat X\¢o( ) =0,

then A C ¢2( )= X. n the other hand, if for each € , X\ 2 ) =0 let us
show that (] w12c(X \ 2 )): € ) A=0.

Firstly, let us see that for each €  we have p12¢l(X \ @2 )) C X\
Let € and € ¢j2c(X\p2( ). From Lemma 3.20, C ¢12intpa( ). ow
€pr2e(X \p2( )= (X \pr2intea( ) CX\ . ence

() 12X \g2( ): € ) Ac(() X\ : € ) A=0

From (d) there e ists a countable subfamily ~ of such that () X\ ¢2( ): €
) A=0. ence AC ¢ ): € ,so Aisa p;a-L. set.

&, and are clear. m
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EO E .2 . (X,7)isp12- 2 ©10(X) is closed under counta le inter-
sections and @9 is monotonous t en eac @1 2-  set is 1 2-closed
roo Let € 1 3clA. Then there e ists a -filter  such that A € and
(1 2-converges to . ince meets A and A is a @1 o-L. set there e ists a point
in A such that (1 s-accumulates to
From Theorem 2.3 we must have = ,so € A since we have @1 5cl A C A,
and A is a @1 g-closed set. m
E .2 . Let ¢1 = int and p2 € O(X,7) be a monotonous operation.
Then:
010(X) = 7. p10(X) is closed under countable intersections i (X, 7) is a
space.
0, using -filters in  spaces we can obtain equivalent characterizations for a
®1 Q—L. set.
If (X,7)is an (P)-space, then by choosing ¢1 = int and 2 = cl, we get
equivalent conditions for a space to be  (P)-closed.
roceeding in this way we can obtain many known results, some of which occur
in [4,7,20,22], and also many new results.
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