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CONVERGENCE OF A FINITE DIFFERENCE METHOD
FOR THE THIRD BVP FOR POISSON’S EQUATION

Bosko S. Jovanovié, Branislav Z. Popovié

Abstract. In this paper we study the convergence of finite difference schemes to weak
solutions of the third boundary value problem for Poisson’s equation on the unit square. Using
the theory of interpolation of function spaces, we obtain error estimates in a discrete W, Sobolev
norm consistent, or “almost” consistent, with the smoothness of the data.

1. Introduction

For a class of finite difference schemes (FDS) for elliptic boundary value prob-
lems (BVP), estimates of the convergence rate consistent with the smoothness of
the data:

lu—vllwpw) < CR*  llullwsy, s>k, (1)

are of major interest (see [13], [7]). Here u = u(z) denotes the solution of the BVP,
v denotes the solution of corresponding FDS, h is the discretisation parameter,
Wlf (w) denotes the discrete Sobolev space, and C is a positive generic constant,
independent of A and u.

A standard technique for the derivation of such estimates (see [7], [10], [18])
is based on the Bramble-Hilbert lemma (see [4], [6]). In particular, for the third
BVP estimates of type (1) were derived in [5], [12], [15] and [16]. In this paper we,
firstly, obtain better convergence then in [12], [15] or [16] and, secondly, expose an
alternative technique, based on the theory of interpolation of Banach spaces (see

[31, 8] [9], [11], [19]).
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2. Boundary value problem and its approximation

As a model problem let us consider the third boundary value problem (TBVP)
for the Poisson’s equation in the domain Q = (0,1):

2
Lw=-Ygs=/ mo,

o (2)
l(u)56—+au—0 on I'=0Q,
u 2 Ou .
where — = cos (v, z;) and v—the unit outward normal to 91).
on i=1 6331

We assume that the generalized solution of the problems (2) belongs to the
Sobolev space W§(2), 1 < s < 3, and that the right-hand side f(z) € W52(1).
Then, the coefficient o belongs to the corresponding space of multipliers [14], i.e.

o €M (Ws 1/2( )= W~ 3/2( )) Sufficient conditions for this are: o € Lo(T)

s—3

forl<s< 2ando e W, 2(I)fors> 2. Also, let the condition o(z) > oo > 0 be
satisfied. We shall assume that the other additional conditions which are possible
and which guarantee the existence of the solution u € W3 (Q) are also satisfied
(consistency conditions of input data at the vertices of the domain Q).

Let @ be a uniform mesh in Q with the step size h =1, w =wNQ, vy =@NT,
Yia ={z €@ : z; =a =-const, 0 < 23_; <1}, Jioa = {2 €0 : 7, = a =
const, 0 < z3-1 < 1}, Yia = {r €@ : 2, = a = const, 0 < z3_1 < 1}, 7, =
Fia NYia, wi = wUYi0, Y =7\ {Uzk ’Yik}, i=1,2; k=0,1. The finite difference
operators are defined in the following maner: v,, = (v* —v)/h, vz, = (v —v"%)/h,
where v*i(z) = v(z + hr;), r; is the unit vector of the axis z;.

We define the following scalar products and discrete norms:

0] = 3 u@he) + G 3 ulaele) + X )

ol = S uG@) + g S el

v =h 5w + 5 3w el = ol
TEYia TEY],

ol =h 2wl ol = ol

0 = elacey = lellwgeey = Bl %5 [l = oy 13

00 o = 01 + o JF + ol ]l = max o(a)l.

We also define the Steklov smoothing operators with the step size h:
T; () fo f(z + htr))dt = T; f(z + hr;) = Tif(x + &ry),
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T2f(z) = [1,(1 — |t]) f(z + htr;) dt and

T f(z _2f0 (1 =t)f(z £ htr;) dt,
where ¢ = 1,2. These operators commute and transform derivatives to differences:

Ou Ou 0%u
T+ =u,. . T~ s . T2 (=) =wn. i =1.2.
1 <6.§Ez> u$1 ) 1 (8%‘1) uﬂ?z ’ k3 (8.’1722) u$z$1 I ? ?

We approximate TBVP (2) with the FDS:
Lpv = g(z), (3)

where Ly(v) = Lp1v + L ov,
—% (va; — V), T € o,
Lpiv=1< —vgz;, T €wUvs_i0Ur3-41, (4)
% (vz; +Gv), =€ ¥,
g(z) is equal to:
TTif, x€w; T? T3 gy x€vios TETi i f, € va;
T2, T3, f, x=(0.5 05,05 0.5)€r*
and
cd=T0, T€7Y3-i0UY3—i1,
oo = T7.0(0,0), o611 =T 0(1,1) (in L) i=1,2,
001 = T1+U(0 1) (in Lpov), G0 = T? 5(0,1) (in Lpqv),
G0 =T7 0(1,0) (in Lpv), &10=T5,0(1,0) (in Lp1v).

Let u be the solution of the TBVP (2), and v the solution of the FDS (3). For
s > 1, the error of the FDS (3) = u — v is defined and satisfies the condition:

Lh = 5 (5)
where )
E X Tir TE w,
= _37i,z3 T3 + %( i, + i)a T € 7io, i= 1727 (6)
2 _
% E(_i,zi+ i) z = (0,0),
i=1

and analogously in the other boundary nodes. Here
=T u—u, z€uw,
i =Thopeu—u TE€EYW_ig o ,

i= T 0 u=Tg j(ou), €7,

i = (T(23—z')+a) U= T(23—i)+(‘7“)’ z = (0,0),

and analogously in the other nodes = € v*.
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. Stability o t e nite di erence sc eme

Stability of the scheme (3) for s € (1,3] is proved in [12] and [15]. However,
we need a new a priori estimate specially for the case s = 3. ote that in this
case o(x) € W23/2(F) and C(T) W23/2(I‘) (see [1]). It is not so hard to prove the
following lemma:

v @ Ly (4)
0<0’0<0’(.€L‘)<0’1 Cl CQ

Ci|[v]* < [Lav,v] < Cal o]

sing (6) and (7), we can transform [Ly , ]into
: W J
[Lh ) ] =-=h Z Lz x1 — h? Z 2,x2 T2 7 Z E i,3—d,@i @
TEW1 TEW2 k=0i=1 €3 ;&

+ 10(T22) + 11(722) + 20(T11) + 21(T11)
1 2 h -

+hy > X i+§E(1+z), (8)

k=01i=1 zE€v;x rey*

where % = g1 + k2, K = 1,2 and, for example in the node (0, z2),

h z, x, 2
(1 _ ﬁ) Pu@is2) 4o g, do,
0 0 o0 h Oxy (9)

21 =

22 = 5 0(z2) u(0, 72)

WS N

and
10(722) =h Y 222020 + 22,2,(0,0) (0,0) — "22.7,(0,1) (0,1) (10)
TEY10
Analogously we define the other ;.

Let us define the operator ; on y3_; 4 as
_%an z; =0,
iV = —Ugzi, 0<z; <1, (11)
%v@., x; = 1.

The operator ; is self-adjoint with respect to the inner product [u,v]s, ;.. The
eigenvalues of the operator ; are (see [7])

4 2k h
k ﬁssz 5 k—O,l, , M,
and its corresponding eigenfunction are j = g(x;) =cos k z;. Since ¢ =0, the
operator ; is non-negative. sing (9), (10) and (11) we obtain
_ _ 3/ _ 1 3/ _ 1
10( 22) = [ 2 22, ]’_710 = 2/ 22, 2/ ]’710 |[ 2/ 22]"710“ 2/ ]|’_Ylo

and analogously for the other ;; at ;-
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Let us prove the following assertion:
v w i (11)
1/
Il " s oa <C0llwi@)-
If we take ¢ = 2 (proof in the other case is the same), the function v

can be presented in the form

n

@ m) =2 % & k@) (2)=3C@) ()

=0 k=0 =0
where j(x1) = cosk z1, (z2)=cosl z2 and then (see [7])
17 1n=1
5, =32 Cz($1)55 C?(z1) + 7 C8(z1) + Ch(z1)
) =1
(YR =15 Cl)=y% )+ 20w (12)
LTk V=352 1 7 Onl@1).
R — 1nl T
2ol =32 Ca)=5 C%(1) + —* Ci(a1)
=1 =1
sing the inequality (see [2]):

1
max @) < |lva]Z, 2+-(—+1)|w1a >0

TEY2 o

from (12) we obtain

1 i n—1 1 n
LY <58~ S o m+(Tr)ns e n
=1 =l =0
1 1+4
If we choose = %, then we have
1 1+4 12 n_1 "
[y v, | < max % SY AT C( W+ hY CP( R
n =1 =0 =0

However, we know that > 1 > &, and then
5 n—1 5 n
|[¥w&1<—hz( zc@xh0+ghz(
5
thum] hZI[v NS
<2
4

|z 1T+ 1]ls < C 0]y 0)-

In the similar way, we can prove following two lemmas (see [2], [7]):
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v W 3—i (11)
2
U-TS 1(37) - Uwa ,(aj )
302 <Ccw %
v T,z €71 ,;, T=T (x3—i - 3:3_1')2
v w

|[v]|C(w) Cln_ |[v]|W2(w

From (8), using lemmas 1, 2 and 4, the following assertion holds true:

(5)

1
i@ <€ WY 3,40 Y 3,+0 Y (X bt X )

TEWL TEW2 k=0 “zE7ap TEY1k

12 (105 el 410 B + 1Y Tl 1LY IR+
2 1 1 ~ _ 1/2

+AY Y Y 2+RW’- Y P+ 3
i=1 k=0 TEYir h TEY*

. Conver ence o t e nite di erence sc eme

The problem of deriving the convergence rate estimate for the FDS (3) is
reduced to estimating the right-hand side of the inequality in Lemma 5.

ote that in [16] the following estimates are proved:

|[U - U]|W21(w) X Ch®~ 1||U||L2( )”U”W 2 s ()’ 1<s< 3/2a
lu =z < CH M lollys 2 llulye = - @y 3/2<s<2.

(13)
(i) The estimate for ; in w;, 4 = 1,2 was obtained in [9]:
1/2
W Y e SCR T Hullwy), 2<s<3. (14)

TEW;

(ii) The value 7214, in the nodes z € 319 may be represented in the form:

9 h o= oz z2th (1 B ,:c_l) 63u(:1:1 ,Zo)

21,2, = 2 5 522073 dzy dz, dz; dz.

0 0 0 9a
ow, from above it follows that:
8%u

82201y La()

= (07h) (1'2,1‘2 +h)7

| "21,20] <
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and summing over the nodes x € 419 we obtain:

1/2
WY e < CORullwgo)- (15)

TEF10

Analogous estimates hold true for the other sum with 751 5, and 712 4,.

(iii) Let us estimate, for example, h2|[ 3/ “92|]2,,- Firstly, setting
(72) = (e u(0, ) = 22022
from (9) it follows that
B} h 1 oeth
202 =3 @27 3 y (2)d 2.

ow, let us derive an estimate for the following expression:

1 zo+h z,+h _
T22,02(0,22) = 220, (0,75) = 35 (2= ()

T2 Ty 27 2
L7 R B Y S ) v
< g 6 (.'132 - 3;2)2 y . | - 2|2 d 2d 2 . (16)
ow, using (16) and Lemma 3, we obtain
- - 2
R(CY wl2 < B C R [T22,00 () — 22,05 (2 )]
|[ 2 22”710 T,T 65/120, =z (1-2 - $2)2
Th st () = (WP
éCh _E [ |2_ |22]d2d2
z,x €910, T=T T2 T, 2 2
11 2
[ (2)— ()] 2
< = ,
SOn 0 0 | 2— of? d 2d Ch||W§ 0,1)
2
- cn 240 <O ullyse- a7)

6.’E1 W: 2(0’1)

2 1
(iv) Let us derive the estimate for Y 5> 3 2.
i=1 k=0 zE€ik

For example, consider h 3", .. - 7. The functional 1 = (T§0)u — T3 (ou) may
be decomposed in the following manner:

1= 11+ 12, Wwhere

zo+h — X9
1= % - (1 — M) [0(z5) — o(22)][u(0, z2) — u(0,z,)] dz,,

1 z2+h _
12 = 0(@2); (1 - w> [u(0, 22) — (0, 2,)] da,.

D) —h
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Transforming 1; and 12 to the following forms

1 zo+h |$ _ 1_2' To T2 6“(0 X )
_! 1 172 = 72 d oY) 4y, d

t h z2—h ( h ) T2 7 ($2) 2 T2 8$2 " "

z2+h _ T2 Ty H2
(= WL T PR

h z2—h h Ta T2 61’2
we simply obtain
_ a’U/ zo+h 1/2
<4 2n3? — K ,
[ ul< Oy C@\ 45-h o (a)f"des

z2+h 62u(0,a:2) deQ)l/z‘

<4 2h3?
| 12| llolle 0,1 (91‘%

ro—
Summing over the nodes x € 7,9 we obtain
h 3 $<Ch |ol? llull3ys
TEY10 h W23 2(0a1) W3(Q)
and thus we can prove the estimate

2 1
RS L T PO ol s el (18)

(v) Let us derive the estimate for 1(0,0) as an example of estimates for the

functionals ; in the nodes x € v*. The functional ;(0,0) can be represented in

the form i
- 2 z ?2 Ou(0, z,)
1(0,0) = o (1 - f) o(z,y) . Tzz dzs dz,.
From this representation we simply obtain:
- Oou
0,0)| < hllo —  _ and
0.0 <Alloloos 5= o "

1- 1
hz1n25 1(0,0)2 < Ch 1n2ﬁ||g||§vg 2(0,1)||u||%v23(m.

Finally, from lemma 5 and estimates (14)—(19) we obtain

1
[ Iwi@) < Ch? lnﬁ ”U”W; 2( )||u||W23(Q)-

ow, applying interpolation theory (see [3], [19]) and using (13) we can prove the
main result of this paper:

3) W (@)

|[U - U]'WZI(@) < Chs*lualle( )”’U/”Wgs 2 () 1<s< 3/23
|[u - UHW;(G;) < Ch‘371||‘7”W2s 32 )||u||W2S 2 s () 3/2 <s<2,

B 1 s—2
[u = v]lwp@y < Ch*™ <1nﬁ) lollys =2 llullws@), 2<s<3.
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ote that the error estimates obtained are almost consistent with the
smoothness of data.
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