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ORLICZ-SOBOLEV  SPACES WITH ZERO BOUND ARY
VALUES ON METRIC SPACES

NOUREDDINE A1SSAOUI

Abstra ct. In this paper we study two approaces for the de -
nition of the rst order Orlicz-Sobolev spaceswith zero boundary
values on arbitrary metric spaces. The rst generalization, de-
noted by M l;O(E), where E is a subsetof the metric spaceX, is
de ned by the mean of the notion of the trace and is a Banach
spacewhen the N-function satis es the , condition. We give also
someproperties of thesespaces.The second,following another def-
inition of Orlicz-Sobolev spaceson metric spaces)eadsusto three
de nitions that coincide for a large classof metric spacesand N-
functions. These spacesare Banach spacesfor any N-function.

AM.S. (MOS) Subject Classication Codes.46E35,31B15,
28A80.
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modulus of a family of paths, capacities.

1. Intr oduction

This paper treats de nitions and study of the rst order Orlicz-
Sololev spaceswith zero boundary values on metric spaces. Since
we have introduce two de nitions of Orlicz-Sololev spaceson metric
spaceswe are leading to examinetwo approades.

The rst approad follows the one given in the paper [7] relative to
Soholev spaces. This generalization,denotedby M *°(E), whereE is
a subsetof the metric spaceX, is de ned as Orlicz-Sololev functions
on X, whosetrace on X nE vanishes.
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This is a Banad spacewhen the N-function satis es the , con-
dition. For the de nition of the trace of Orlicz-Sololev functions we
needthe notion of -capacity on metric spacesdeweloped in [2]. We
show that setsof -capacity zeroare removable in the Orlicz-Sololev
spaceswith zero boundary values. We give someresults closely re-
lated to questionsof approximation of Orlicz-Sololev functions with
zeroboundary valuesby compactly supported functions. The approx-
imation is not valid on generalsets. As in Sololev case,we study
the appraximation on open sets. Hencewe give su cien t conditions,
basedon Hardy type inequalities, for an Orlicz-Sololev function to be
approximated by Lipschitz functions vanishing outside an open set.

The secondapproad follows the onegivenin the paper [13] relative
to Sololev spaces;seealso[12]. We needthe rudiments deweloped in
[3]. Hencewe considerthe set of Lipschitz functions on X vanishing
on X nE, and closethat set under an appropriate norm. Another
de nition is to considerthe spaceof Orlicz-Sololev functions on X
vanishing -g.e. in X nE. A third spaceis obtained by considering
the closureof the set of compactly supported Lipschitz functions with
support in E. Thesespacesare Banad for any N-function and are, in
general,di erent. For alarge classof metric spacesand a broad family
of N-functions, we show that thesespacescoincide.

2. Preliminaries

An N -function is a cortinuous corvex and ewen function de-
ned on R, verifying (t) > Ofort > O; limy ot *(t) = 0 and
Iimtgl tl(t):+1.

i
We have the represetation (t) = ' (X)dL(x); where' : R |

0
R* is non-decreasingright cortinuous, with ' (0) = 0, ' (t) > 0 for
t>0;limy o« ' ()= 0andlimy; ' (t) = +1 : HereL standsfor the
Lebesguemeasure.We put in the sequel,asusually, dx = dL(x).

R
The N -function  conjugateto isdenedby (t)= ' (x)dx;
0
where' isgivenby ' (s) = supft:' (t) sg:
Let (X; ; ) beameasurespaceand an N -function. The Orlicz
classL . (X) is de ned by

R
L, (X)= f:X! Rmeasurable , (f(x))d (x)<1
We de ne the Orlicz sppe L . (X) by
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RL (X)) =
f : X! Rmeasurable , ( f(x))d (x)<1 forsome >0 :

The Orlicz spaceL . (X) is aBanad spacewith the following norm,
called the Luxembug norm,
...... . n R f (x) 0
it :x =inf r>0: - dx 1:

X

If there is no confusion,we setjjjfjjj = jjfjj .x :
The Helder inequality extendsto Orlicz spacesas follows: if f 2
L. (X)andg2L . (X),thenfg2L?!and
R

x Jtad 20T x g gx

Let bean N -function. We say that veries the , condition if
thereisaconstat C> Osuchthat (2t) C(t)forallt O

The , conditionfor canbeformulated in the following equivalent
way: for every C > Othere existsC°> Osud that ( Ct) CO( t) for
alt O

We have always L . (X) L . (X). The equality L . (X) =
L . (X) occursif veries the , condition.

Weknow that L . (X) isreexiveif and verify the , condi-
tion. R
Note that if veries the , condition, then ( fj(x))d ! 0Oas
il 1 ifandonlyif jjfijj ..x ! Oasi! 1:

Recallthat an N -function  satis es the ° condition if there is a
positive constart C sud that for all x;y 0, ( xy) C(x)(VY).
See[9] and [12]. If an N -function  satis esthe ©condition, then it
satis es alsothe , condition.

Let beanopensetin RN, C! () bethe spaceof functions which,
together with all their partial derivativesof any order, are cortinuous
on , and C} (RV) = C} standsfor all functionsin C* (RV) which
have compact support in RN: The spaceCk() stands for the space
of functions having all derivativesof order k cortinuouson , and
C() isthe spaceof cortinuous functions on

The (weak) partial derivative of f of orderj j is denotedby

@
@@ @y
Let be an N -function and m 2 N. We sa that a function f :

RN | R has a distributional (weak partial) derivative of order m,
denotedD f,j j=m,if

R
fD dx=( 1y (D f) dx, 8 2 Ch:

D f
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Let be an opensetin RN and denoteL () by L () : The
Orlicz-Solwlev sppce WML () is the spaceof real functions f, sudh
that f andits distributional derivativesup to the orderm, areinL () :

The spaceW™L () is aPBanach spaceequipped with the norm

Nifiim . = b i f2wmL ()
0j j m
wherejjjD fjj =jiiD fjj .; :

Recallthat if veries the , condition, thenC! () \ W™L ()
is densein W™L () ; and C} (RN) is densein W™L (RN):

For more details on the theory of Orlicz spacessee[1, 8, 9, 10, 11}

In this paper, the letter C will denotevarious constaris which may
di er from oneformula to the next one even within a single string of
estimates.

3. Orlicz-Sobolev ~ space with zer o bound ary values
M (E)

3.1. The Orlicz-Sob olev space M 1(X). We begin by recalling the
de nition of the spaceM 1(X).

Letu:X ! [1 ;+1]bea -measurablefunction de ned on X.
We denote by D(u) the set of all -measurablefunctions g : X !
[0; +1 ] sudh that

(3.1) ju) u(y)i  dexy)(a(x) + 9(y))

foreveryx;y2 X nF,x 6 y, with (F) = 0. The setF is calledthe
exceptionalset for g:

Note that the right hand side of (3.1) is always de ned for x 6 V.
For the points x;y 2 X, x 6 y sud that the left hand side of (3.1) is
unde ned we may assumethat the left hand sideis +1 .

Let be an N -function. The Dirichlet-Orlicz spaceL!(X) is the
spaceof all -measurablefunctions u sud that D(u)\ L (X) 6 ;.
This spaceis equipped with the seminorm

(3.2) iz xy = inffjigiii :g2 D)\ L (X)g.

The Orlicz-Sololev spaceM }(X) is de ned by M1(X) = L (X)\
L1 (X) equipped with the norm

(3.3) Jivilime oy = vl + Jiiuijis ) -



14 NOUREDDINE A1SSAOQUI

We de ne a capacity as an increasingpositive set function C given
ona -additive classaf sets , which cortains compactsetsand su
that C(;)=0and C( Xj) C(Xj)forX;2 ;i=1212:::

i1 i1
C is called outer capacity if for every X 2
C(X)=inffC(O):0O open,X Og:

Let C be a capacily. If a statemeri holds excepton a set E where
C(E) = 0, then we sa that the statemert holds C-quasieerywhere
(abbreviatedC-qg.e.). A functionu: X ! [1 ;1 ]isC-quasicotinuous
in X if for every " > O thereis a setE sud that C(E) < " and the
restriction of u to X nE is cortinuous. When C is an outer capacity,
we may assumethat E is open.

Recall the following de nition in [2]

De nition 1. Let beanN -function. ForasetE X, dene C (E)
by
C (E) = inffj jujiiy: x, 1 u 2 B(E)g
whee B(E)=fu2 MY(X):u 1 on a neighlwrhood of Eg:
If B(E)=;,wesetC . (E)=1.
Functions belongingto B (E) are called admissiblefunctions for E.

In the de nition of C (E), we canrestrict oursehesto those admis-
sible functions u such that 0 u  1: On the other hand, C is an
outer capacity.

Let bean N -function satisfyingthe , condition, then by [2 The-
orem 3.10]the set

Lipt (X)=fu2 MY(X) :uis Lipschitz in Xg
is a densesubspaceof M (X ). Recall the following result in [2, Theo-
rem 4.10]

Theorem 1. Let be an N -function satisfyingthe , condition and
u 2 MY(X): Then there is a function v 2 M(X) suchthat u = v
-a.e. andv is C -quasiontinuousin X:
The function v is called a C -quasiontinuous representativeof u:

Recall alsothe following theorem, see[6]

Theorem 2. Let C be an outer capacity on X and be a nonnegja-
tive, monotoneset function on X suchthat the following compatibility
condition is satis ed: If G isopenand (E) = 0, then

C(G) = C(GnE):
Letf and g be C-quasiontinuouson X suchthat
(fx :f(x) 6 g(x)g) = O
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Thenf = g C-quasieverywhee on X.

It is easily veri ed that the capacity C satis es the compatibility
condition. Thus from Theorem 2, we get the following corollary.

Corollary 1. Let beanN -function. If uandv areC -quasiontinuous
onanopensetO andif u=v -a.e.in O, thenu=v C -g.e.in O.

Corollary 1 make it possibleto de ne the trace of an Orlicz-Sololev
function to an arbitrary set.

De nition 2. Let be an N -function, u 2 M*(X) and E be such
that C (E) > 0. The trace of u to E is the restriction to E of any
C -quasiontinuous representativeof u:

Remark 1. Let beanN -function. If uandv areC -quasi©ontinuous
andu Vv -a.e.in anopensetO, thenmax(u v;0)= 0 -a.e.in
O and max(u v;0) is C -quasiontinuous. Henae by Corollary 1,
max(u v;0)=0C -g.e.in O, and cons@uentlyu v C -g.e.in O.

Now we give a characterization of the capacity C in terms of qua-
sicortinuous functions. We begin by a de nition

Denition 3. Let be an N -function. For a set E X, dene
D (E) by
D (E) = inffj jujiiy 1« : u2 BE)g;
where
B(E) = fu2 MY(X):uis C -quasiontinuousandu 1C -g.e.in Eg:
If B(E) =;,wesetD (E)=1.
Theorem 3. Let bean N -function and E a subsetin X. Then
C (E)=D (E).

Proof. Let u 2 M1(X) be such that u 1 on an open neighborhood
O of E. Then, by Remark 1, the C -quasicorinuous represetative v
ofusatisesv 1C -g.e.onO,andhencev 1C -g.e.onE. Thus
D (E) C (E).

For the reverseinequality, let v 2 B(E). By truncation we may
assumethat 0 v 1. Let " besud that 0 < " < 1 and choosean
opensetV sudithat C (V) < "with v=1onEnV andv xn Is
cortinuous. We can nd, by topology, an opensetU X sud that
fx2X:v(x)>1 "gnV =UnV. WehaveEnV UnV. We
chooseu 2 B(V) sud that jjjujjjy:xy) < " andthat 0 u 1. We
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denew= %+ u. Thenw 1 -ae.in(UnV)[ V =U[ V, which

is an open neighbourhood of E. Hencew 2 B(E). This implies that
C (E) WwWilin oy 7w BVIllme o + 10U )
T Vllime e *

We get the desiredinequality since” and v are arbitrary. The proof
is complete.n

We give a sharpening of [2, Theorem 4.8].

Theorem 4. Let be an N -function and (u;);, be a sequene of C -
quasiontinuousfunctionsin M (X) suchthat (u;); convelgesin M *(X)
to a C -quasiontinuous function u. Then there is a subsgquene of
(u;); which convegesto u C -g.e. in X.

Proof. There is a subsequencef (u;);, which we denoteagain by (u;);,
sud that
>€- | wesn EE)
(3.4) 2 jjjui Ujfigay <1
i=1
WesetE; = fx 2 X :jui(x) u(x)j> 2 'gfori= 12 andF =
S :
Ei. Then2 ju; uj 2 B(E;) andby Theorem3 we obtain C (E;)
i=
2jjjui  Ujjjyx)- By subadditivity we get
>4 X "R )
C (F) C (Ei) 2'jjjui Uijigaxy -
i=j i=j
Hence
C( F) _IilrnC (Fj) =0
: it
j=1

T
Thusu; ! u pointwisein X n  F; and the proof is complete.n
j=1

3.2. The Orlicz-Sob olev space with zero boundary values M *°(E).

De nition 4. Let bean N -function and E a subspce of X. We say
that u belongsto the Orlicz-Solwlev space with zem boundary values,
and denoteu 2 M*°(E), if there is a C -quasi®ntinuous function
82 M1(X) suchthate=u -a.e.in E anda=0C -g.e.in X nE.

In other words, u belongsto M *°(E) if thereis @ 2 M 1(X ) asalove
suchthat the trace of @ vanishesC -g.e.in X nE.
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The space M “°(E) is equipped with the norm
liviliyg o) = lii®iivx) -

Recall that C (E) = O impliesthat (E) = O for ewery E X;

see[2]. It follows that the norm doesnot depend on the choice of the
guasiconinuous represetativ e.

Theorem 5. Let be an N -function satisfyingthe , condition and
E a subspce of X. Then M *°(E) is a Banach space.

Proof. Let (u;); be a Caudy sequencen M YXO(E). Then for every u;,
there is a C -quasiconinuous function & 2 M*(X) sud that & = u;

-a.e.in E andg = 0C -g.e.in X nE. By [2, Theorem3.6] M 1(X)
is complete. Hencethereisu 2 M1(X) sud that & ! uin M1(X)
asi! 1. Let @ bea C -quasicotinuous represetative of u given
by Theorem 1. By Theorem 4 there is a subsequencé® ); sud that
@! eC -ge.inX asi! 1. This impliesthat = 0C -g.e. in
X nE and henceu 2 M *°(E). The proof is complete.n

Moreover the spaceM “°(E) hasthe following lattice properties. The
proof is easily veri ed.

Lemma 1. Let be an N -function and let E be a subsetin X. If
u;v 2 M Y°(E), then the following claims are true.
1) If 0, then min(u; ) 2 M*°(E) and jjjmin(u; )jijl;O(E)
ijujliy rogy-
2) If 0, thenmax(u; ) 2 MY°(E) andjjjmax(u; )jijl;O(E)
Jijujliy rogy-
3) juj 2 M™(E) and jjjjuilijy voey  IiiUiliy o)
4) min(u;v) 2 M*°(E) and max(u;v) 2 M *°(E).

Theorem 6. Let be an N -function satisfyingthe , condition and
E a -measumblesubsetin X. If u2 MY (E) andv 2 M1(X) are
suchthat jvj u -a.e.in E, thenv2 M*°(E).

Proof. Let w be the zeroextensionof vto X nE andlet @ 2 M1(X)
beaC -quasiconinuousfunction sud that @ = u -a.e.in E and that
8=0C -ge.inXnE. Letg; 2D(e)\ L (X)andg,2 D(v)\ L (X).
De ne the function gz by

max(01(x); G2(x)), x2E

%(X) = o (%), x2 X nE.
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Thenit is easyto verify that g3 2 D(w)\ L (X). Hencew 2 M 1(X).
Let w2 M1(X) beaC -quasicotinuousfunction sud that w=w -
a.e.in X givenby Theoreml. Thenjw] & -a.e.in X. By Remark
lwegetjwj @& C -g.e.in X and consequetly w = 0 C -g.e. in
X nE. This shavs that v 2 M *°(E). The proof is complete.s

The following lemmais easyto verify.

Lemma 2. Let bean N -function andlet E be a subsetin X. If u2
M Y°(E) and v 2 M (X ) are boundeal functions, then uv 2 M *°(E).

We show in the next theoremthat the setsof capacity zeroare re-
movable in the Orlicz-Sololev spaceswith zeroboundary values.

Theorem 7. Let bean N -function and let E be a subsetin X . Let
F E besuchthat C (F) = 0. Then M*°(E) = M*(E nF).

Proof. It is evidert that M*°(E nF)  MY(E). For the reverse
inclusion, let u 2 M “°(E), then thereis a C -quasicotin uousfunction
g 2 MY(X) sudh that @ = u -a.e. in E andthat 8 = 0 C -q.e.
in X nE. SinceC (F) = 0, wegetthat @ = 0C -g.e. in X n
(E nF). This implies that ug,s 2 M“°(E nF). Moreover we have

UenF  yiogne) = MUl toE)- The proof is complete.n
As in the Sololev case,we have the following remark.

Remark 2. 1) If C (@) = 0, then M *(int E) = M *°(E).
2) We havethe equivalene: M *°(X nF) = MY°(X) = M1(X) if
andonlyif C (F)=0.

The corverseof Theorem7 is not true in general. In fact it su ces
to take ( t) = {tP (p> 1) and considerthe examplein [7].
Newerthelessthe converseof Theorem 7 holds for open sets.

Theorem 8. Let be an N -function and supmsethat is nite in
boundel setsand that O is an open set. Then M *°(0) = M*°(O nF)
if andonlyif C (F\ O)= 0.

Proof. We must shav only the necessij. We canassumethat F  O.
Letxg 2 Oandfori 2 N , poseO; = B(Xp; i)\f x 2 O : dist(x; X nO) > 1=ig.
Wedenefori 2 N,u; : X ! Rbyu(x) = max(0;1 dist(x; F\ O)).
Thenu; 2 M1(X), u; is cortinuous,u; = 1in F\ O; and0 u; 1.
Fori 2 N,denev : O; ! R by vi(x) = dist(x; X nG;). Then
vi 2 M¥(0) M*'(0). By Lemma2 we have, for every i 2 N ,
uivi 2 M) = M*(OnF). If wis aC -quasicotinuous function
sud that w = u;v; -a.e. in OnF, thenw = u;v; -a.e. in O since
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(F) = 0. By Corollary 1 we getw = u;v; C -g.e. in O. In partic-
ular w = uv; > 0C -g.e. in F\ O;. Sinceujv; 2 M*°(OnF) we
may denew = 0C -g.e. in X n(OnF). Hencew = 0 C -g.e. in
F\ O;. This is possibleonly if C (F\ O;) = Ofor ewveryi 2 N . Hence
C (F) ? C (F\ O;) = 0. The proof is complete.n

i=1
3.3. Some relations between H°(E) and M *°(E). We would de-
scribe the Orlicz-Sololev spacewith zeroboundary valueson E X
asthe completion of the set Lip *°(E) de ned by

Lip™®(E) = fu2 M1(X) : uis Lipschitz in X andu= 0in X nEg
in the norm de ned by (3.3). SinceM (X ) is complete,this completion
is the closureof Lip “°(E) in M1(X). We denote this completion by
H°(E).

Let be an N -function satisfying the , condition and E a sub-
spaceof X. By [2, Theorem 3.10] we have H*°(X) = M™°(X).
SinceLip™(E) MY (E) and M *°(E) is complete,then H*°(E)
MY°(E). When ( t) = %tp (p > 1), simple examplesshow that the
equality is not true in general;seg[7]. Hencefor the study of the equal-
ity, we restrict oursehesto open setsasin the Sololev case.We begin
by a su cient condition.

Theorem 9. Let be an N -function satisfyingthe , condition, O
an open subspee of X and supmsethat u 2 M1(0O). Let v be the

u(x) If v2 L (O), then

function de ned on O by v(x) = m

u2 H(0).

Proof. Let g2 D(u)\ L (O) and de ne the function g by
g(x) max(g(x); v(x)) if x 2 O
g(x) 0if x 2 X nO.

Theng 2 L (X). De ne the function U as the zero extensionof u
to X nO. For -a.e.x;y2 Oorx;y2 X nO, we have

ju) u(y)j dx;y)(@(x) + g(y)).
For -a.e.x2 Oandy2 X nO, we get

60 U= 00T 06y e gy AE) + B

Thusg2 D(U)\ L (X) which impliesthat T 2 M*(O). Hence
(3.5) jux) u(y)j dx;y)(@x) + g(y))
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forevery x;y 2 X nF with (F) = 0.
Fori 2 N, set
(3.6) Fi=fx2O0nF :ju(x)j 1i,9(x) ig[ X nO.

From (3.5) we seethat Uy, is 2i-Lipschitz and by the McShaneex-
tension
U (x) = inffu(y) + 2d(x;y) :y 2 Fig
we extend it to a 2i-Lipschitz function on X. We truncate U; at the
level i and setu;j(x) = min(max(T;(x); 1i);i). Then u; is sud that u;
is 2i-Lipschitz function in X, ju;j iin X andu; = U in F; and, in
particular, u; = 0in X nO. We shav that u; 2 M(X). De ne the
function g by
G(x) = 9(x), if x 2 F,
g(x) = 2,if x2 X nF.
We begin by shaving that

(3.7) juix) ui(y)i  dix;y)(gi(x) + Gi(y)),
forx;y2 X nF. If x;y 2 Fj, then (3.7) is evidert. Fory 2 X nF;, we
have

ju(x)  ui(y)j 2d(xy) dixy)(Gi(x) + g(y)), if x2 X nF,
juix) Uiy 2d(x;y)  d(xy)(@x) + 2i), if x 2 X nF.
This implies that (3.7) is true and thus g, 2 D (u;). Now we have

iii 9iii g /i * 2040 xor,
o 2i
Nay wmt+t —4— <1,
(W)
and
i uiii i e+ 20045 xor
_— 2i
nujj oF 1.

— <
o)
Henceu; 2 M 1(X). It follows that u; 2 Lip *°(0).
It remainsto provethat u; ! Tin M1(X). By (3.6) we have

(X nF) (fx2 X :ju(x)j>ig)+ (fx2 X : g(x) > ig).
SincEU 2L (X)and satisesthe , condition, we get
(ax)d (x) (i) fx2X:jux)j>ig,
fx2X:ju(x)j>i g
which impliesthat (i) fx2 X :ju(x)j>ig! Oasi! 1.
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By the sameargumen we deducethat (i) fx2 X :g(x)>ig! O
asi! 1.

Thus
(3.8) (i) XnF)! Oasi! 1:

Using the convexity of andthe fact that satis esthe , condi-
'%on, we get 7

(o u)d (juj + juij)d
X szi
[ jud + (i) (XnF)]! Oasi! 1:

X nF;j
On the other hand, for eatch i 2 N we de ne the function h; by
hi(x) = g(x)+ 3i,if x2 X nFj,
hi(x) = 0,if x 2 F;.
Weclaimthat h; 2 D(@ u;)\ L (X). In fact, the only nortrivial
caseisx 2 F; andy 2 X nFj; but then
j@ u)(x) @ u)yi d(x; y)(@(x) + g(y) + 2i)
d(x; y)(a(y) + 3i).
?y the corvexityzof and by the , condition we have

N[g]

h;d (+ 3i)d
X X2Fi
Cl gd + (i) (X nF)]! Oasi! 1:
X nF;
This implies that jjjhijj ! Oasi! 1 since veriesthe
condition.

Now
jiv wijiirxy diihiji ! Oasil 1.
Thus t 2 H*°(0). The proof is complete.x

De nition 5. A locally nite Borel measure is doublingif thereis a
positive constant C suchthat for everyx 2 X andr > 0,

(B(x;2r)) C (B(x;r)).

De nition 6. A nonemptysetE X is uniformly -thick if there are
constantsC > 0 and0< ry 1 suchthat

B(x;r)\ E) C (B(x;r)),
for everyx 2 E, and0< r < ry.



22 NOUREDDINE A1SSAOQUI

Now we give a Hardy type inequality in the cortext of Orlicz-Sololev
spaces.

Theorem 10. Let be an N -function such that satis es the »
condition and supmsethat is doubling. Let O X be an open set
suchthat X nO is uniformly -thick. Then there is a constantC > 0
suchthat for everyu 2 M *°(0),

Vil o Clij vyt

u(x)

dsix X noy’ '

whee v is the function de ned on O by v(x) =
constant C is independentof u.

Proof. Let u 2 M*°(0) and @ 2 M1(0) be -quasicontinuous sud
thatu=18 -a.e.inOande= 0 -g.e. iNnXnO. Letg2 D(a)\ L (X)
and set 0% = fx 2 O :dist(x; X nO) < rog. For x 2 0% we choose
Xo 2 X nO sud that ry =dist(x; X nO) = d(x; Xo). Recallthat the
Hardy-Littlew ood maximal function of a locally -integrable function

f is de ned by 2

_ 1
M f(x) = ?gm 50 f(y)d (y).

Using the unifozrm -thicknessand the doubling condiztion, we get
: LR T —
(B(Xo; rx) n O) B (Xo;rx)nO (B(Xo; rx)) ZB(X();rX)
__ ¢
(B(X; er)) B(x;2rx)
CM g(x).
On the other hand, for -a.e.x 2 O%thereisy 2 B(Xq;ryx) nO sud
that ~
1

ju(x)j d(x; y)(g(x) + (B(X0:Tx) NO) g xgr)n0

Crx(9(x) + M g(x))
Cdist(x; X nO)M g(x).

By [5], M is a bounded operator from L (X) to itself since
satis esthe , condition. Hence

ay)d (y)

Jiiviii o0 CiiiM dijj Ciiidii -
On O n0O%we have

jiiviii om0 o Yijuiii o

a(y)d (y)

g(y)d (y)
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Thus

iviii .o C(ijeilj +jiigii )

By taking theinmumoverallg2 D(g)\ L (X), wegetthe desired
result.

By Theorem9 and Theorem 10 we obtain the following corollaries

Corollary 2. Let be an N -function suchthat and  satisfy the
> condition and supmsethat is doubling. Let O X be an open
setsuchthat X nO is uniformly -thick. Then M *°(0) = H*°(0).

Corollary 3. Let be an N -function suchthat and  satisfy the
> condition and supmsethat is doubling. Let O X be an open

setsuchthat X n O is uniformly -thick and let (u;))i M*°(0) be a

boundel sequene in M *°(0). If u;! u -a.e., thenu2 M*°(0).

In the hypothesesof Corollary 3 we get M *°(0) = H*°(0). Hence
the following property (P) is satis ed for setsE whosecomplemet is
-thick:
(P) Let (u;); be a boundedsequencén H*(E). If u;! u -a.e.,then
u2 HY(E).

Remark 3. If M1(X) is re exive, then by Mazur's lemmaclosel con-
vex sets are weakly closel. Hene every open subsetO of X satis es
property (P). But in geneal we do not knowwhetherthe space M 1(X)
is re exive or not.

Recall that a spaceX is proper if bounded closedsetsin X are
compact.

Theorem 11. Let bean N -function satisfyingthe , condition and
suppsethat X is proper. Let O be an opensetin X satisfying property
(P). Then M*°(0) = H'°(0).

Proof. It suces to prove that M*°(0) H°(0). Let u2 M*°(0)
be a -quasicontinuous function from M *(X) sud that u= 0 -g.e.
on X nO. By using the property (P), we deduce,by truncating and
consideringthe positive and the negative parts separately that we can
assumethat u is boundedand non-negatiwe. If xo 2 O isa xed point,
de ne the sequencd ;); by

8

< 1 if d(Xo;x) i 1,

i(X)= i d(xe;x) ifi 1< d(Xe;x)<i
' 0 if d(xg;x) 1.
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If we de ne the sequencdyv;); by v; = u i, then sincev; ! u -a.e.

in X and jjj Vijij m 1 (x) 2jjjujjjm1(xy, by the property (P) it clearly
su ces to show that v; 2 H*°(0). Remark that
vi(x)  vi(y)] jux) u)i+jix) Wi
d(x; y)(9(x) + g(y) + u(x).

Hencev, 2 M1(X).

Now X i andsetv = v;. Sincev vanishesoutside a boundedset, we
can nd aboundedopensubsetU O sudithatv= 0 -g.e. in X nU.
We choose asequencéw;) M *(X) of quasiconin uousfunctions suc
that 0 w; 1,w; = 1lonanopensetO;, with jjjw;jjjy1xy! 0,and
sothat the restrictions vjx no, arecortinuousandv = 0in X n(U[ O;).
The sequences;)j, dened by s; = (1 w;) max(v Jl 0), is bounded
in M1(X), and passingif necessaryto a subsequences; ! v -a.e.
Sincevix no, Is cortinuous, we get

fx2 X :s;(x) 6 Og X 2 X 1v(x) j}no,- u.

This meansthat fx 2 X : s;(x) 6 Ogisacompactsubsetof O, whence
by Theorem9, s; 2 H%°(0). The property (P) impliesv 2 H'°(0)
and the proof is complete.n

Corollary 4. Let bean N -function satisfyingthe , condition and
suppsethat X is proper. Let O be an open setin X and suppsethat
M1(X) is re exive. Then M °(0) = H*°(0).

Proof. By Remark 3, O satis es property (P), and Theorem 11 gives
the result. g

4. Orlicz-Sobolev  space with zer o bound ary values NY°(E)

4.1. The Orlicz-Sob olev space N1(X). We recall the de nition of
the spaceN 1(X).

Let (X;d; ) beametric, Borel measurespacesud that is positive
and nite onballsin X.

If I isaninterval in R, a path in X isacortinuousmap :1! X.
By abuseof language,the image (1) =: j j is alsocalled a path. If
| = [a;b] is a closedinterval, then the lengthofapath : 1! X is

P
I(") =length( ) = SUpizlj (tisa) (6,

where the suprenmum is taken over all nite sequencea = t; t;
tn  thsr = b If I is not closed,we setl( ) = supl( j;), where
the suprermum is taken over all closedsub-intervals J of I. A path is
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saidto berecti able if its length is a nite number. A path : 1! X
is locally recti able if its restriction to eat closedsub-irterval of | is
recti able.

For any recti able path , there areits assaiatedlength functions :
I ' [O;1( )] andauniquel-Lipscitz cortinuousmap :[0;1( )]! X
suhthat = s s . Thepath sisthe arclength parametrization of

Let be arectiable path in X. The IineFé'ntegraII._gver of eah
non-negatie Borel function : X ! [0;1 ]is |g\]s = (;( ) R s(t)dt.
If the path is only locally recti able, weset ds = sup , ds,
wherethe suprenum is taken over all recti able sub-paths °of . See

[5] for more detalils.
Denoteby .. the collection of all non-constart compact (that is,
| is compact) recti able pathsin X.

De nition 7. Let be an N -function and be a collection of paths
in X. The -modulusof the family , denotel Mod () , is de ned as

z'F”f) i
whee F () is the set of all non-negative Borel functions  such that
ds 1 for all rectiable paths in . Suchfunctions usel to
de ne the -modulusof are saidto be admissiblefor the family

From the above de nition the -mo dulus of the family of all non-
recti able pathsis 0.

A property relevant to pathsin X is said to hold for - almost all
paths if the family of recti able compactpaths on which that property
doesnot hold has -mo dulus zero.

De nition 8. Let u be a real-valued function on a metric space X . A
non-neyative Borel-measurable function is said to be an upper gra-
dient of u if for all compact recti able paths the following inequality
holds .

(4.1) jux)  u(y)j ds,

wheme x andy are the end points of the path.

De nition 9. Let be an N -function and let u be an arbitrary real-
valual function on X. Let be a non-ngyative Borel function on X.
If there exists a family rect SUChthat Mod () = 0 and the
inequality (4.1) is true for all paths in e n , then s saidto
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be a -weak upper gradient of u. If inequality (4.1) holdstrue for -
maodulusalmostall pathsin asetB X, then issaidtobea -weak
upper gradient of u on B.

De niton  10. Let be an N -function and let the set X;d; ) be
the collection of all real-valual function u on X suchthatu2 L and

u havea -weak upper gradientin L . If u2 I(Il, we set

(4.2) ijuilig. = Jijuil + infjjj jij

wheme thein mum is takenoverall -weak upper gradient, , of u such
that 2L .

De nition 11. Let bean N -function. The Orlicz-Solwlev space cor-
respndingto , denotal N (X)), is de ned to ke the space X 1(X;d; ) v,

For more details and dewelopmerts, see[3].

4.2. The Orlicz-Sob olev space with zero boundary values N *°(E).

De nition 12. Let be an N -function. For a set E X dene
Cap (E) by
n 0]
Cap (E) = inf jjjujjjyr :u2 D(E)

whee D(E) = fu2 N!:uje 1g

If D(E) = ;, wesetCap (E) = 1 . Functions belongingto D(E)
are called admissiblefunctions for E.
De nition  13. Let be an N -function and E a subsetof X. We
de ne Iql;o(E) asthe setof all functionsu:E ! [1 ;1 ] for which

there existsa function & 2 N 1(E) suchthate=u -a.e.in E ande =
0 Cap -g.e.in X nE; whichmeansCap (fx2 X nE :a(x) 6 0g) =
0.

Let u;v 2 NY°(E). Wesa that u vifu=v -ae.in E. The
relation  isanequivalencerelation andwesetN *°(E) = N¥%(E) v.

It is easyto seethat for every setA X, (A) Cap (A). Onthe
other hand, by [3, Corollary 2] if @ and e° both correspnd to u in the
above de nition, then jje aljj nix) = 0. This meansthat the norm

on N*°(E) is well de ned.
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De nition 14. Let be an N -function and E a subsetof X. We set
Lip“{ (E) = u2 N*(X) :uis Lipschitzin X andu=0in X nE ;
and

Lip“%L(E) = u 2 Lip™} (E) : u hascompact supprt

We let H*}, (E) ke the closure of Lip ¥}, (E) in the norm of N(X),
and H" 2 (E) ke the closure of Lip %% (E) in the norm of N*(X).

By de nition HYY (E) and HY(E) are Banach spaces.We prove
that N*°(E) is alsoa Banac space.

Theorem 12. Let be an N -function and E a subsetof X. Then
N*°(E) is a Banachspace.

Proof. Let (u;); be a Caucy sequencén N *°(E). Then thereis a cor-
responding Caudy sequencgg;); in N1(X), whereg; is the function
correspnding to u; asin the de nition of N*°(E). SinceN*(X) is a
Banad space,see[3, Theorem 1], there is a function @ 2 N1(X),
and a subsequencealso denoted (8;); for simplicity, so that as in
the proof of [3, Theorem 1], 8; ! @& pointwise outside a set T with
Cap (T) = 0, and also in the norm of N1(X). For ewery i, set
A = fx2 X nE :8i(x) 6 0g. Then Cap ([ ;A;) = 0. Moreover, on
X nE)n([iAi[ T), we have g(x) = _Ililm g(x) = 0.
!

SinceCap ([ iAi[ T) = O, the function u = B¢ isin N°(E). On

the other hand we have
jjju Uijijl;O(E) = jie e&jjnix)! Oasi! 1.

Thus N*°(E) is a Banac spaceand the proof is complete. s
Prop osition 1. Let be an N -function and E a subsetof X. Then
the spoe H'} (E) emleds isometrically into N“°(E), and the space
HY(E) emleds isometrically into H ™Y (E).
Proof. Let u 2 HY) (E). Then there is a sequencgu;);  N*(X) of
Lipschitz functions sud that u; ! uin N!(X) and for ead integeri,
Uijx ne = 0. Consideringif necessarya subsequencef (u;);, we proceed
asin the proof of [3, Theorem1], we canconsiderthe function & de ned
outside a set S with Cap (S) = 0, by & = 1(lim supu; + lim infu;).

i i

Then 8 2 N1(X) and Ug = &g -a.eand 8xne)ns = 0. Hence
uie 2 N*°(E), with the two normsequal. SinceH "2 (E)  Lip*}, (E),
it is easyto seethat H "% (E) embedsisometrically into H ', (E). The
proof is complete. g
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When (t) = %tp, there are examplesof spacesX and E X for
which N*°(E), H*} (E) and H "2 (E) are di erent. See[13]. We give,
in the sequel,su cien t conditionsunderwhich thesethree spacesagree.
We begin by a de nition and somelemmas.

De nition 15. Let beanN -function. The space X is saidto support
a (1; ) -Poincare inequality if there is a constant C > 0 suchthat for
all balls B X, and all pairs of functions u and , whenever is
an upper gradient of u on B and u is integrable on B, the following

inequality holdf
1 . . e ., 1
®) = ju ugj Cdiam(B)jjjgiji, () (ﬁ)
Lemma 3. Let be an N -function and Y a metric measure space
with a Borel measure that is nite on boundel sets. Let u 2 N1(Y)
ke non-negyative and de ne the sequene (u;); by u; = min(u;i), i 2 N.
Then (u;); convegesto u in the norm of N1(Y).

Proof. SetE; = fx2 Y :u(x)>ig. If (Eij) = 0,thenu; = u -a.e.
and sinceu; 2 N1(Y), by [3, Corollary 2] the N*(Y) normofu u; is
zerofor su ciently largei. Now, supposethat (E;) > 0. Since is
nite on boundedsets,it is an outer measure.Hencethere is an open
setO; sudthat E;, O;and (O)) (E)+ 2.

We have

1. .. 1
i_JJJUJ”L €) 1), (E) ~ @
(Ei)

Since liscortinuous,increasingandveries ( x)! 1 asx! 1,
we get

Y i—JJJUJJJL ' OQasi! 1,
(Gi) 2
and
(O))! Oasi! 1.
Note that u= u; onY nO;. Thusu u; has2g o, asaweakupper
gradiert wheneer g is an upper gradiert of u and henceof u; aswell;
see[3, Lemmag]. Thusu; ! uin N(Y). The proofis complete.n

Remark 4. By [3, Corollary 7], and in conditions of this corollary, if
u 2 N*(X), then for each positive integer i, there is a w; 2 N*(X)
suchthat 0 w1, jjjwijjjnrxy 2 ', and wyr, = 1, with F; an
open subsetof X suchthat u is continuouson X nF;.

We de ne, asin the proof of Theorem11,fori 2 N , the function t;
by
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L= : 1.
=1 w)max(u <;0).

Lemma 4. Let be an N -function satisfying the ©° condition. Let
X be a proper doubling space supprting a (1; ) -Poincare inequality,
andletu 2 NY(X) besuchthat0 u M, whee M is a constant.
Supmsethat the setA = fx 2 X : u(x) 6 0gis a boundel subsetof X .
Thent; ! uin N1(X).

Proof. SetE; = x 2 X :u(x) < ¥ . By [3, Corollary 7] and by the
choice of F;j, there is an open set U; sudh that E; nF; = U, nF;.
PoseVi = U, [ F; and remark that wiz, = 1 and ug, < 1. Then
fx2X:t(x)6 0g AnvV, A.Ifwesetvi=u tj,then0 vi M
sinceO t; u. Wecaneasilyverify that t; = (1 w;)(u 1=i) on
AnV, andt; = 0on V. Therefore

(4.3) vVi=wu+ (1 w) ionAnV;
and
(4.4) Vi = uonV.

Let x;y 2 X. Then

wi (xu(x)  wily)u(y)i jwi u(x) — wiu(y)j + jwi(uly)  wi(y)u(y)j
wi(x)ju(x) u(y)i+ M jwi(x)  wi(y)j.
Let ; be an upper gradiert of w; sud that jjj jjj, 2 "1 andlet
be an upper gradiert of u belongingto L . If is a path connecting

two points x;y 2 X, then
Z Z

wiu(x)  wi()u(y)i wi(x) ds+M  ds.

Hence,if z2 | |, then
WOOUE) WU WP wi(2W)i + wi2)u@), WU,
w; (2) ds + M ids+ w;(2) ds + M ids

Z Xz Z Xz zy zy
w;(2) ds + M ids,

where ,, and .y aresud that the concatenationof thesetwo segmers

givesthe original path  bad again. Therefore
Z

jwi(xu(x)  wi(y)u(y)j jatwi(z) + M ds.
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Thus V4

Jwi ()u(x) — wi(y)u(y)] (wi(z) +M j)ds.

This meansthat w; + M ; is an upper gradiert of wju. Since
Hiwiji 2 ', wegetthat w;! 0 -a.e.On the other hand w;
on X impliesthat w;, 2 L andhence (w; )2 L?! because veri-
es the , condition. Since is cortinuous, (pyi )! 0 -a.e.The
Lebesguedominated corvergencetheorem gives (wi )dx ! 0
asi! 1. Thusjjw; jj,_ ! Oasi! 1 since veriesthe
condition.

Let B be a boundedopensetsudhthat A BT: ThenO; = (A
Fi)\ B is a boundedopen subsetof A and O; A. Thereforesince
O\ VvV (Ei\ A)[ Fi, we get

(Gi\ V) (Ei\ A+ (F)
x2 X :0<u(x)< % + Cap (F).

Hence (O;\ Vi) ! Oasi! 1, sincebounded setshave nite
measureand therefore x2X:0<ux)<t ! (;)=0asi!
1. Thusjjj jij_ ©ouvy! Oasil 1.

By [3, Lemma 8] and equations(4.3) and (4.4), we get

G= w +M i+~ ot o\v

—l

is a weak upper gradiert of v; and since
Mg v Gie + M+ D adiie + i i on v
we infer that jjjgjj, ! Oasi! 1.
On the other hand, we have
Wil = Jyu tiJ”|_ nmwidj) (AnVi)+ i_J”]- Willl (AnVi)+ nugy (0i\ V)
1
M Wil nzx) + i—@
(A)

+uiic on v -

that jjjvijij,. ! Oasi! 1,andhencet;! uin N!(X). The proof
is complete.n

Theorem 13. Let bean N -function satisfyingthe °condition. Let
X be a proper doubling space supprting a (1; ) -Poincare inequality
and E an open subsetof X . Then N*(E) = H* (E) = H"(E).
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Proof. By Proposition 1weknow that H 2 (E) HY} (E) N™(E).
It suces to prove that N*(E) HY2(E). Let u 2 N*°(E), and
identify u with its extensiona. By the lattice propertiesof N1(X) it is
easyto seethat u* andu areboth in N*°(E) and henceit su ces to
show that u* andu arein Hl;;%(E). Thuswe canassumethat u 0.

On the other hand, sinceN “°(E) is a Banac spacethat is isometrically
embeddedin N(X), if (un)n is @ sequencén NY°(E) that is Caudy
in N2(X), theniits limit, u, liesin N*°(E). Henceby Lemma3, it also
su ces to considerusuchthat 0 u M, for someconstart M. By [3,
Lemmal7],it suces to consideru sud that A = fx 2 X :u(x) 6 Og
isa boundedset. By Lemma4, it su ces to show that for eat positive
integeri, the function' ; = (1  w;) max(u %;O) isin Hl;;%(E).

Onthe other hand, if O; and F; areopensubsetsof X andCap (F;)

2 ', asin the proof of Lemma4, we have A[ F; = O;[ F;. Since u has
bounded support, we can chooseO; as bounded sets cortained in E.
Wehavew;jg, = Landhence' jje, = 0. SetE; = x2 X :u(x) < § .
Then, asin the proof of Lemma 4, there is an opensetU; E sudt
that EinF, = U nF and' ijFi[Ui = 0. Thus

fx:"i(x)60g fx2E:u(x) 1=ignF=0On(Ei[ F) O
E.

The support of' ; iscompactbecauseX is proper,andhence =dist(supp
"i, X nE) > 0. By [3, Theorem5], ' ; is approximated by Lipschitz
functionsin N1(X). Let g be an upper gradiert of ' ;. By [3, Lemma
9] we can assumethat g xno, = 0. As in [3], de ne the operator M °

by M qf)(x) = sup% (lifii. )), wherethe supremum is taken
B
overall ballsB X sudithat x 2 B. Thenif x 2 X nE, we get

0

1, co
M qg)(x) = su — i — i <1,
19)(x) R e -y (ligii @) = (el )

wheres = LL‘(’)ggg C being the doubling constart, and C°is a constart

depending only on C and A. We know from [3, Proposition 4] that
if f 2 L, then Illlm fx2X :Mqf)(x)> g= 0. Hencein the

proof of [3, Theorem 5], choosing > % ( Jjjgij, ) ensuresthat
the correspnding Lipschitz approximations agreewith the functions
' onX nE. ThustheseLipschitz appraximations arein H ™y, (E), and
thereforesois' ;. Moreover, theseLipschitz appraximations have com-
pact support in E, and hence' ; 2 H 1;;%(E). The proof is complete.n
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