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ORLICZ-SOBOLEV SPA CES WITH ZER O BOUND AR Y
VALUES ON METRIC SPA CES

NOUREDDINE A•ISSAOUI

Abstra ct. In this paper we study two approaches for the de�-
nition of the �rst order Orlicz-Sobolev spaceswith zero boundary
values on arbitrary metric spaces. The �rst generalization, de-
noted by M 1;0

� (E ), where E is a subset of the metric spaceX , is
de�ned by the mean of the notion of the trace and is a Banach
spacewhen the N-function satis�es the � 2 condition. We give also
someproperties of thesespaces.The second,following another def-
inition of Orlicz-Sobolev spaceson metric spaces,leadsus to three
de�nitions that coincide for a large classof metric spacesand N-
functions. Thesespacesare Banach spacesfor any N-function.

A.M.S. (MOS) Sub ject Classi�cation Codes.46E35,31B15,
28A80.
Key Words and Phrases. Orlicz spaces,Orlicz-Sobolev spaces,
modulus of a family of paths, capacities.

1. Intr oduction

This paper treats de�nitions and study of the �rst order Orlicz-
Sobolev spaceswith zero boundary values on metric spaces. Since
we have introduce two de�nitions of Orlicz-Sobolev spaceson metric
spaces,we are leading to examinetwo approaches.

The �rst approach follows the one given in the paper [7] relative to
Sobolev spaces.This generalization,denotedby M 1;0

� (E), where E is
a subsetof the metric spaceX , is de�ned as Orlicz-Sobolev functions
on X , whosetrace on X n E vanishes.
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This is a Banach spacewhen the N-function satis�es the � 2 con-
dition. For the de�nition of the trace of Orlicz-Sobolev functions we
needthe notion of �-capacit y on metric spacesdeveloped in [2]. We
show that setsof �-capacit y zero are removable in the Orlicz-Sobolev
spaceswith zero boundary values. We give someresults closely re-
lated to questionsof approximation of Orlicz-Sobolev functions with
zeroboundary valuesby compactly supported functions. The approx-
imation is not valid on general sets. As in Sobolev case,we study
the approximation on open sets. Hencewe give su�cien t conditions,
basedon Hardy type inequalities, for an Orlicz-Sobolev function to be
approximated by Lipschitz functions vanishingoutside an open set.

The secondapproach follows the onegiven in the paper [13] relative
to Sobolev spaces;seealso [12]. We needthe rudiments developed in
[3]. Hencewe considerthe set of Lipschitz functions on X vanishing
on X n E, and close that set under an appropriate norm. Another
de�nition is to consider the spaceof Orlicz-Sobolev functions on X
vanishing �-q.e. in X n E. A third spaceis obtained by considering
the closureof the set of compactly supported Lipschitz functions with
support in E. Thesespacesare Banach for any N-function and are, in
general,di�erent. For a largeclassof metric spacesand a broad family
of N-functions, we show that thesespacescoincide.

2. Preliminaries

An N -function is a continuous convex and even function � de-
�ned on R, verifying �( t) > 0 for t > 0; lim t ! 0 t � 1�( t) = 0 and
lim t !1 t � 1�( t) = + 1 .

We have the representation �( t) =
jt jR

0
' (x)dL(x); where ' : R+ !

R+ is non-decreasing,right continuous, with ' (0) = 0, ' (t) > 0 for
t > 0; lim t ! 0+ ' (t) = 0 and lim t !1 ' (t) = + 1 : Here L standsfor the
Lebesguemeasure.We put in the sequel,asusually, dx = dL(x).

The N -function � � conjugate to � is de�ned by � � (t) =
j t jR

0
' � (x)dx;

where' � is given by ' � (s) = supf t : ' (t) � sg:
Let (X ; � ; � ) be a measurespaceand � an N -function. The Orlicz

classL � ;� (X ) is de�ned by

L � ;� (X ) =
�

f : X ! R measurable:
R

X �( f (x))d� (x) < 1
	

:

We de�ne the Orlicz space L � ;� (X ) by
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L � ;� (X ) =�
f : X ! R measurable:

R
X �( � f (x))d� (x) < 1 for some� > 0

	
:

The Orlicz spaceL � ;� (X ) is a Banach spacewith the following norm,
called the Luxemburg norm,

jjj f jjj � ;�;X = inf
n

r > 0 :
R

X �
�

f (x)
r

�
d� (x) � 1

o
:

If there is no confusion,we set jjj f jjj � = jjj f jjj � ;�;X :
The H•older inequality extends to Orlicz spacesas follows: if f 2

L � ;� (X ) and g 2 L � � ;� (X ), then f g 2 L 1 and
R

X jf gj d� � 2jjj f jjj � ;�;X : jjj gjjj � � ;�;X :

Let � be an N -function. We say that � veri�es the � 2 condition if
there is a constant C > 0 such that �(2 t) � C�( t) for all t � 0:

The � 2 condition for � canbe formulated in the following equivalent
way: for every C > 0 there existsC0 > 0 such that �( Ct) � C0�( t) for
all t � 0:

We have always L � ;� (X ) � L � ;� (X ). The equality L � ;� (X ) =
L � ;� (X ) occurs if � veri�es the � 2 condition.

We know that L � ;� (X ) is re
exive if � and � � verify the � 2 condi-
tion.

Note that if � veri�es the � 2 condition, then
R

�( f i (x))d� ! 0 as
i ! 1 if and only if jjj f i jjj � ;�;X ! 0 as i ! 1 :

Recall that an N -function � satis�es the � 0 condition if there is a
positive constant C such that for all x; y � 0, �( xy) � C�( x)�( y).
See[9] and [12]. If an N -function � satis�es the � 0 condition, then it
satis�es also the � 2 condition.

Let 
 be an open set in RN , C1 (
) be the spaceof functions which,
together with all their partial derivativesof any order, are continuous
on 
, and C1

0 (RN ) = C1
0 stands for all functions in C1 (RN ) which

have compact support in RN : The spaceCk(
) stands for the space
of functions having all derivatives of order � k continuous on 
, and
C(
) is the spaceof continuous functions on 
 :

The (weak) partial derivative of f of order j� j is denotedby

D � f =
@j � j

@x � 1
1 :@x � 2

2 :::@x � N
N

f :

Let � be an N -function and m 2 N. We say that a function f :
RN ! R has a distributional (weak partial) derivative of order m,
denotedD � f , j� j = m, if

R
f D � � dx = (� 1)j � j

R
(D � f )� dx, 8� 2 C1

0 :
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Let 
 be an open set in RN and denote L � ;L (
) by L � (
) : The
Orlicz-Sobolev space W mL � (
) is the spaceof real functions f , such
that f and its distributional derivativesup to the orderm, arein L � (
) :

The spaceW m L � (
) is a Banach spaceequipped with the norm

jjj f jjj m; � ;
 =
P

0�j � j� m
jjj D � f jjj � , f 2 W m L � (
) ;

wherejjj D � f jjj � = jjj D � f jjj � ;L ;
 :
Recall that if � veri�es the � 2 condition, then C1 (
) \ W m L � (
)

is densein W mL � (
) ; and C1
0 (RN ) is densein W mL � (RN ):

For more details on the theory of Orlicz spaces,see[1, 8, 9, 10, 11]:
In this paper, the letter C will denotevarious constants which may

di�er from one formula to the next one even within a single string of
estimates.

3. Orlicz-Sobolev space with zer o bound ar y values
M 1;0

� (E)

3.1. The Orlicz-Sob olev space M 1
� (X ). We begin by recalling the

de�nition of the spaceM 1
� (X ).

Let u : X ! [�1 ; + 1 ] be a � -measurablefunction de�ned on X .
We denote by D(u) the set of all � -measurablefunctions g : X !
[0; + 1 ] such that

(3.1) ju(x) � u(y)j � d(x; y)(g(x) + g(y))

for every x; y 2 X n F , x 6= y, with � (F ) = 0. The set F is called the
exceptionalset for g:

Note that the right hand side of (3.1) is always de�ned for x 6= y.
For the points x; y 2 X , x 6= y such that the left hand side of (3.1) is
unde�ned we may assumethat the left hand side is + 1 .

Let � be an N -function. The Dirichlet-Orlicz spaceL 1
� (X ) is the

spaceof all � -measurablefunctions u such that D(u) \ L � (X ) 6= ; .
This spaceis equipped with the seminorm

(3.2) jj jujjjL 1
� (X ) = inf fj jjgjjj � : g 2 D(u) \ L � (X )g.

The Orlicz-Sobolev spaceM 1
� (X ) is de�ned by M 1

� (X ) = L � (X ) \
L 1

� (X ) equipped with the norm

(3.3) jjjujjjM 1
� (X ) = jj jujjj � + jjjujjjL 1

� (X ) .
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We de�ne a capacity as an increasingpositive set function C given
on a � -additive classof sets �, which contains compact setsand such
that C(; ) = 0 and C(

S

i � 1
X i ) �

P

i � 1
C(X i ) for X i 2 � ; i = 1; 2; ::: :

C is called outer capacity if for every X 2 � ;
C(X ) = inf f C(O) : O open, X � Og:

Let C be a capacity. If a statement holds except on a set E where
C(E) = 0, then we say that the statement holds C-quasieverywhere
(abbreviatedC-q.e.). A function u : X ! [�1 ; 1 ] is C-quasicontinuous
in X if for every " > 0 there is a set E such that C(E) < " and the
restriction of u to X n E is continuous. When C is an outer capacity,
we may assumethat E is open.

Recall the following de�nition in [2]

De�nition 1. Let � be an N -function. For a setE � X , de�ne C� (E)
by

C� (E) = inf fj jjujjjM 1
� (X ) : u 2 B(E)g;

where B(E) = f u 2 M 1
� (X ) : u � 1 on a neighborhood of Eg:

If B (E) = ; , we set C� ;� (E) = 1 .
Functions belongingto B(E) are called admissiblefunctions for E.

In the de�nition of C� (E), we can restrict ourselvesto thoseadmis-
sible functions u such that 0 � u � 1: On the other hand, C� is an
outer capacity.

Let � be an N -function satisfying the � 2 condition, then by [2 The-
orem 3.10] the set

Lip 1
� (X ) = f u 2 M 1

� (X ) : u is Lipschitz in X g
is a densesubspaceof M 1

� (X ). Recall the following result in [2, Theo-
rem 4.10]

Theorem 1. Let � be an N -function satisfying the � 2 condition and
u 2 M 1

� (X ): Then there is a function v 2 M 1
� (X ) such that u = v

� -a.e. and v is C� -quasicontinuous in X :
The function v is called a C� -quasicontinuous representativeof u:

Recall also the following theorem,see[6]

Theorem 2. Let C be an outer capacity on X and � be a nonnega-
tive, monotoneset function on X suchthat the following compatibility
condition is satis�ed: If G is open and � (E) = 0, then

C(G) = C(G n E):

Let f and g be C-quasicontinuous on X suchthat

� (f x : f (x) 6= g(x)g) = 0:
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Then f = g C-quasi everywhere on X .

It is easily veri�ed that the capacity C� satis�es the compatibilit y
condition. Thus from Theorem2, we get the following corollary.

Corollary 1. Let � bean N -function. If u andv areC� -quasicontinuous
on an open set O and if u = v � -a.e. in O, then u = v C� -q.e. in O.

Corollary 1 make it possibleto de�ne the trace of an Orlicz-Sobolev
function to an arbitrary set.

De�nition 2. Let � be an N -function, u 2 M 1
� (X ) and E be such

that C� (E) > 0. The trace of u to E is the restriction to E of any
C� -quasicontinuous representativeof u:

Remark 1. Let � be an N -function. If u andv are C� -quasicontinuous
and u � v � -a.e. in an open set O, then max(u � v; 0) = 0 � -a.e. in
O and max(u � v; 0) is C� -quasicontinuous. Hence by Corollary 1,
max(u � v; 0) = 0 C� -q.e. in O, and consequentlyu � v C� -q.e. in O.

Now we give a characterization of the capacity C� in terms of qua-
sicontinuous functions. We begin by a de�nition

De�nition 3. Let � be an N -function. For a set E � X , de�ne
D � (E) by

D � (E) = inf fj jjujjjM 1
� (X ) : u 2 B(E)g;

where

B(E) = f u 2 M 1
� (X ) : u is C� -quasicontinuous and u � 1 C� -q.e. in Eg:

If B(E) = ; , we set D � (E) = 1 .

Theorem 3. Let � be an N -function and E a subsetin X . Then

C� (E) = D � (E).

Proof. Let u 2 M 1
� (X ) be such that u � 1 on an open neighborhood

O of E. Then, by Remark 1, the C� -quasicontinuous representativ e v
of u satis�es v � 1 C� -q.e. on O, and hencev � 1 C� -q.e. on E. Thus
D � (E) � C� (E).

For the reverse inequality, let v 2 B(E). By truncation we may
assumethat 0 � v � 1. Let " be such that 0 < " < 1 and choosean
open set V such that C� (V) < " with v = 1 on E n V and v

�
�
X nV is

continuous. We can �nd, by topology, an open set U � X such that
f x 2 X : v(x) > 1 � "g n V = U n V. We have E n V � U n V. We
chooseu 2 B(V) such that jjj ujj jM 1

� (X ) < " and that 0 � u � 1. We
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de�ne w = v
1� " + u. Then w � 1 � -a.e. in (U nV) [ V = U [ V, which

is an open neighbourhood of E. Hencew 2 B(E). This implies that

C� (E) � jjj wjjj M 1
� (X ) �

1
1 � "

jj jvjjj M 1
� (X ) + jjj ujj jM 1

� (X )

�
1

1 � "
jj jvjjj M 1

� (X ) + ".

We get the desiredinequality since" and v are arbitrary. The proof
is complete.

We give a sharpening of [2, Theorem4.8].

Theorem 4. Let � be an N -function and (ui ) i be a sequence of C� -
quasicontinuousfunctions in M 1

� (X ) suchthat (ui ) i convergesin M 1
� (X )

to a C� -quasicontinuous function u. Then there is a subsequence of
(ui ) i which convergesto u C� -q.e. in X .

Proof. There is a subsequenceof (ui ) i , which we denoteagain by (ui ) i ,
such that

(3.4)
1X

i =1

2i jjj ui � ujjj M 1
� (X ) < 1 :

We set E i = f x 2 X : jui (x) � u(x)j > 2� i g for i = 1; 2; :::, and Fj =
1S

i = j
E i . Then 2i jui � uj 2 B(E i ) and by Theorem3 we obtain C� (E i ) �

2i jjj ui � ujjjM 1
� (X ) . By subadditivity we get

C� (Fj ) �
1X

i = j

C� (E i ) �
1X

i = j

2i jjj ui � ujjj M 1
� (X ) .

Hence

C� (
1\

j =1

Fj ) � lim
j !1

C� (Fj ) = 0:

Thus ui ! u pointwise in X n
1T

j =1
Fj and the proof is complete.

3.2. The Orlicz-Sob olev space with zero boundary values M 1;0
� (E).

De�nition 4. Let � be an N -function and E a subspace of X . We say
that u belongsto the Orlicz-Sobolev space with zero boundary values,
and denote u 2 M 1;0

� (E), if there is a C� -quasicontinuous function
eu 2 M 1

� (X ) suchthat eu = u � -a.e. in E and eu = 0 C� -q.e. in X n E.
In other words, u belongsto M 1;0

� (E) if there is eu 2 M 1
� (X ) as above

suchthat the trace of eu vanishesC� -q.e. in X n E.
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The space M 1;0
� (E) is equipped with the norm

jjj ujjj M 1;0
� (E ) = jjj eujjj M 1

� (X ) .

Recall that C� (E) = 0 implies that � (E) = 0 for every E � X ;
see[2]. It follows that the norm doesnot depend on the choiceof the
quasicontinuous representativ e.

Theorem 5. Let � be an N -function satisfying the � 2 condition and
E a subspace of X . Then M 1;0

� (E) is a Banachspace.

Proof. Let (ui )i be a Cauchy sequencein M 1;0
� (E). Then for every ui ,

there is a C� -quasicontinuous function eui 2 M 1
� (X ) such that eui = ui

� -a.e. in E and eui = 0 C� -q.e. in X n E. By [2, Theorem3.6] M 1
� (X )

is complete. Hencethere is u 2 M 1
� (X ) such that eui ! u in M 1

� (X )
as i ! 1 . Let eu be a C� -quasicontinuous representativ e of u given
by Theorem 1. By Theorem 4 there is a subsequence( eui ) i such that
eui ! eu C� -q.e. in X as i ! 1 . This implies that eu = 0 C� -q.e. in
X n E and henceu 2 M 1;0

� (E). The proof is complete.

Moreover the spaceM 1;0
� (E) hasthe following lattice properties. The

proof is easily veri�ed.

Lemma 1. Let � be an N -function and let E be a subsetin X . If
u; v 2 M 1;0

� (E), then the following claims are true.

1) If � � 0, then min(u; � ) 2 M 1;0
� (E) and jjj min(u; � )jjj M 1;0

� (E ) �
jjj ujjj M 1;0

� (E ) .

2) If � � 0, then max(u; � ) 2 M 1;0
� (E) and jjjmax(u; � )jjjM 1;0

� (E ) �
jjj ujjj M 1;0

� (E ) .

3) juj 2 M 1;0
� (E) and jj jjujjj jM 1;0

� (E ) � jj jujjj M 1;0
� (E ) .

4) min(u; v) 2 M 1;0
� (E) and max(u; v) 2 M 1;0

� (E).

Theorem 6. Let � be an N -function satisfying the � 2 condition and
E a � -measurable subsetin X . If u 2 M 1;0

� (E) and v 2 M 1
� (X ) are

suchthat jvj � u � -a.e. in E, then v 2 M 1;0
� (E).

Proof. Let w be the zero extensionof v to X n E and let eu 2 M 1
� (X )

be a C� -quasicontinuousfunction such that eu = u � -a.e. in E and that
eu = 0 C� -q.e. in X nE. Let g1 2 D(eu) \ L � (X ) and g2 2 D(v) \ L � (X ).
De�ne the function g3 by

g3(x) =
�

max(g1(x); g2(x)),
g1(x),

x 2 E
x 2 X n E.
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Then it is easyto verify that g3 2 D(w)\ L � (X ). Hencew 2 M 1
� (X ).

Let ew 2 M 1
� (X ) be a C� -quasicontinuousfunction such that ew = w � -

a.e. in X given by Theorem1. Then j ewj � eu � -a.e. in X . By Remark
1 we get j ewj � eu C� -q.e. in X and consequently ew = 0 C� -q.e. in
X n E. This shows that v 2 M 1;0

� (E). The proof is complete.

The following lemma is easyto verify.

Lemma 2. Let � be an N -function and let E be a subsetin X . If u 2
M 1;0

� (E) and v 2 M 1
� (X ) are bounded functions, then uv 2 M 1;0

� (E).

We show in the next theorem that the setsof capacity zero are re-
movable in the Orlicz-Sobolev spaceswith zeroboundary values.

Theorem 7. Let � be an N -function and let E be a subsetin X . Let
F � E be suchthat C� (F ) = 0. Then M 1;0

� (E) = M 1;0
� (E n F ).

Proof. It is evident that M 1;0
� (E n F ) � M 1;0

� (E). For the reverse
inclusion, let u 2 M 1;0

� (E), then there is a C� -quasicontinuousfunction
eu 2 M 1

� (X ) such that eu = u � -a.e. in E and that eu = 0 C� -q.e.
in X n E. Since C� (F ) = 0, we get that eu = 0 C� -q.e. in X n
(E n F ). This implies that ujE nF 2 M 1;0

� (E n F ). Moreover we have�
�
�
�
�
�ujE nF

�
�
�
�
�
�
M 1;0

� (E nF )
= jjjujjjM 1;0

� (E ) . The proof is complete.

As in the Sobolev case,we have the following remark.

Remark 2. 1) If C� (@F ) = 0, then M 1;0
� (int E) = M 1;0

� (E).
2) We havethe equivalence: M 1;0

� (X n F ) = M 1;0
� (X ) = M 1

� (X ) if
and only if C� (F ) = 0.

The converseof Theorem 7 is not true in general. In fact it su�ces
to take �( t) = 1

ptp (p > 1) and considerthe examplein [7].
Neverthelessthe converseof Theorem7 holds for open sets.

Theorem 8. Let � be an N -function and supposethat � is �nite in
bounded setsand that O is an open set. Then M 1;0

� (O) = M 1;0
� (O n F )

if and only if C� (F \ O) = 0.

Proof. We must show only the necessity. We can assumethat F � O.
Let x0 2 O and for i 2 N� , poseOi = B(x0; i )\f x 2 O : dist(x; X n O) > 1=ig.
We de�ne for i 2 N� , ui : X ! R by ui (x) = max(0; 1� dist(x; F \ Oi )).
Then ui 2 M 1

� (X ), ui is continuous, ui = 1 in F \ Oi and 0 � ui � 1.
For i 2 N� , de�ne vi : Oi ! R by vi (x) = dist(x; X n Oi ). Then
vi 2 M 1;0

� (Oi ) � M 1;0
� (O). By Lemma 2 we have, for every i 2 N� ,

ui vi 2 M 1;0
� (O) = M 1;0

� (O n F ). If w is a C� -quasicontinuous function
such that w = ui vi � -a.e. in O n F , then w = ui vi � -a.e. in O since
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� (F ) = 0. By Corollary 1 we get w = ui vi C� -q.e. in O. In partic-
ular w = ui vi > 0 C� -q.e. in F \ Oi . Sinceui vi 2 M 1;0

� (O n F ) we
may de�ne w = 0 C� -q.e. in X n (O n F ). Hencew = 0 C� -q.e. in
F \ Oi . This is possibleonly if C� (F \ Oi ) = 0 for every i 2 N� . Hence

C� (F ) �
1P

i =1
C� (F \ Oi ) = 0. The proof is complete.

3.3. Some relations between H 1;0
� (E) and M 1;0

� (E). We would de-
scribe the Orlicz-Sobolev spacewith zero boundary valueson E � X
as the completion of the set Lip 1;0

� (E) de�ned by

Lip 1;0
� (E) = f u 2 M 1

� (X ) : u is Lipschitz in X and u = 0 in X n Eg
in the norm de�ned by (3.3). SinceM 1

� (X ) is complete,this completion
is the closureof Lip 1;0

� (E) in M 1
� (X ). We denote this completion by

H 1;0
� (E).
Let � be an N -function satisfying the � 2 condition and E a sub-

space of X . By [2, Theorem 3.10] we have H 1;0
� (X ) = M 1;0

� (X ).
SinceLip 1;0

� (E) � M 1;0
� (E) and M 1;0

� (E) is complete, then H 1;0
� (E) �

M 1;0
� (E). When �( t) = 1

ptp (p > 1), simple examplesshow that the
equality is not true in general;see[7]. Hencefor the study of the equal-
it y, we restrict ourselvesto open setsas in the Sobolev case.We begin
by a su�cien t condition.

Theorem 9. Let � be an N -function satisfying the � 2 condition, O
an open subspace of X and suppose that u 2 M 1

� (O). Let v be the

function de�ned on O by v(x) =
u(x)

dist(x; X n O)
. If v 2 L � (O), then

u 2 H 1;0
� (O).

Proof. Let g 2 D(u) \ L � (O) and de�ne the function g by

g(x) = max(g(x); v(x)) if x 2 O

g(x) = 0 if x 2 X n O.

Then g 2 L � (X ). De�ne the function u as the zero extensionof u
to X n O. For � -a.e. x; y 2 O or x; y 2 X n O, we have

ju(x) � u(y)j � d(x; y)(g(x) + g(y)).

For � -a.e. x 2 O and y 2 X n O, we get

ju(x) � u(y)j = ju(x)j � d(x; y)
ju(x)j

dist(x; X n O)
� d(x; y)(g(x) + g(y)).

Thus g 2 D(u) \ L � (X ) which implies that u 2 M 1
� (O). Hence

(3.5) ju(x) � u(y)j � d(x; y)(g(x) + g(y))
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for every x; y 2 X n F with � (F ) = 0.
For i 2 N� , set

(3.6) Fi = f x 2 O n F : ju(x)j � i , g(x) � ig [ X n O.

From (3.5) we seethat ujF i is 2i -Lipschitz and by the McShaneex-
tension

ui (x) = inf f u(y) + 2id(x; y) : y 2 Fi g
we extend it to a 2i -Lipschitz function on X . We truncate ui at the
level i and set ui (x) = min(max(ui (x); � i ); i ). Then ui is such that ui

is 2i -Lipschitz function in X , jui j � i in X and ui = u in Fi and, in
particular, ui = 0 in X n O. We show that ui 2 M 1

� (X ). De�ne the
function gi by

gi (x) = g(x), if x 2 Fi ,

gi (x) = 2i , if x 2 X n Fi .

We begin by showing that

(3.7) jui (x) � ui (y)j � d(x; y)(gi (x) + gi (y)),

for x; y 2 X n F . If x; y 2 Fi , then (3.7) is evident. For y 2 X n Fi , we
have

jui (x) � ui (y)j � 2id(x; y) � d(x; y)(gi (x) + gi (y)), if x 2 X n Fi ,

jui (x) � ui (y)j � 2id(x; y) � d(x; y)(g(x) + 2i ), if x 2 X n Fi .

This implies that (3.7) is true and thus gi 2 D(ui ). Now we have

jjj gi jjj � � jjj gi jjj � ;F i + 2i jjj 1jjj � ;X nF i

� jjj gjjj � ;F i +
2i

� � 1( 1
� (X nF i ) )

< 1 ,

and

jjj ui jjj � � jjj ujjj � ;F i + 2i jjj 1jjj � ;X nF i

� jjj ujjj � ;F i +
2i

� � 1( 1
� (X nF i ) )

< 1 .

Henceui 2 M 1
� (X ). It follows that ui 2 Lip 1;0

� (O).
It remainsto prove that ui ! u in M 1

� (X ). By (3.6) we have

� (X n Fi ) � � (f x 2 X : ju(x)j > ig) + � (f x 2 X : g(x) > ig).

Sinceu 2 L � (X ) and � satis�es the � 2 condition, we get
Z

f x2 X :ju(x)j>i g
�( u(x))d� (x) � �( i )� f x 2 X : ju(x)j > ig ,

which implies that �( i )� f x 2 X : ju(x)j > ig ! 0 as i ! 1 .
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By the sameargument we deducethat �( i )� f x 2 X : g(x) > ig ! 0
as i ! 1 .

Thus

(3.8) �( i )� (X n Fi ) ! 0 as i ! 1 :

Using the convexity of � and the fact that � satis�es the � 2 condi-
tion, we get
Z

X
�( u � ui )d� �

Z

X nF i

�( juj + jui j)d�

� C
2 [

Z

X nF i

� � juj d� + �( i )� (X n Fi )] ! 0 as i ! 1 :

On the other hand, for each i 2 N� we de�ne the function hi by

hi (x) = g(x) + 3i , if x 2 X n Fi ,

hi (x) = 0, if x 2 Fi .

We claim that hi 2 D(u � ui ) \ L � (X ). In fact, the only nontrivial
caseis x 2 Fi and y 2 X n Fi ; but then

j(u � ui )(x) � (u � ui )(y)j � d(x; y)(g(x) + g(y) + 2i )

� d(x; y)(g(y) + 3i ).

By the convexity of � and by the � 2 condition we have
Z

X
� � hi d� �

Z

X nF i

� � (g + 3i )d�

� C[
Z

X nF i

� � gd� + �( i )� (X n Fi )] ! 0 as i ! 1 :

This implies that jjj hi jjj � ! 0 as i ! 1 since � veri�es the � 2

condition.
Now

jjju � ui jjj L 1
� (X ) � jjj hi jjj � ! 0 as i ! 1 .

Thus u 2 H 1;0
� (O). The proof is complete.

De�nition 5. A locally �nite Borel measure � is doublingif there is a
positive constant C suchthat for every x 2 X and r > 0,

� (B (x; 2r )) � C� (B(x; r )) .

De�nition 6. A nonemptyset E � X is uniformly � -thick if there are
constantsC > 0 and 0 < r 0 � 1 suchthat

� (B (x; r ) \ E) � C� (B(x; r )) ,

for every x 2 E, and 0 < r < r 0.
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Now wegivea Hardy type inequality in the context of Orlicz-Sobolev
spaces.

Theorem 10. Let � be an N -function such that � � satis�es the � 2

condition and suppose that � is doubling. Let O � X be an open set
suchthat X n O is uniformly � -thick. Then there is a constant C > 0
suchthat for every u 2 M 1;0

� (O),

jjj vjjj � ;O � Cjjj ujjj M 1;0
� (O) ,

where v is the function de�ned on O by v(x) =
u(x)

dist(x; X n O)
. The

constant C is independentof u.

Proof. Let u 2 M 1;0
� (O) and eu 2 M 1

� (O) be �-quasicontinuous such
that u = eu � -a.e. in O and eu = 0 �-q.e. in X nO. Let g 2 D(eu)\ L � (X )
and set O0 = f x 2 O : dist(x; X n O) < r 0g. For x 2 O0, we choose
x0 2 X n O such that r x =dist( x; X n O) = d(x; x0). Recall that the
Hardy-Littlew ood maximal function of a locally � -integrable function
f is de�ned by

M f (x) = sup
r > 0

1
� (B(x; r ))

Z

B (x;r )
f (y)d� (y).

Using the uniform � -thicknessand the doubling condition, we get

1
� (B(x0; r x ) n O)

Z

B (x0 ;r x )nO
g(y)d� (y) �

C
� (B(x0; r x ))

Z

B (x0 ;r x )
g(y)d� (y)

�
C

� (B(x; 2r x))

Z

B (x;2r x )
g(y)d� (y)

� CM g(x).

On the other hand, for � -a.e. x 2 O0 there is y 2 B(x0; r x) n O such
that

ju(x)j � d(x; y)(g(x) +
1

� (B(x0; r x ) n O)

Z

B (x0 ;r x )nO
g(y)d� (y))

� Cr x (g(x) + M g(x))

� Cdist(x; X n O)M g(x).

By [5], M is a bounded operator from L � (X ) to itself since � �

satis�es the � 2 condition. Hence

jjj vjjj � ;O0 � CjjjM gjjj � � Cjjj gjjj � .

On O n O0 we have

jjj vjjj � ;OnO0 � r � 1
0 jjj ujjj � ;O.
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Thus

jjj vjjj � ;O � C(jjj eujjj � + jjj gjjj � ).

By taking the in�m um over all g 2 D(eu) \ L � (X ), we get the desired
result.

By Theorem9 and Theorem10 we obtain the following corollaries

Corollary 2. Let � be an N -function such that � and � � satisfy the
� 2 condition and supposethat � is doubling. Let O � X be an open
set suchthat X n O is uniformly � -thick. Then M 1;0

� (O) = H 1;0
� (O).

Corollary 3. Let � be an N -function such that � and � � satisfy the
� 2 condition and supposethat � is doubling. Let O � X be an open
set such that X n O is uniformly � -thick and let (ui ) i � M 1;0

� (O) be a
bounded sequence in M 1;0

� (O). If ui ! u � -a.e., then u 2 M 1;0
� (O).

In the hypothesesof Corollary 3 we get M 1;0
� (O) = H 1;0

� (O). Hence
the following property (P) is satis�ed for setsE whosecomplement is
� -thick:
(P) Let (ui ) i be a boundedsequencein H 1;0

� (E). If ui ! u � -a.e.,then
u 2 H 1;0

� (E).

Remark 3. If M 1
� (X ) is re
exive, then by Mazur's lemmaclosed con-

vex sets are weakly closed. Hence every open subsetO of X satis�es
property (P). But in general wedo not knowwhetherthe space M 1

� (X )
is re
exive or not.

Recall that a spaceX is proper if bounded closedsets in X are
compact.

Theorem 11. Let � be an N -function satisfying the � 2 condition and
supposethat X is proper. Let O be an open set in X satisfyingproperty
(P). Then M 1;0

� (O) = H 1;0
� (O).

Proof. It su�ces to prove that M 1;0
� (O) � H 1;0

� (O). Let u 2 M 1;0
� (O)

be a �-quasicontinuous function from M 1
� (X ) such that u = 0 �-q.e.

on X n O. By using the property (P), we deduce,by truncating and
consideringthe positive and the negative parts separately, that we can
assumethat u is boundedand non-negative. If x0 2 O is a �xed point,
de�ne the sequence(� i ) i by

� i (x) =

8
<

:

1 if d(x0; x) � i � 1,
i � d(x0; x) if i � 1 < d(x0; x) < i

0 if d(x0; x) � i .
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If we de�ne the sequence(vi ) i by vi = u� i , then sincevi ! u � -a.e.
in X and jjj vi jjj M 1

� (X ) � 2jjj ujjj M 1
� (X ) , by the property (P) it clearly

su�ces to show that vi 2 H 1;0
� (O). Remark that

jvi (x) � vi (y)j � ju(x) � u(y)j + j� i (x) � � i (y)j

� d(x; y)(g(x) + g(y) + u(x).

Hencevi 2 M 1
� (X ).

Now �x i and set v = vi . Sincev vanishesoutsidea boundedset, we
can�nd a boundedopensubsetU � O such that v = 0 �-q.e. in X nU.
Wechoose a sequence(wj ) � M 1

� (X ) of quasicontinuousfunctionssuch
that 0 � wj � 1, wj = 1 on an openset Oj , with jjj wj jjj M 1

� (X ) ! 0, and
sothat the restrictions vjX nOj arecontinuousand v = 0 in X n(U [ Oj ).
The sequence(sj ) j , de�ned by sj = (1 � wj ) max(v � 1

j ; 0), is bounded
in M 1

� (X ), and passingif necessaryto a subsequence,sj ! v � -a.e.
SincevjX nOj is continuous,we get

f x 2 X : sj (x) 6= 0g �
�

x 2 X : v(x) �
1
j

�
n Oj � U.

This meansthat f x 2 X : sj (x) 6= 0g is a compactsubsetof O, whence
by Theorem 9, sj 2 H 1;0

� (O). The property (P) implies v 2 H 1;0
� (O)

and the proof is complete.

Corollary 4. Let � be an N -function satisfying the � 2 condition and
supposethat X is proper. Let O be an open set in X and supposethat
M 1

� (X ) is re
exive. Then M 1;0
� (O) = H 1;0

� (O).

Proof. By Remark 3, O satis�es property (P), and Theorem 11 gives
the result.

4. Orlicz-Sobolev space with zer o bound ar y values N 1;0
� (E)

4.1. The Orlicz-Sob olev space N 1
� (X ). We recall the de�nition of

the spaceN 1
� (X ).

Let (X ; d; � ) bea metric, Borel measurespace,such that � is positive
and �nite on balls in X .

If I is an interval in R, a path in X is a continuousmap 
 : I ! X .
By abuseof language,the image 
 (I ) =: j
 j is also called a path. If
I = [a;b] is a closedinterval, then the length of a path 
 : I ! X is

l(
 ) =length( 
 ) = sup
nP

i =1
j
 (t i +1 ) � 
 (t i )j,

where the supremum is taken over all �nite sequencesa = t1 � t2 �
::: � tn � tn+1 = b. If I is not closed,we set l(
 ) = supl(
 jJ ), where
the supremum is taken over all closedsub-intervals J of I . A path is
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said to be recti�able if its length is a �nite number. A path 
 : I ! X
is locally recti�able if its restriction to each closedsub-interval of I is
recti�able.

For any recti�able path 
 , thereareits associated length function s
 :
I ! [0; l(
 )] anda unique1-Lipschitz continuousmap 
 s : [0; l(
 )] ! X
such that 
 = 
 s � s
 . The path 
 s is the arc length parametrization of

 .

Let 
 be a recti�able path in X . The line integral over 
 of each
non-negative Borel function � : X ! [0; 1 ] is

R

 �ds =

Rl (
 )
0 � � 
 s(t)dt.

If the path 
 is only locally recti�able, we set
R


 �ds = sup
R


 0 �ds ,
wherethe supremum is taken over all recti�able sub-paths
 0 of 
 . See
[5] for more details.

Denote by � r ect the collection of all non-constant compact (that is,
I is compact) recti�able paths in X .

De�nition 7. Let � be an N -function and � be a collection of paths
in X . The � -modulusof the family � , denoted M od� (�) , is de�ned as

inf
� 2F (�)

jjj � jjj � ,

where F (�) is the set of all non-negative Borel functions � such thatR

 �ds � 1 for all recti�able paths 
 in � . Such functions � used to

de�ne the � -modulus of � are said to be admissiblefor the family � .

From the above de�nition the �-mo dulus of the family of all non-
recti�able paths is 0.

A property relevant to paths in X is said to hold for �- almost all
paths if the family of recti�able compactpaths on which that property
doesnot hold has �-mo dulus zero.

De�nition 8. Let u be a real-valued function on a metric space X . A
non-negative Borel-measurable function � is said to be an upper gra-
dient of u if for all compact recti�able paths 
 the following inequality
holds

(4.1) ju(x) � u(y)j �
Z



�ds ,

where x and y are the end points of the path.

De�nition 9. Let � be an N -function and let u be an arbitrary real-
valued function on X . Let � be a non-negative Borel function on X .
If there exists a family � � � r ect such that M od� (�) = 0 and the
inequality (4.1) is true for all paths 
 in � r ect n � , then � is said to
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be a � -weak upper gradient of u. If inequality (4.1) holds true for � -
modulusalmost all paths in a set B � X , then � is said to be a � -weak
upper gradient of u on B.

De�nition 10. Let � be an N -function and let the set fN 1
� (X ; d; � ) be

the collection of all real-valued function u on X suchthat u 2 L � and
u havea � -weak upper gradient in L � . If u 2 fN 1

� , we set

(4.2) jjj ujjj gN 1
�

= jjj ujjj � + inf
�

jjj � jjj � ,

where the in�mum is takenover all � -weak upper gradient, � , of u such
that � 2 L � .

De�nition 11. Let � be an N -function. The Orlicz-Sobolevspace cor-
respondingto � , denoted N 1

� (X ), is de�ned to be thespace fN 1
� (X ; d; � )� v ,

with norm jjj ujjj N 1
�

:= jjj ujjj gN 1
�
.

For more details and developments, see[3].

4.2. The Orlicz-Sob olev space with zero boundary values N 1;0
� (E).

De�nition 12. Let � be an N -function. For a set E � X de�ne
Cap� (E) by

Cap� (E) = inf
n

jjj ujjj N 1
�

: u 2 D(E)
o

,

where D(E) = f u 2 N 1
� : u jE � 1g.

If D(E) = ; , we set Cap� (E) = 1 . Functions belonging to D(E)
are called admissiblefunctions for E.

De�nition 13. Let � be an N -function and E a subsetof X . We

de�ne gN 1;0
� (E) as the set of all functions u : E ! [�1 ; 1 ] for which

there existsa function eu 2 fN 1
� (E) suchthat eu = u � -a.e. in E and eu =

0 Cap� -q.e. in X n E; which means Cap� (f x 2 X n E : eu(x) 6= 0g) =
0.

Let u; v 2 gN 1;0
� (E). We say that u � v if u = v � -a.e. in E. The

relation � is an equivalencerelation andwesetN 1;0
� (E) = gN 1;0

� (E)� v .
We equip this spacewith the norm jjj ujjj N 1;0

� (E ) := jjj ujjj N 1
� (X ) .

It is easyto seethat for every set A � X , � (A) � Cap� (A). On the
other hand, by [3, Corollary 2] if eu and eu0 both correspond to u in the
above de�nition, then jjj eu � eu0jjj N 1

� (X ) = 0. This meansthat the norm
on N 1;0

� (E) is well de�ned.
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De�nition 14. Let � be an N -function and E a subsetof X . We set

Lip 1;0
� ;N (E) =

�
u 2 N 1

� (X ) : u is Lipschitz in X and u = 0 in X n E
	

;

and

Lip 1;0
� ;C (E) =

�
u 2 Lip 1;0

� ;N (E) : u hascompact support
	

:

We let H 1;0
� ;N (E) be the closure of Lip 1;0

� ;N (E) in the norm of N 1
� (X ),

and H 1;0
� ;C (E) be the closure of Lip 1;0

� ;C (E) in the norm of N 1
� (X ).

By de�nition H 1;0
� ;N (E) and H 1;0

� ;C (E) are Banach spaces.We prove
that N 1;0

� (E) is alsoa Banach space.

Theorem 12. Let � be an N -function and E a subsetof X . Then
N 1;0

� (E) is a Banachspace.

Proof. Let (ui ) i be a Cauchy sequencein N 1;0
� (E). Then there is a cor-

responding Cauchy sequence(eui ) i in N 1
� (X ), where eui is the function

corresponding to ui as in the de�nition of N 1;0
� (E). SinceN 1

� (X ) is a
Banach space,see[3, Theorem 1], there is a function eu 2 N 1

� (X ),
and a subsequence,also denoted (eui ) i for simplicity, so that as in
the proof of [3, Theorem 1], eui ! eu pointwise outside a set T with
Cap� (T) = 0, and also in the norm of N 1

� (X ). For every i , set
A i = f x 2 X n E : eui (x) 6= 0g. Then Cap� ([ i A i ) = 0. Moreover, on
(X n E) n ([ i A i [ T), we have eu(x) = lim

i !1
eui (x) = 0.

SinceCap� ([ i A i [ T) = 0, the function u = eujE is in N 1;0
� (E). On

the other hand we have

jjj u � ui jjj N 1;0
� (E ) = jjj eu � eui jjj N 1

� (X ) ! 0 as i ! 1 .

Thus N 1;0
� (E) is a Banach spaceand the proof is complete.

Prop osition 1. Let � be an N -function and E a subsetof X . Then
the space H 1;0

� ;N (E) embeds isometrically into N 1;0
� (E), and the space

H 1;0
� ;C (E) embeds isometrically into H 1;0

� ;N (E).

Proof. Let u 2 H 1;0
� ;N (E). Then there is a sequence(ui ) i � N 1

� (X ) of
Lipschitz functions such that ui ! u in N 1

� (X ) and for each integer i ,
ui jX nE = 0. Consideringif necessarya subsequenceof (ui ) i , we proceed
asin the proof of [3, Theorem1], wecanconsiderthe function eu de�ned
outside a set S with Cap� (S) = 0, by eu = 1

2(lim sup
i

ui + lim inf
i

ui ).

Then eu 2 N 1
� (X ) and ujE = eujE � -a.e and euj(X nE )nS = 0. Hence

ujE 2 N 1;0
� (E), with the two normsequal. SinceH 1;0

� ;C (E) � Lip 1;0
� ;N (E),

it is easyto seethat H 1;0
� ;C (E) embedsisometrically into H 1;0

� ;N (E). The
proof is complete.
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When �( t) = 1
p tp, there are examplesof spacesX and E � X for

which N 1;0
� (E), H 1;0

� ;N (E) and H 1;0
� ;C (E) are di�erent. See[13]. We give,

in the sequel,su�cien t conditionsunderwhich thesethreespacesagree.
We begin by a de�nition and somelemmas.

De�nition 15. Let � be an N -function. The spaceX is said to support
a (1; �) -Poincar�e inequality if there is a constant C > 0 such that for
all balls B � X , and all pairs of functions u and � , whenever� is
an upper gradient of u on B and u is integrable on B, the following
inequality holds

1
� (B)

Z

B
ju � uE j � Cdiam(B) jjjgjjjL � (B ) � � 1(

1
� (B)

).

Lemma 3. Let � be an N -function and Y a metric measure space
with a Borel measure � that is �nite on bounded sets. Let u 2 N 1

� (Y)
be non-negative and de�ne the sequence (ui ) i by ui = min(u; i ), i 2 N.
Then (ui ) i convergesto u in the norm of N 1

� (Y).

Proof. Set E i = f x 2 Y : u(x) > ig. If � (E i ) = 0, then ui = u � -a.e.
and sinceui 2 N 1

� (Y), by [3, Corollary 2] the N 1
� (Y) norm of u � ui is

zero for su�cien tly large i . Now, supposethat � (E i ) > 0. Since� is
�nite on boundedsets,it is an outer measure.Hencethere is an open
set Oi such that E i � Oi and � (Oi ) � � (E i ) + 2� i .

We have
1
i

jjjujjjL � (E i ) � jjj 1jj jL � (E i ) =
1

� � 1( 1
� (E i )

)
.

Since� � 1 is continuous,increasingandveri�es �( x) ! 1 asx ! 1 ,
we get

1
� � 1( 1

� (Oi )� 2� i )
�

1
i

jjjujjjL �
! 0 as i ! 1 ,

and
� (Oi ) ! 0 as i ! 1 .

Note that u = ui on Y n Oi . Thus u � ui has2g� Oi asa weak upper
gradient whenever g is an upper gradient of u and henceof ui as well;
see[3, Lemma 9]. Thus ui ! u in N 1

� (Y). The proof is complete.

Remark 4. By [3, Corollary 7], and in conditions of this corollary, if
u 2 N 1

� (X ), then for each positive integer i , there is a wi 2 N 1
� (X )

such that 0 � wi � 1, jjj wi jjj N 1
� (X ) � 2� i , and wi jF i = 1, with Fi an

open subsetof X suchthat u is continuous on X n Fi .

We de�ne, as in the proof of Theorem11, for i 2 N� , the function t i

by
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t i = (1 � wi ) max(u � 1
i ; 0).

Lemma 4. Let � be an N -function satisfying the � 0 condition. Let
X be a proper doublingspace supporting a (1; �) -Poincar�e inequality,
and let u 2 N 1

� (X ) be such that 0 � u � M , where M is a constant.
Supposethat the set A = f x 2 X : u(x) 6= 0g is a bounded subsetof X .
Then t i ! u in N 1

� (X ).

Proof. Set E i =
�

x 2 X : u(x) < 1
i

	
. By [3, Corollary 7] and by the

choice of Fi , there is an open set Ui such that E i n Fi = Ui n Fi .
Pose Vi = Ui [ Fi and remark that wi jF i = 1 and ujE i < 1

i . Then
f x 2 X : t i (x) 6= 0g � AnVi � A. If wesetvi = u� t i , then 0 � vi � M
since0 � t i � u. We can easily verify that t i = (1 � wi )(u � 1=i) on
A n Vi , and t i = 0 on Vi . Therefore

(4.3) vi = wi u + (1 � wi )� i on A n Vi ;

and

(4.4) vi = u on Vi .

Let x; y 2 X . Then

jwi (x)u(x) � wi (y)u(y)j � jwi (x)u(x) � wi (x)u(y)j + jwi (x)u(y) � wi (y)u(y)j

� wi (x) ju(x) � u(y)j + M jwi (x) � wi (y)j .

Let � i be an upper gradient of wi such that jj j� i jjj L �
� 2� i +1 and let

� be an upper gradient of u belongingto L � . If 
 is a path connecting
two points x; y 2 X , then

jwi (x)u(x) � wi (y)u(y)j � wi (x)
Z



�ds + M

Z



� i ds.

Hence,if z 2 j
 j, then

jwi (x)u(x) � wi (y)u(y)j � jwi (x)u(x) � wi (z)u(z)j + jwi (z)u(z) � wi (y)u(y)j

� wi (z)
Z


 xz

�ds + M
Z


 xz

� i ds+ wi (z)
Z


 z y

�ds + M
Z


 z y

� i ds

� wi (z)
Z



�ds + M

Z



� i ds,

where
 xz and 
 zy aresuch that the concatenationof thesetwo segments
givesthe original path 
 back again. Therefore

jwi (x)u(x) � wi (y)u(y)j �
Z




�
inf

z2j 
 j
wi (z)� + M � i

�
ds.
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Thus

jwi (x)u(x) � wi (y)u(y)j �
Z



(wi (z)� + M � i )ds.

This means that wi � + M � i is an upper gradient of wi u. Since
jjjwi jjj L �

� 2� i , we get that wi ! 0 � -a.e. On the other hand wi � � �
on X implies that wi � 2 L � and hence� � (wi � ) 2 L 1 because� veri-
�es the � 2 condition. Since� is continuous, � � (wi � ) ! 0 � -a.e. The
Lebesguedominated convergencetheorem gives

R
X � � (wi � )dx ! 0

as i ! 1 . Thus jjjwi � jjj L �
! 0 as i ! 1 since � veri�es the � 2

condition.
Let B be a boundedopen set such that A � BT: Then Oi = (A [

Fi ) \ B is a boundedopen subsetof A and Oi � A. Therefore since
Oi \ Vi � (E i \ A) [ Fi , we get

� (Oi \ Vi ) � � (E i \ A) + � (Fi )

� �
� �

x 2 X : 0 < u(x) <
1
i

��
+ Cap� (Fi ).

Hence � (Oi \ Vi ) ! 0 as i ! 1 , since bounded sets have �nite
measureand therefore�

� �
x 2 X : 0 < u(x) < 1

i

	�
! � (; ) = 0 as i !

1 . Thus jjj � jj jL � (Oi \ Vi )
! 0 as i ! 1 .

By [3, Lemma 8] and equations(4.3) and (4.4), we get

gi :=
�

wi � + M � i +
1
i
� i

�
� Oi + �� Oi \ Vi

is a weak upper gradient of vi and since

jjjgi jjj L �
� jj jwi � jj jL �

+ (M + 1
i ) jjj � i jj jL �

+ jjj � jj jL � (Oi \ Vi )
,

we infer that jjj gi jjj L �
! 0 as i ! 1 .

On the other hand, we have

jjj vi jj jL �
= jj ju � t i jjj L �

� jj jwi ujjjL � (AnVi ) +
1
i

jj j1 � wi jjj L � (AnVi ) + jjj ujj jL � (Oi \ Vi )

� M jjj wi jjj N 1
� (X ) +

1
i

1
� � 1( 1

� (A ) )
+ jjj ujjj L � (Oi \ Vi ) .

Sincejjj wi jjj N 1
� (X ) ! 0 and jjjujjjL � (Oi \ Vi )

! 0 asi ! 1 , weconclude
that jjj vi jj jL �

! 0 as i ! 1 , and hencet i ! u in N 1
� (X ). The proof

is complete.

Theorem 13. Let � be an N -function satisfying the � 0 condition. Let
X be a proper doubling space supporting a (1; �) -Poincar�e inequality
and E an open subsetof X . Then N 1;0

� (E) = H 1;0
� ;N (E) = H 1;0

� ;C (E).
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Proof. By Proposition 1 weknow that H 1;0
� ;C (E) � H 1;0

� ;N (E) � N 1;0
� (E).

It su�ces to prove that N 1;0
� (E) � H 1;0

� ;C (E). Let u 2 N 1;0
� (E), and

identify u with its extensioneu. By the lattice propertiesof N 1
� (X ) it is

easyto seethat u+ and u� are both in N 1;0
� (E) and henceit su�ces to

show that u+ and u� are in H 1;0
� ;C (E). Thus we can assumethat u � 0.

On the other hand,sinceN 1;0
� (E) is a Banach spacethat is isometrically

embeddedin N 1
� (X ), if (un)n is a sequencein N 1;0

� (E) that is Cauchy
in N 1

� (X ), then its limit, u, lies in N 1;0
� (E). Henceby Lemma3, it also

su�ces to consideru such that 0 � u � M , for someconstant M . By [3,
Lemma 17], it su�ces to consideru such that A = f x 2 X : u(x) 6= 0g
is a boundedset. By Lemma4, it su�ces to show that for each positive
integer i , the function ' i = (1 � wi ) max(u � 1

i ; 0) is in H 1;0
� ;C (E).

On the other hand, if Oi andFi areopensubsetsof X andCap� (Fi ) �
2� i , asin the proof of Lemma4, we have A [ Fi = Oi [ Fi . Since u has
bounded support, we can chooseOi as bounded sets contained in E.
Wehave wi jF i = 1 and hence' i jF i = 0. SetE i =

�
x 2 X : u(x) < 1

i

	
.

Then, as in the proof of Lemma 4, there is an open set Ui � E such
that E i n Fi = Ui n Fi and ' i jF i [ Ui = 0. Thus

f x : ' i (x) 6= 0g � f x 2 E : u(x) � 1=ig n Fi = Oi n (E i [ Fi ) � Oi �
E .

The support of ' i is compactbecauseX is proper, andhence� =dist(supp
' i , X n E) > 0. By [3, Theorem 5], ' i is approximated by Lipschitz
functions in N 1

� (X ). Let gi be an upper gradient of ' i . By [3, Lemma
9] we can assumethat gi

�
�
X nOi = 0. As in [3], de�ne the operator M 0

by M 0(f )(x) = sup
B

1
� (B)

�( jjj f jjj L � (B ) ), where the supremum is taken

over all balls B � X such that x 2 B. Then if x 2 X n E, we get

M 0(gi )(x) = sup
x2 B , radB >� =2

1
� (B)

�( jj jgi jjj L � (B ) ) �
C0

(� =2)s
�( jj jgi jjj L �

) < 1 ,

wheres = LogC
Log2 , C being the doubling constant, and C0 is a constant

depending only on C and A. We know from [3, Proposition 4] that
if f 2 L � , then lim

� !1
�� f x 2 X : M 0(f )(x) > � g = 0. Hence in the

proof of [3, Theorem 5], choosing � > C0

(� =2)s �( jj jgi jj jL �
) ensuresthat

the corresponding Lipschitz approximations agreewith the functions
' i on X nE. Thus theseLipschitz approximations are in H 1;0

� ;N (E), and
thereforesois ' i . Moreover, theseLipschitz approximations have com-
pact support in E, and hence' i 2 H 1;0

� ;C (E). The proof is complete.
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