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CONVERGENCE OF FINITE-DIFFERENCE
SCHEMES FOR POISSON’S EQUATION WITH
BOUNDARY CONDITION OF THE THIRD KIND

Branislav Popovié

Abstract. In this paper we study the convergence of finite-difference schemes to generalized
solutions of the third boundary-value problem for Poisson’s equation on the unit square. Using
the generalized Bramble-Hilbert lemma, we obtain error estimates in discrete H' Sobolev norm
compatible, in some cases, with the smoothness of the data.

The outline of the paper is as follows. In section 1 notational conventions are presented.
The stability theorem is proved in section 2. In section 3 we prove estimates of the energy of the
operator Aj. Finally, in section 4, we derive our main results.

1. Preliminaries and notation

Consider the third boundary-value problem for Poisson’s equation on the unit
square Q = (0,1)%:

0
Au=f inQ, £+au:0 on ON (1)
where g—z = g—gcos(a:,n) + g—Zcos(y,n)7 n the unit outward normal to 992, and

o(z,y) is continuous function on 9N such that o(z,y) > g9 > 0, o9 = const.

We suppose that, for f € H°(2), our problem (1) has a unique solution in
H?(Q) and, provided f € H* (), u € H*(Q) for 2 < s <4 (see [1,4]).

Problem (1) is discretised on the uniform mesh with step-size & : Q=
{(z’h,jﬁ) 24,7 =0,1,2,..,N;Nh=1}. We define @, = QN Qp and 90, =
NN Q. In 89, we distinguish between two kinds of meshpoints: 992 =
a0y, \ 992}, and 99} = {(0,0),(1,0),(0,1),(1,1)}.

For a function U defined on Q,, the following notation will be used:

Ui]' = U(.’L’i,yj), Tr; = lh, Y =]h, l,] = 1,2,...,N and

Uij — Ui, -
AT U; = TI’J, AfU;j = A7 Uit 5,
_ Uij —U; ;1 _
A Ui = TJ7 AfU; = Ay Us g
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In the linear space of functions defined on €, let

N-1 N-1
h2
[U,V]=#n? Z UiVij + o Z (UioVio + UoiVoi + UniVni + UinVin )+
2,7=1 i=1
h2
7

(UooVoo + UnoVno + UonVon + UNNVAN)
be the scalar product and | [U]| = 4/[U, U] the corresponding norm. The discrete

HY norm |[- |1, is defined by |[U] |1 = \/|[U] % + U2 ,, where |-
discrete H! seminorm:

Ula = /[|AzU] 2 + ||2, U]

1,n is the

2

o WUl =y UL, (U], =4/(U,U],
N N
(Ua V]x = hzzzUijVij and

N N
U, V], =R > UyVi.
i=1 j=0 i=0 j=1
Let T;, T; and T, (i = 1,2) denote the mollifiers defined by

1

T = [ fatthyd , Tfwy) = [ fy+ i,

TufOw) =2 [ feha)d . Tof@o)=2 [ fm)d,
_ 0 _ 0’
Tif()=2 [ fQ+thg)de, Tofet)=2 [ flo1+th)d

We approximate problem (1) by the finite-difference scheme

1
2
1

AhU =F in ﬁh,
where AU = Ah7zU =+ Ah7yU,

%(AIU - UU) ’

i=0 j=0,1,2,..,.N
A U= AFTALU i=1,2,.,N—1, j=0,1,2,..,N,
-2(A,U+0oU), i=N j=0,1,2,...,N

Fij =T' Do fij, Foj = T1Tofo;, (4,5 = 1,2,.... N = 1), Fyo = T1T2 foo,
and Ah,yU, FN]', Fi07 FiN7 FN(), FONa FNN defined analogously.

2. Stability of the scheme

To begin, let us prove two lemmas.

LEMMA 1. Let U,V denote mesh-functions on Q. Then [ALU,V] =
[U, ALV].



Convergence of finite-difference schemes for Poisson’s equation ... 25
Proof. Using summation by parts it is easy to prove that

N—-1 N

[AnUVI==h2 > A UGN, Vij—
Jj=1 i=1
h2 N N-1
— Z (AU AL Vi + AZUiNAVin) — R Z (oniUN:VNi + 00:U0i Voi)
i=1 i=1

h
—3 (c00U00Voo + oonUonVon + onoUnoVao + onnUnnVan) = [U, ArV].
The operator Ay, , has the same property. Therefore,

[AhU, V] = [Ah,mU, V] + [Ah’yU7 V] = [U,Ah,mV] + [U, Ah,yV] = [U7 AhV] . n

LEMMA 2. Let U denote mesh-function on Q. Then [AyU,U] < —C|[U]%,
where C' = min {1, 20¢}.

Proof. For fixed j =0,1,2,..., N , using an inequality from [8] we get

N
max {U5:0<i < N} <20 (A;Uy)” + U + U

=1
This yields the following inequality:
hz U0]+UNJ <2hz (A, Uy) + U +U%,.
=1

Now let us prove that [A, U, U] < —%|[U]|2. Summing by parts and using last
inequality, we obtain:

N—-1 N
h
[AnU UL = =12 33" (A7 Uy)" - 5

7j=1 =1 =1

2 N

[ (AZU)” (A;Um)z] _

N-—-1
h
—h Z (O—NjUJQVj + JojUgj) -3 (UOOUgo + UoNUgN + (TNOU]2v0 + UNNUJQVN) <
7j=1

-1 N
S [h (A;U)° + 00U%; + oo U,

[ Z (A7 Ui)* + 00U, + 00U

7j=1 =1
h, < > c
=5 |h D2 (AZUin)" + 0oUdy +0oURw | < = [IU]".
i=1
The inequality [Ap,U,U] < ——|[U]| can be proved analogously and we easily

obtain Lemma 2. =
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THEOREM 1. For any f € H*(Q), s > 0, finite-difference scheme (2) has
unique solution U. Moreover,

Ol < /24 S, (3)

where C' = min {1, 20}.

Proof. The existence and uniqueness of solutions follow from the fact that Ay
is a self-adjoint and negative definite operator (Lemmas 1. and 2.). Further, (using
Lemma 2.) we can prove stability in the norm [[-]|: |[U]]* < 5 =AU U] =
& [=F,U] < &|[F]||[U]| and thus |[U]| < & |[F]|- Summing by parts we can also
prove that [An.U, U] < —3[AZUIE, [An,U,U] < =3[|A7U][%, and [UFF ), <
2[-AxU,U]. Thence and using Lemma 2. we get (3). m

3. The estimates of energy norm [—A,U, U]

In this section we present three lemmas. Each of them will be used to obtain
an appropriate error estimate for scheme (2).

LEMMA 3. Let U denote a mesh-function on Q, which is a solution of finite-
difference scheme (2). Then

N-1 N N-1
AU UL < Cs{ R Y F2 2 Z (Fo+Fn)+ D (Fa+F)| pr @
7,7=1 1=0 =1

where C3 is a positive constant.

Proof. Using the e-inequality: |ab| < ea® + 41—Eb2; a,be R, &> 0; in the
identity [-ARU, U] = [-F, U] as follows:

N-1 N-— B2 N
—h? > Fy;Uij < eh? Z Ui+ 42 Z 5

1,j=1 3,5=1 3,5=1
p2 N1 N-1 p3 N1 B2 h B3
~5 Y Faln<ch Y U+ Z Fjy and — —-FooUso < %UO% + 152 Foo
i=1 i=1 ¢
we obtain the following inequality:
1 N-1 N h3 N-1
[-AWU U < U+ - n’ Y F} Z (F + F7, +7 > (Foi + FR)
1,7=1 1=0 =1

where U = U(U, h), more precisely

N— N-1
U=hr? Y Uj+h Y (Ug+ Ul + Uk + Uly) +

i,7=1 i=1

h , .
1 (Ugo + Udn + Uk + Uk y) -
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It is easy to prove that U(U,h) < (% + 0—10) [-ALU,U], where C = min {1,200}

and o > go > 0. Thus we get (4) where C3 = 4e —4e% (C 1 + 09 1)] ! and the
value of € can be chosen so that 1 > ¢ (C~! + o), the optimal choice being

- 1400t 09> 3,
e = Coo(200 +20)"" = 5 _(1] 0= , =
50’0 N 0 g0 5-
Using the same technique, we can prove the following two lemmas. Their
proofs are omitted.

LEMMA . Let U denote a mesh-function on Qj, which is the solution of finite-
difference scheme (2). f we su stitute Fy; y Fyj = AY 145 + AF 245,(6,5 =
1,2,..,N =1),Fp = A}t 150+ 240, Foi = 1,00 +AF 205, Fvi = 1856+
AY o ni, Fin =AY 1iv + 24n8, (6=1,2,.,N=1) ,Foo = 100+ 200, Fon =

1,08 + 20n, Fno= 1,nv0+ 2,n0 and FNy = 1NN+ 2NN then

N N N
B2 2 2 2 2 2
[-ALU, U < Cy E E 1+ 54 +h E (Tnvit Tt v+ 2a)
7=0 i=1 =1
N
3 2 2 2 2
+h E ( ot 1.8t 20T 2,Ni)
i=0
LEMMA . nder the same assumptions as in Lemma , and definin  o; =
Ao oo o _h o h g
1,14 — 3 1,06, Ni = — 1,Ni — 3 1,Ni, 0 = 2,1 — 3 2,40 a1 iN = — 2,iN —

% 2in, (1 =0,1,2,...,N), the followin inequality holds

N N N
[FAUUTSC SR S (T+ 3 +h> (5i+ it 0+ W)
7=0 1i=1 1=0

. Convergence of the nite-di erence scheme

efore stating our main results we quote the following theorem which is a
variant of the well-known upont-Scott approximation theorem (see [2]).

THEOREM 2. Let e a ounded connected domain in R? satisfyin the cone
condition and (u) a ounded linear functional on H*( ) (s = {s} + , {s} >

0 is inte er and {s} s, 0 <1) suchthat ernel ( (u)), where
denotes the set of polynomials of de ree < {s}. Then, for any uw € H*( ), | (u)| <
Clul , where C = C( ,s) 1is a positive constant independent of u and

| -] is the hi hest seminorm of H*®( ).

The derivations of all error estimates below are based on the above theorem.
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THEOREM 3. wuppose that u € H*(Q), 2 < s <4, is the solution of pro lem
( ) and U 1is the solution of the finite-difference scheme (2). Then

U —ull,,, <Ch*? = ().
Proof. Let us define the global error as = U —u. Then Ay, ;; = ApU;; —
Apui; = Fi; — Apus; = ;. We shall consider three cases:

i) If (ih, jh) € Qp, then

h
"—TQA_B Zh+h]h +T1 Zh7]h+§ —Ahui]‘.

T oz 8

Using Theorem 2 and standard technique based on Theorem 2 as in [3], [5] or [9],
we obtain | ;| < Ch*73|u| , 2 s<4, where
i ={(x,y):th—h <z <ih+h; jh—h<y<jh+h}

i) If (ih,jh) € 0Q2, for example (0,jh), then

2 ou h ou ou h

R o R,y Y0 ; - ih 4=
05 hTQ 92 2,jh Ee (0,7h) +T1A 6 0,7h + 5
1 u

0
~ 72 U0+t +uo -1 +2u1; = 2hor (0, jh) — duo;

In the same way, except that 2 s < 3, we obtain | ;| < Ch*73|u|
where o; ={(z,y): 0<z<h; jh—h<y<jh+h}.
i) If (ih,jh) € 00}, for example (0,0), then

0o

2 Ou h ou 2 Ou h ou
=27, 2 2o — %00 +2T, 2 02— 0,00 -
00 =312 == 5, ax(7)+h18y '3 ay(’)
2 ou ou
— 37 10~ Uoo — h%(ovo) + o1 — Uoo — ha_y(o’o)
and we obtain, provided 2 s <3, | o] < Ch*3lu| ,,, where g =

{(z,y): 0<z,y <h}.
owever, we can obtain |[U]|ih < C[ARU,U]. Thence, using (4), we get

N-1 R p3 Vo1
2 -
[i,<C hzz 3;"‘22( ot )+ ZZ oi + i)
ij=1 =0 i=1
Now, for 2 s <3, it is easy to prove that |[ ][, , < Ch*=2|u| I3 s <4,
then
N—1
WY LSO T P (5)

3,5=1



Convergence of finite-difference schemes for Poisson’s equation ... 29

n the other hand, if w € H*(Q2), then w € H3(Q) and

h3 al 2 2 = 2 2 3
— E (h+ iv)+ 2 : ( 6+ %Ni)| <Ol o, (6)
1=0 =1

where O, is the boundary strip of width h. ut, according to [7]

hs_3, 3 S 5
lul 5, <Cu . h|Inh|, s=; (7)
H s b) S S 4.
Using (5), (6) and (7) we obtain |[ ]|1,, < Ch*~2 u and that completes the

proof. m

THEOREM . uppose that uw € H*(Q), 2 s<3, is the solution of pro lem

() where o€ (H*'(0,1)) (see ) and U is the solution of (2). Then

(hs*l) ) % S 2
[[U —ull1,n = (b h|inh)), s=3

Proof. This theorem is similar to the previous one. Therefore we begin the
proof as before. Naturally, this time we shall use Lemma 5 and thus we have to
derive the following:

)If i=1,2,...,N; j=1,2,..N—1 and 2 <3, then

2
ou h

. . _ s—2
1,45 = Tg % ith — 5,]]1 - Az Uiy and | l,ijl S Ch |u| )

where ;= {(2,y): th—h <z <ih, jh—L <y<jh+2}.

@) If i=1,2,.,N;j=0 or j=N and 2 <2, then

—  Ou h = Ju h
wo=T2 — th— -, — A, U0, iNn=Ty — th——-,1 —Aju
1,i0 2 52 th 20 AL usp 1,iN 2 57 ¢ 5 U;N
and | 1,ij| S C’hs_2|u|
where w0={(29): ih—h<z<ih, 0<y<2i}
or iv={(z,y): th—h<z<ih 1-L2<y<1}.

( nalogous results can be obtained for 2.)

’N,’L) If j=1,2,...,N—1, then 0j = TQ(UOjuoj) — 0g;Uo; and

| 0jl LCh°"2|ou| 1 , 1<s5<3,

0

where do; = jh—2,jh+ L2]. (The same results can be obtained for y;, ;v
and j0~)
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’iU) If i=0 and j = 07 then 00 = TQ(O’OOugo) — 0ooUo0 and
| 00|§Ch57§|0'1l,| 1 R 1<s<2,

00
where dgo = 0,2]. (The same results can be obtained for ;; and ;; where
(ih, jh) € 0%1},.)

Thence:
N-1 3
h? (T4 + 250 SCRZ2luf* 53 <3
i=1 j=1
N h 5 05 3
h22(ii0+ Tint St Sni) <SCou? -4 h¥In*h, s=; ;
=1 h® s<3
N-1
WY 5, <Ch*Ploul® 1, , 1<s<3,
j=1
h2572 , 1 S s S 3
hjo<Cou? 1o, - hIn*h, s=3
h 5 <3
and
lou| 101 < ou 191 <C o to1 ¥ 191 <
<Co 191 U
Now using Lemma 5, we easily complete the proof of the theorem. m
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