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Abstract
In this paper, five-valued logic functions are classified according to their membership in the
maximal clones which contain min(z,y) and T=4 — z.

1 Notation and Preliminaries

Denote by N the set {1,2,...} of positive integers. For k,n € N, E; = {0,1,...,k — 1}, denote by
P,S") the set of all maps E} — Ej, and P, = U P,g"). We say that f is an i-th projection of arity
nEN

n(l<i<n)if fe P,g") and f satisfies the identity f(z1,...,2,) & z;. We say that f € P,S") is
essential if it depends on at least two variables and it takes all values from Ej. Let 7} denote the
i-th projection of arity n, and let II; denote the set of all projections over Ey. For n,m > 1,f €
P,En) and g1,...,9, € P,gm)7 the superposition of f and g1, ..., gn, denoted by f(g1,-..,9n), is defined
by f(91,.-.5,9n)(@1,.-.yam) = f(g1(a1,...,am),...,gn(@1,...,am)) for all (a1,...,am) € E}*. A set
F C Py is a clone of operations on Ej (or clone for short) if 1T, C F and F is closed with respect to
superposition. For F' C Py, (F)c1, stands for the clone generated by F. We say that clone F' is mazimal
if there is no clone G such that F C G C Py. F C Py is complete if (F)cr, = P.

Let ¢ C EP be an h-ary relation and f € P,Sn). We say that f preserves o if for all h-tuples
(a11,---,a1h)s- -+, (Ant,--.,ans) from o we have (f(ai1,...,an1),--., f(G1h,---,0nn)) € 0. Pol g is the
set of all f € P, which preserve p. For F' C P, Inv F' denotes the set of all the relations preserved by
each f € F.

Let C be a clone on Ej, and F' C P;,. F is a complete relative to C (or C-complete) if (FUC)cL = Pi.

A relative complete set F' in Py is called a relative base of Py with respect to C' if no proper subset
of F is relative complete in P, with respect to C.

The functions from P, may be classified into nonempty equivalence classes by their membership in
the relative ma imal clones. Then we can discuss the completeness properties in Py in terms of these
classes instead of individual functions if a set is complete then replacing a function in the set by any
function in the corresponding equivalence class yields another complete set.

Let 1,.., m be relative ma imal clones. Define the map P, — {0,1}™ by setting (f) =
ai...am where a; = 0if f € ;anda; =11if f € ;. Wecall (f) the characteristic vector of f.
We put fog if f,g € Py have the same characteristic vector, i.e. if (f) = (g). It means that for all

€{1,2,..,n}, either {f, g} C or {f,g} = . learly, ¢ is an equivalence relation on P
and so it partitions Py into pairwise disjoint nonempty sets called e wivalence classes
To a1, ...,am € {0,1}™ we associate = {i a;, =1} andif 4,..., are the subsets of {1,...,m}

corresponding to the characteristic vectors, the relative completeness problem is reduced to the listing
of subsets of { 1,..., } covering {1,...,m}.
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All ma imal clones in Pj containing the functions min and complement and all ma imal clones in

P2 k containing two special unary operations are determined in
es lts and dis ssion
sing the statements of paper it follows

here are relative mazimal clones in P
12 1
1=P 0 0 =P (E -P -P -P -P -P —P —P —P)
012 10
012 121 2
=P =P (E -Py,-P -P -P —-P -P —-P)
012 211 2
=P (01 )
=P (0)
=P (12)
=P (1)
=P (02)
=P (2)
12 1020 1211 2 2
_p 012 01020 —P (E -P)
012 1020 021 11 2 2
012 0102121 2 2
v =P 00 qm0e1 122 =P E-P P -B)
12 0102122 2
11:P 0 010 =P (E -P —-P _Pl _Pl)
012 102021 2 2
From theorems 1-1 it follows respectively
C C C
1 C  ncC _1 11 C
C C 1 C 1 C
1 C 1 1 1 C 11
. C  uC o, ! - C n
o ouC o - C - C 5
1 C 1
1 C 1 C 1 C 11
1 C
1 C 11 C
11C 1.
1 C 1 C o1 1 C o
1 C 1 ucC 1-
1 - C
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It is important to notice that theorem 2.2. is useful for classification of functions in P
(according to their membership in all ma imal clones), which is still an open problem.

here are classes of functions in P with respect to the clone enerate by
min(z, ) an T= -—x.

In P we have 20 possible classes of functions. According to the previous theorem we
have found 1 empty classes of functions. epresentatives are efectively constructed for other 1
classes of functions. They are given in the following tables.



class of funct. | repre. class of funct. repre class of funct. repre. class of funct. | repre.
1 00000000000 2 01011010011 1 1 10011111011 202 | 11001000000 2
2 00000010000 11 01011010110 1 1 10011111111 20 11001000011 2
00000010011 11 0 | 01011010111 1 1 10100000000 201 | 20 11001000110 2
00000011000 2 1 | 01011011000 1 10100000011 202 || 20 11001000111 2
00000011011 1 2 01011011011 0 1 10100000111 20 20 11001001000 20
00001101000 1 01011011111 1 0| 10100010000 20 20 11001001011
00001111000 11 01011110000 11| 10100010011 20 20 11001001111
00010010000 01011110010 12| 10100010111 20 20 11001010000 21
00010010001 11 01011110011 10 1 10100011000 20 210 | 11001010011 22
10 | 00010010011 11 01011110110 1 10100011011 20 211 | 11001010110 2
11 | 00010011000 01011110111 11 1 10100011111 20 212 | 11001010111 2
12 | 00010011001 10 01011111000 1 10100100000 21 11001011000 2
1 00010011011 0 0 01011111011 1 1 10100100011 210 21 11001011011 2
1 00011111000 2 1 01011111111 22 1 10100100111 211 21 11001011111 2
1 00110100000 2 01110100000 12 1 10100110000 212 21 11001100000 2
1 00110110000 110 01110100100 1 1 0| 10100110011 21 21 11001100011 2
1 00110110001 11 01110100110 1 11| 10100110111 21 21 11001100110 2
1 00110110011 11 01110100111 1 1 2| 10100111000 21 11001100111
1 00110111000 01110110000 1 1 10100111011 0 220 | 11001101000 20
20 | 00110111001 111 01110110001 1 1 10100111111 21 221 | 11001101011 1
21 | 00110111011 01110110010 1 1 10101101000 21 222 | 11001101111 10
22 | 01000000000 120 01110110011 1 1 10101101011 21 22 11001110000 21
2 01000000110 121 0 01110110100 10 1 10101101111 21 22 11001110011 22
2 01000000111 122 1 01110110101 11 1 10101111000 21 22 11001110110 2
2 01000010000 12 2 01110110110 12 1 10101111011 220 22 11001110111 2
2 01000010011 12 01110110111 1 1 0| 10101111111 221 22 11001111000 2
2 01000010110 12 01110111000 1 1 1| 10110000000 22 11001111011 2
2 01000010111 12 01110111001 1 1 2| 10110000001 222 22 11001111111 2
2 01000011000 12 01110111011 1 1 10110000011 2 0| 11010010000 2
0 | 01000011011 12 01110111111 1 1 10110000111 22 2 1| 11010010001 2
1| 01000011111 12 01111100000 0 1 10110010000 10 2 2| 11010010010 2
2 | 01001000000 10 01111100110 1 1 10110010001 22 2 11010010011 2
01001000110 11 100 | 01111100111 1 1 10110010011 22 2 11010010110 20
01001000111 12 101 | 01111101000 1 1 10110010111 22 2 11010010111 21
01001001000 102 | 01111101111 2 1 10110011000 2 11010011000 22
01001001111 1 10 01111110000 102 1 0| 10110011001 10 2 11010011001 2
01001010000 1 10 01111110010 10 11| 10110011011 1 2 11010011011 2
01001010011 1 10 01111110011 11 12| 10110011111 22 2 11010011111 2
01001010110 1 10 01111110110 12 1 10110100000 1 2 0] 11011010000 2
0 | 01001010111 1 10 01111110111 1 1 10110100001 22 2 1] 11011010001 2
1| 01001011000 1 10 01111111000 2 1 10110100011 2 2] 11011010010 2
2 | 01001011011 1 10 01111111011 1 1 10110100111 22 2 11011010011 2
01001011111 1 110 | 01111111111 10 1 10110110000 2 11011010110 20
01001100000 2 111 | 10000000000 1 1 10110110001 20 2 11011010111 21
01001100110 112 | 10000000011 1 10110110011 2 11011011000 22
01001100111 10 11 10000000111 1 1 0| 10110110111 21 2 11011011001 2
01001101000 11 10000010000 1 11| 10110111000 2 11011011011
01001101111 1 11 10000010011 1 1 2| 10110111001 10 2 11011011111
01001110000 11 11 10000010111 1 1 10110111011 2 0] 11011110000 2
0| 01001110011 12 11 10000011000 1 1 10110111111 2 2 2 1] 11011110001
1| 01001110110 1 11 10000011011 1 10111101000 2 2| 11011110010 2
2 | 01001110111 1 11 10000011111 10 1 10111101011 2 2 11011110011
01001111000 2 120 | 10001101000 11 1 10111101111 100 2 11011110110 2
01001111011 121 | 10001101011 12 1 10111111000 101 2 11011110111
01001111111 0 122 | 10001161111 1 10111111011 112 2 11011111000 2
01010010000 1 12 10001111000 1 10| 10111111111 2 2 11011111001 2
01010010001 1 12 10001111011 1 1 1| 11000000000 2 2 11011111011
01010010010 1 12 10001111111 1 1 2| 11000000011 2 2 11011111111 20
01010010011 1 12 10010010000 1 1 11000000110 2 2 0| 11100000000 2
0 | 01010010110 1 12 10010010001 1 11000000111 2 2 1| 11100000011 2
1| 01010010111 10 12 10010010011 1 11000010000 2 2 2| 11100000110 20
2| 01010011000 11 12 10010010111 1 1 11000010011 20 2 11100000111 21
01010011001 12 1 0| 10010011000 1 1 11000010110 21 2 11100010000 22
01010011011 1 11| 10010011001 1 11000010111 22 2 11100010011 2
01010011111 1 1 2| 10010011011 2 1 11000011000 2 2 11100010110 2
01011010000 1 1 10010011111 1 200 | 11000011011 2 2 11100010111 2
01011010010 1 1 10011111000 200 201 | 11000011111 2 2 11100011000 2




class of funct. repre. class of funct. repre. class of funct. repre. class of funct. | repre.
2 11100011011 2 00 | 11101100100 1 1| 11110100001 0 5 T 11111010011
2 0| 11100011111 2 01 | 11101100110 2 | 11110100010 1 11111010110
2 1| 11100100000 2 02 | 11101100111 0 11110100011 2 11111010111 0
2 2| 11100100011 00 0 | 11101101000 11 11110100100 11111011000 10
2 11100100100 01 0 | 11101101011 11110100101 11111011001 1
2 11100100110 02 0 | 11101101111 1 11110100110 11111011011 10
2 11100100111 0 0 | 11101110000 11110100111 11111011111 5
2 11100110000 0 0 | 11101110011 11110110000 11111100000
2 11100110011 0 0 | 11101110100 0 11110110001 o | 11111100001
2 11100110100 0 0 | 11101110110 1 0| 11110110010 1| 11111100010
2 11100110110 0 10 | 11101110111 2 1| 11110110011 0 2 | 11111100011
2 0| 11100110111 0 11 | 11101111000 2 2 | 11110110100 1 11111100100
2 1| 11100111000 0 12 | 11101111011 0 11110110101 2 11111100101
2 2| 11100111011 10 1 | 11101111111 2 11110110110 11111100110
2 11100111111 11 1 | 11110000000 11110110111 11111100111
2 11101000000 12 1 | 11110000001 11110111000 11111101000
2 11101000011 1 1 | 11110000010 11110111001 11111101011 1
2 11101000110 1 1 | 11110000011 11110111011 11111101111 21
2 11101000111 1 1 | 11110000110 11110111111 0| 11111110000
2 11101001000 1 1 | 11110000111 0 | 11111000000 1| 11111110001
2 11101001011 1 20 | 11110010000 1| 11111000001 0 5 | 11111110010
2 0| 11101001111 1 21 | 11110010001 0 2 | 11111000010 1 11111110011
2 1| 11101010000 1 22 | 11110010010 1 11111000011 2 11111110100
2 2| 11101010011 20 2 | 11110010011 2 11111000110 11111110101
2 11101010110 21 2 | 11110010110 11111000111 11111110110 0
2 11101010111 22 2 | 11110010111 11111001000 11111110111 2
2 11101011000 2 2 | 11110011000 11111001011 11111111000 19
2 11101011011 2 2 | 11110011001 11111001111 11111111001 1
2 11101011111 2 2 | 11110011011 11111010000 ol 11111111011 1
2 | 11101100000 2 | 11110011111 0] 11111010001 1] 11111111111 1
2 11101100011 2 0 | 11110100000 1| 11111010010
A P TATI
012
T Tooooo 1 L 0002 [2 [oo010 002 2 0101 1011 01 11 0 1
5 | 00001 |1 [ 0000 | 0001 002 010 0 || 2| 01210 0112 || 100 |0 2
00002 || 1 | 000 2 1| 001 2 002 010 2 01211 01 1 101 | 10002
0000 1 | 000 2 | 00200 002 1 0| 010 01212 020 0 || 102 | 10222
0000 1 | 000 00201 002 2 1010 0121 0220 10 | 10 22
00010 | 20 | 000 1 00202 002 2 | 01110 0121 0| 0220 10 | 11012
00011 |l 21 | 000 2 0020 00 00 01111 01220 1102222 || 10 | 110 2
00012 || 22 | 000 0020 0|00 20 01112 01221 210221 || 10 | 1112
0001 2 | 00100 0021 1|00 22 0111 01222 022 2 || 10 | 111 2
10 | 0001 2 | 0010 00220 || 2| 00 22 0111 010111 022 10 | 111
11 | 00020 || 2 | 0011 00221 01010 01120 1|01 12 0211 || 10 | 11212
12 | 00021 || 2 | 00120 || 0 | 00222 01011 01121 21011 0 212 || 110 | 11222
1 | o002z || 2 | 00122 1| 0022 01012 01122 01 21 0221 || 111 | 11 22
1 | ooz 2| 0012 2| 002 0 0101 0| 0112 01 22 022 ||112|1 2
I A P TATI
£(00)(01)£(02)£(0 )E(0 ) f(LO)E(11)E(12)E(1 (R ) £(20)£(21)E(22)f(2 )E(2 ) £( 0)( 1)E( 2)f( () £( 0)( 1)f( 2)f( )f(

11
11
11
11
11

01
01110
11
10001
11 221
11 10001
120 2
121 | 00200

122
19

O1100

11
00000
11
11111
221
11111

01210

171111

222
00000

211
22222
222
22222
22222

11911

00000

11111
22222
22222

012 002
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00000
11111

22222
22222
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200
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210
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01111
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01222
22210
22222
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00000
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22 22
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00000

10000
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22222
2222
2222
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222
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222

222
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00000

10000

01211
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2
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