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HOLDER SPACES OF
QUASICONFORMAL MAPPINGS

Leonid V. Kovalev

ABSTRACT. We prove that a K-quasiconformal mapping belongs to the little
Holder space ¢/ K if and only if its local modulus of continuity has an appro-
priate order of vanishing at every point. No such characterization is possible
for Holder spaces with exponent greater than 1/K.

1. Introduction

Let  denote a domain in C, and let f : 2 — C be a continuous complex-valued
function. Given E C (2, define the modulus of continuity of f|g by

wy(E,8) = sup{|f(z1) — f(22)| : 21,22 € E, |21 — 22| < 6}
For 0 < a < 1 we consider the Hélder space

CY*(E)={f:E — C:supd “wy(E,0) < oo},
5>0

with the seminorm
| fl|£,a = limsupd~“wy(E, ).
d—0

This seminorm vanishes on the little Holder space
co,a(E) ={fe CO""(E) . ||f||E,a =0}.
Furthermore, define C2*(Q) = Neeo CV*(E) and similarly for Croe (90).

loc loc
We can also consider the local modulus of continuity at a point z € :

wy(2,0) = sup{[f(C) — f(2)] : ( € Q, |¢ — 2 < 6}
If U is a neighborhood of z in €, then wy(z,d) < ws(U,d) for all sufficiently small
6 > 0. In particular,

(L.1) limsup 6~ %wy(2,6) < [|fllva-
§—0

2000 Mathematics Subject Classification: Primary 30C62; Secondary 26B35.
Key words and phrases: Quasiconformal mappings, Holder spaces, linear dilatation, modulus
of continuity.

87



88 KOVALEV

Inequality (1.1) provides a simple necessary condition for a continuous mapping
f:Q = C to be in the class cp,*(Q); namely,
(1.2) fEc(Q) = limsupd “wy(z,6) =0 Vze .
6—0

This condition can be helpful because it is often easier to estimate wy(z,d) for z € Q
than to estimate wy(E,d) for all E € Q. Unfortunately, the implication in (1.2)
cannot be reversed in general.

The present paper deals with the following question: is the reverse implication
in (1.2) true under the additional assumption that f is a K-quasiconformal mapping

from Q to C? Tt is well-known that under this assumption f belongs to C2*/ K@)

loc

[1, 3, 7], but not necessarily to c?(;i/K(Q) (for example, f(2) = |2|"/K~1z is K-
0,1/K

quasiconformal in C, but f ¢ ;...

when 1/K < a < 1.
The answer turns out to be affirmative in the case @ = 1/K (Theorem 2.1) and
negative in the case 1/K < a < 1 (Proposition 2.1).

(©)). Therefore, our question is nontrivial only

2. Main results

We start by showing that in general one cannot determine the degree of Holder
continuity of a quasiconformal mapping from its local behavior. More precisely,
the following proposition exhibits a K-quasiconformal mapping which has linear
local modulus of continuity at every point, yet does not belong to cﬁ;?(ﬂ) with a

arbitrarily close to 1/K. We use notations D(a,r) = {z € C : |z — a|] < r} and
D = D(0,1).

PROPOSITION 2.1. Given K > 1 and 1/K < a < 1, there exists a K -quasicon-
formal automorphism f: D — D such that f ¢ c*(D), but

loc

. 17(Q) = f(2)]
(2.1) hrgnjgpw < o0

for every z € D.

PRrOOF. Choose € > 0 so that (o« —¢)/(1 —¢) = 1/K. Consider two sequences
of open disks D,, = D(2~",2=("+2)) and D!, = D(2-",2-+2)/%) n > 1. We will
define f separately on D},, D, \ D}, and D\ |J,”; D,,. Each disk D}, is stretched
under f by the factor of 201—@)(n+2)/e.

F@2" 4ret?) =2 4 202 /epeiv g < 27/ e R

Thus f(D!) is a disk that is concentric with D,, and has the radius 2~ *("+2)/¢ <
2-("+2)_ Hence f(D.) C D,. Next, f maps the annulus D, \. D!, onto D,, . f(D’,)
by means of the “extremal K-quasiconformal stretch mapping (cf. [ , p. ]).

F27" 4 ref?) = 270 4 QAN K1/ Kpiv  9=(n42)/e o < 9772 e R

Finally, let f(z) = z for z ¢ ;- Dy. It is easy to see that f is continuous and
thus K-quasiconformal in . It is also evident that f is locally Lipschit in D~ {0},
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which implies that (2.1) holds for z € D \ {0}. To verify (2.1) for z = 0, observe
that f maps each disk D,, onto itself. Hence for every ¢ € D,, we have

FQ) _2m 422
o Sammogm T

Thus (2.1) holds for all z € D.
Now let a, = 27" + 2=/ and , =27",n > 1. y the definition of f we
have

flay)=2""+ 9(n+2)(1/K—1) 9—(n+2)/e /K =91 4 o(nt2)((e-1)/eK~1)
=92 " 4 2—a(n+2)/s
and f( ,) =2"". ince

flan) = F( )| _ 2700/
|an — nla 2—a(n+2)/e ’

it follows that for every r > 0 the mapping f fails to be in ¢®%(D(0,r)).

urprisingly, the situation is di erent for the critical Holder exponent 1/K.

ccording to the following theorem, one can determine if a K-quasiconformal map-

ping belongs to ¢®/K ust by looking at its local modulus of continuity. Its proof
uses some ideas from [ ].

OrR 21. et f:Q— C be a K-quasiconformal mappin , and let E be a
compact subset of Q. hen f € OVE(E) if and only if for every z € E

(O = (=)
¢ E

ProOF. If f € (®'/K(E), then(2.2) follows immediately from the definition of
/K (E). Conversely, suppose that f ¢ c>V/K(E), ie. ||fllg1/x >0. ur goalis
to prove that (2.2) fails for some z € E.

y the definition of || f|| g,1/x there exists a sequence § — 0 and pointsa , €
E such that |a — |=4 and
(2.) f@) = FO) =fllpaed ™ @+ 1), - .

Without loss of generality we may assume that a — 0 € E, D(a ,d ) C D for
every , D C Q, and f(0) =0. ince f is continuous in D, the domain ' = f(D)
is bounded. Let = diam Q' be its diameter.

The set = f(D(a ,§ )) is connected and its diameter is controlled by (2. ).
We are going to use this information to estimate its capacity from below. n the
other hand, the quasiconformality of f will lead to an upper bound for the capacity
of . Comparison of the two estimates will show that f satisfies the hypotheses
of [2, Thm.1], which in turn implies that (2.2) fails for z = 0.
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Let us begin by defining the conformal capacity of a compact set E with respect
to a domain  E.

(2.) cap(2, E) = inf | @) %(2): e€eCP()and >1onE |
Q

where 2 is the 2-dimensional Lebesgue measure. ince ' C D(f(a ), ), it follows
from (2. ) that cap(Q', ) >=cap(D(f(a ), ), ). bservethat D(f(a ), )~

is a doubly-connected domain. There is another well-known conformal invariant
associated with such ob ects, namely, the ring module [7, . ]. It can be defined
as follows:  (D(f(a ), )~ ) =log(re/r1) if D(f(a ), )~ is conformally
equivalent to the circular ring {z : 71 < |z| < r2}. The relation between capacity
and module is given by

cap(D(f(a ), ), )=

(compare [7, .8] with [7, . ]).
ince  is connected and contains both f(a ) and f( ), the Grét sch module
theorem [ , p. ] and the estimate (2.10) in [ , p. 1] imply

(D(f(a ), )~ )<log( /If(a)—=fC )D-

Hence

2
log(" /If(a)=f( )N

(2.) cap(t, ) >cap(D(f(a ), ), )=

Now plug (2. ) into (2. ) to obtain

cap(®V, )= 2

PR 2 g I llmaym) + K Tlog(1/6) + (1)
2K log(" /Il flle,1/x) 1 -
“iog/o) TR Tog(1/s) Tog(1/8 )
2K ~ og(C /S llga/K) 1
~ log(1/6) log(1/6) log(1/3 )

Let C =2 K?log( /||fllg,1 k) + 1; then for all sufficiently large we have

! 2 K C
2.) cap(®, ) 2> log(1/6 )  (log(1/d ))?

To obtain an upper bound for cap(Q)’, ), we proceed as follows. Let : Q' - D
be the inverse of f and define

_log™{A—Ja /I ( )=al}
log{(1—1a [)/d }

()
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for € Q. (Here log" = max{log ,0}.) It is easy to see that the function is

Holder continuous in @'\, min{ ,1} € ¢*(Q'), and | = 1. Therefore,
cap(?, ) < g w’ 20
(2.)

< (log{(1 —fa [)/d }) | log| ()=al® 2().

-2

Q

t the points wherelog| —a |is di erentiable, its gradient can be written in terms
of the complex di erential operators and

| log| —a|®= | log| —al|’=] log( —a)+ log( —a)f
-
= +
—a —-a
ince ()] =z = f(2) s(x)7Pand ()] =4 = — f(2) s(2)7", we can
express the last integral in (2. ) in terms of the complex dilatation = f/ f.

Indeed, using notation ¢ = arg(z —a ), we have

| log| ()—al® 2()

flz) f(2)
() (z—a) f(2)  (z-a) #(z)
— | f(z)_e—Zicp f(z)|2|z_a |72 2(2)
6y | fRP-] P
_ [1—e7?¢ (2))? r—a "2 2
= s I-T@p el @

This, together with (2. ) and (2. ), yields

[L—e (27
.,y 1= @®P
2 K C

> (log{(1—a |)/8 })? log(1/6 )  (log(1/6 ))?

(2.8) z—a | *(2)

for large . ince a — 0, it follows that
(log{(1 — |a )/3 })? = (log(1/3))> + (log(1/3)), = oo
Hence the right-hand side of (2.8) is bounded from below by
2 Klog(1/6)—-C+ (1), — 0.
For all sufficiently large we have
1—e? ()

: z—a|™? %(2)>2 Klog(1/5 ) —Ci,
) 1—| ()] | | / 1
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where C1 = C + 1. ince
’(2) _ 2(2)
~
CaylEmalP T sy lzmal?
it follows that

=2 log(2/4 ),

K= or
L) 1-| (2)|
Note that the integrand is non-negative because | | < (K — 1)/(K + 1) for K-
quasiconformal mappings. ( ee also Proposition 2.2 below.) This allows us to pass
to the limit — oo using Fatou s lemma, thus obtaining
1—e?¢ ()P
1-] (2)I?
where ¢ = argz. y (2. ) and Proposition 2.2
1+ e 2% (2)2
1= ()P
y virtue of (2. ) and (2.10) we can apply Theorem 1 of [2] which asserts
that there exists > 0 such that |f(2)|/|z|'/K = as z = 0. This leads to the

conclusion that (2.2) does not hold at the point z = 0, because 0 is a non-isolated
point of the set E.

ProposITION 2.2. f € C and K > 1 are such that | | < (K —1)/(K + 1),
then

lz—a |7 %(z) <Ci+2 Klog2.

2.) K 272 2(2) < oo,

(2.10) Kt 12|72 %(2) < .

e A P | el

SITETRSE TR
PRrROOF. The first inequality follows from

2 _ 2 _
1+ POl _1-l] 1
1= P71 1+| |7 K
while the second one follows from
1 2 1— |2 1 2 K +1)2 K —1)2 1
1+ P = Pl | P (KR (K1 1
Ty A P R E Py i QRS V7 1 K

It was recently proved [ ] that for a K-quasiconformal mapping f the limit
lime,, [£(¢) — f(2)|/|¢ — 2|*/* exists at every point z in its domain of definition.
t the points where this limit is positive, the linear dilatation of f

. () - £(2)
slz) = lmeup sup PR TR

is evidently equal to 1. Thus we arrive at the following corollary.

o — 2= =2 — 2

ORO R 2.1. or a K-quasiconformal mappin f : Q@ — C, one of the
follo in statements is true (a) f € co’l/K(Q) (b) () =1 for some z € Q.

loc

Tt is likely that the following quantitative version of Theorem 2.1 is true.
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ON TR 21. et f:Q— C be a K-quasiconformal mappin , and let E
be a compact subset of 2. hen

(2.11) Il = fug%i% W

It is obvious that the right-hand side of (2.11) does not exceed ||f||g,1/x, but
the reverse inequality seems much harder to prove.

3. oncludin re ar s

s Corollary 2.1 indicates, there is a tight connection between the modulus of
continuity of a quasiconformal mapping and its linear dilatation. ecall that the
linear dilatation  of a K-quasiconformal mapping f can exceed K (see [ Jor[ ],
where the sharp upper bound for ; is found). n the other hand, ;(z) < K if
f has a non- ero derivative at z [ ]. Iso, f(z) =1 if the upper limit

i sup £ = £

=z Q2K
is strictly positive [ ]. This naturally leads to the following question: what is the
exact value of

() =sup  f(z): fis K-qc and limsup 1#6) = FG)I >0

(=2 € — z|*

for a between 1/K and K? The function increasesfrom (1/K)=1to (K)=
(K) (as defined in [ , II( . )] or [ , (11)]). pparently, none of its intermediate
values are known, although it seems likely that (1) = K.
Note that the authors of [ ] use a symmetri ation argument to show that

- If(z+¢) — f(2)
(1 W () = sl T TG

where the supremum is taken over all K-quasiconformal mappings of the plane.
The identity ( .1) is one of the crucial points in [ ], and it is not clear if it still
holds when the supremum on both sides is taken only over those K-quasiconformal
mappings for which

i sup [F(Q = )

> 0.
(—z |C_z|a

¢ no led e ents

The author is grateful to lbert aernstein and avid pela for several helpful
discussions. The referee s comments helped to improve the paper considerably.
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