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Loop spaces of con�guration spaces
and �nite type invariants
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Abstract The total homology of the loop space of the con�guration space
of ordered distinct n points in R m has a structure of a Hopf algebra de�ned
by the 4-term relations if m � 3. We describe a relation of between the
cohomology of this loop space and the set of �nite type invariants for the
pure braid group with n strands. Based on this we give expressions of
certain link invariants as integrals over cycles of the above loop space.
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1 Introduction

The purpose of this article is to present a new approach for �nite type invari-
ants of braids based on the loop spaces of con�guration spaces. For a smooth
manifold M with a base point x0 we denote by 
 M the loop space consisting
of the piecewise smooth loops
 : I ! M with 
 (0) = 
 (1) = x0 . The main
object is the loop space 
Confn (R m ) where Confn (R m ) stands for the con-
�guration space of ordered distinct n points in R m . It follows from the work
of Cohen and Gitler [6] that, in the case m � 3, the total homology of the
loop space 
Conf n (R m ) has a structure of the universal enveloping algebra of
a Lie algebra de�ned by 4-term relations in the graded sense.Based on this
one can show that the space of �nite type invariants for pure braids is natu-
rally isomorphic to the total cohomology of Confn (R m ) if m � 3. The total
homology of the loop space 
Confn (R m ) has a uniform structure for m � 3
except a shift of grading. In this article, we mainly deal with the casem = 3.
From our point of view the space of weight systems for Vassiliev invariants for
knots in the sense of [13] lies in the direct sum

L
n� 2 H � (
Conf n (R m )). The
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144 Toshitake Kohno

de Rham cohomology of 
Confn (R m ) is described by Chen's iterated integrals
of Green forms. We show that a certain link invariant can be expressed as an
integral of a di�erential form on 
Conf n (R m ) over a cycle de�ned associated
with a link. It is still work in progress to obtain a general fo rmula for any �nite
type invariant. Let us recall that based on the work of Guadagnini, Martellini
and Mintchev [8] for Chern-Simons perturbative theory, Bott and Taubes de-
veloped a method to express a knot invariant by means of iterated integrals of
Green forms associated with Feynman diagrams. In this approach one needs
to add integrals associated with graphs with trivalent vertices to obtain a knot
invariant. Our method does not use trivalent vertices, but we add integrals of
some non closed di�erential forms on the loop spaces of con�guration spaces to
obtain topological invariants.

The paper is organized in the following way. In Section 2, we give a description
of the homology of the loop space 
Confn (R m ) by means of the graded 4-term
relations. In Section 3, we brie
y review Chen's iterated integrals describing
the de Rham cohomology of loop spaces. In Section 4, we discuss a relation
between the above homology and �nite type invariants for braids. In Section 5,
we express certain link invariants in terms of an integral ofa di�erential form
on the loop space of the con�guration spaces. Section 6 is devoted to a brief
overview of a work in progress in [7] on the homology of the loop space of orbit
con�guration spaces associated to Fuchsian groups. A more detailed account
of this subject will appear elsewhere.

2 Homology of the loop spaces

We denote by Confn (X ) the con�guration space of ordered distinct n points
in a spaceX . Namely, we set

Confn (X ) = f (x1; � � � ; xn ) 2 X n ; x i 6= x j if i 6= j g:

Let � ij be the diagonal set ofX n de�ned by x i = x j . We will deal with the
loop space 
Conf n (X ) of the con�guration space Confn (X ) with a �xed base
point x0 .

For the rest of this section we consider the caseX = R m with m � 3. The
boundary of a tubular neighbourhood of the diagonal set � ij is identi�ed with
the tangent sphere bundle ofX and we have a map


 ij : Sm� 1 ! Confn (R m ); 1 � i < j � n;
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Loop spaces of con�guration spaces 145

so that 
 ij (Sm� 1) has the linking number 1 with the diagonal set � ij . Since
Sm� 1 is considered to be the suspension of its equatorSm� 2 , we have a natural
map

� ij : Sm� 2 ! 
Conf n (R m ); 1 � i < j � n;

induced from 
 ij .

First we describe the cohomology ring of the con�guration space Confn (R m ).
Let ! be a homogeneous (m � 1)-form on R m nf 0g de�ning a standard volume
form of the unit sphere Sm� 1 . Namely, ! satis�es

Z

Sm � 1
! = 1 ;

! (� x) = (sgn � )m ! (x)

for x 2 R m n f 0g and � 2 R n f 0g. Here sgn� stands for �= j� j . We de�ne the
Green form ! ij by

! ij (x1; � � � ; xn ) = ! (x j � x i ); x1; � � � ; xn 2 R m ;

which is an (m � 1)-form on Confn (R m ) for i 6= j . The de Rham cohomol-
ogy class [! ij ] de�nes an integral cohomology class and is dual to the homol-
ogy class [
 ij ]. We put � ij = [ ! ij ]. It is known that the cohomology ring
H � (Confn (R m ); Z) is generated by � ij , 1 � i 6= j � n , with relations

� 2
ij = 0

� ij = ( � 1)m � j i

� ij � jk + � jk � ik + � ik � ij = 0 ; i < j < k

where deg! ij = m � 1 (see [5]).

In general, the total homology

H � (
 M ; Z) =
M

j � 0

H j (
 M ; Z)

of the loop space ofM is equipped with a product

H i (
 M ; Z) 
 H j (
 M ; Z) ! H i + j (
 M ; Z)

induced from the composition of loops. We also have a coproduct

H k(
 M ; Z) ! � i + j = kH i (
 M ; Z) 
 H j (
 M ; Z)

induced from the cup product homomorphism on cochains. Let us now investi-
gate the total homology of the loop space 
Confn (R m ) in the case m � 3 as
a Hopf algebra with the above product and coproduct.
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146 Toshitake Kohno

Let us �rst consider the simplest example 
Conf 2(R m ). Here the con�guration
space Conf2(R m ) is homotopy equivalent to Sm� 1 . The structure of the total
homology of the loop space of a sphere was determined by Bott and Samelson
[2] (see also [4]). We have isomorphisms of Hopf algebras

H � (
Conf 2(R m ); Z) �= H � (
 Sm� 2; Z) �= Z[X 12]

where Z[X 12] stands for the polynomial algebra with one indeterminate with
degX 12 = m � 2 and X 12 corresponds to the homology class represented by
� 12 de�ned above.

In general we have relations among the homology classesX ij = [ � ij ] analogous
to the 4-term relations. We set X ij = ( � 1)m� 2X j i for i > j .

Proposition 2.1 In H � (
Conf n (R m ); Z) , the homology classesX ij satisfy
the relation

[X ij ; X ik + X jk ] = 0

for i < j < k . Here degX ij = m � 2 and we consider the Lie bracket in the
graded sense.

Proof We �x i; j and k with 1 � i < j < k � n and de�ne

' : Sm� 1 � Sm� 1 ! Confn (R m )

in the following way. We take u 2 R m with kuk = 1 and �x r1 and r2 such
that 0 < r 1 < r 2 < 1. For x1; x2 2 Sm� 2 and 1 � l � n we set

' l (x1; x2) =

8
><

>:

lu; l 6= j; k

iu + r1x1; l = j

iu + r2x2; l = k

and ' is de�ned to be ' (x1; x2) = ( ' 1(x1; x2); � � � ; ' n (x1; x2)). We denote by
� 2 Hm� 1(Sm� 1; Z) the fundamental homology class. Let us notice that� de-
termines a generator b� of the total homology of the loop spaceH � (
 Sm� 1; Z).
We consider the induced homomorphism

' � : Hm� 1(Sm� 1 � Sm� 1; Z) ! Hm� 1(Confn (R m ); Z):

Then we have

h� ij ; ' � (� � 1)i = 1 ; h� ik ; ' � (� � 1)i = 0 ; h� jk ; ' � (� � 1)i = 0

and

h� ij ; ' � (1 � � )i = 0 ; h� ik ; ' � (1 � � )i = 1 ; h� jk ; ' � (1 � � )i = 1 ;
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Loop spaces of con�guration spaces 147

which implies

' � (� � 1) = � ij ; ' � (1 � � ) = � ik + � jk :

The map ' gives


 ' : 
( Sm� 1 � Sm� 1) ! 
Conf n (R m ):

Let us consider the induced homomorphism


 ' � : H � (
( Sm� 1 � Sm� 1); Z) ! H � (
Conf n (R m ); Z):

The homology classes� � 1 and 1� � determine the homology classes, say
b� 1 and b� 2 , in Hm� 2(
( Sm� 1 � Sm� 1)). The total homology H � (
( Sm� 1 �
Sm� 1)) is isomorphic to the graded commutative polynomial ring Z[x1; x2]
with deg x1 = deg x2 = m � 2. Here x1 and x2 correspond to b� 1 and b� 2

respectively. We have [x1; x2] = 0 where the bracket is de�ned by [x1; x2] =
x1x2 � (� 1)m x2x1 . This implies the relation [X ij ; X ik + X jk ] = 0.

The structure of H � (
Conf n (R m ); Z) as a Hopf algebra for m � 3 was de-
termined by Cohen and Gitler [6]. We denote by L n(m) the graded free Lie
algebra over Z generated by X ij , 1 � i 6= j � n , where the degree forX ij is
m � 2. Let T denote the ideal ofL n (m) generated by X ij � (� 1)m X j i together
with

[X ij ; X ik + X jk ]; i < j < k;

[X ij ; X kl ]; i; j; k; l distinct

We de�ne the Lie algebra Gn (m) by

Gn (m) = L n(m)=T

and denote its universal enveloping algebra byUGn (m). The following theorem
is shown inductively by means of the �bration


Conf n+1 (R m ) ! 
Conf n (R m ):

Theorem 2.2 [6] If m � 3, then we have an isomorphism of graded Hopf
algebras

H � (
Conf n (R m ); Z) �= UGn (m):
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3 Chen's iterated integrals

Our next object is to describe the de Rham cohomology of the loop space

Conf n (R m ). For this purpose we brie
y review Chen's work on the de Rham
cohomology of the loop space. Let! 1; � � � ; ! q be di�erential forms on a smooth
manifold M . Let � q be the q-simplex de�ned by

� q = f (t1; � � � ; tq) ; 0 � t1 � � � � � tq � 1g:

We have an evaluation map

� : � q � 
 M ! M q

de�ned by
� (t1; � � � tq; 
 ) = ( 
 (t1); � � � 
 (tq)) :

Chen's iterated integral of the di�erential forms ! 1; � � � ; ! q along the path 
 is
by de�nition Z

� q

� � (! 1 � � � � � ! q)

Following Chen, we denote the above integral by
Z

! 1 � � � ! q:

Let p be the sum of the degrees of! j for 1 � j � q. The iterated integralR
! 1 � � � ! q is considered to be a di�erential form of degreep � q on the loop

space 
 M . Let B p;� q(M ) be the vector space overR spanned by the iterated
integrals of the form

R
! 1 � � � ! q where the sum of the degrees of! j , 1 � j � q,

is equal to p. As a di�erential form on the loop space 
 M

d
Z

! 1 � � � ! q

is expressed up to sign the sum of
Z

� q

� � d(! 1 � � � � � ! q)

and Z

@� q

� � (! 1 � � � � � ! q):

Thus we obtain the two di�erentials

d1 : B p;� q(M ) ! B p+1 ;� q(M ); d2 : B p;� q(M ) ! B p;� q+1 (M ):
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The direct sum M

p;q

B p;� q(M )

has a structure of a double complex by the di�erentials d1 and d2 . The asso-
ciated total complex B � (M ) is a subcomplex of the de Rham complex of the
loop space 
M .

A basic result due to Chen [4] is formulated as follows. Let ussuppose that the
manifold M is simply connected. Then one has an isomorphism

H j (
 M ; R ) �= H j (B � (M ))

for any j .

In the case when M is not simply connected, the fundamental group of M
is related to the 0-dimensional cohomology of the bar complex B � (M ) in the
following way. Each element of H 0(B � (M )) is represented by a linear com-
bination of iterated integrals of 1-forms which is a function on the loop space

 M depending only on the homotopy class of a loop. Thus we have a natural
evaluation map

� 1(M; x 0) � H 0(B � (M )) ! R ;

which induces a bilinear pairing

R � 1(M; x 0) � H 0(B � (M )) ! R :

Here R � 1(M; x 0) stands for the group ring of � 1(M; x 0) over R . Consider the
increasing �ltration

R = F 0B � (M ) � F 1B � (M ) � � � � � F kB � (M ) � F k+1 B � (M ) � � � �

de�ned by
F kB � (M ) =

M

q� k

B p;� q(M ):

This induces the increasing �ltration

F kH 0(B � (M )) � F k+1 H 0(B � (M ))

on H 0(B � (M )). We denote by I the augmentation ideal of R � 1(M; x 0). It
can be shown that for ! 2 F kH 0(B � (M )) the associated evaluation map

R � 1(M; x 0) ! R

factors through I k+1 and we obtain a bilinear map

R � 1(M; x 0)=I k+1 � F kB � (M ) ! R :

It was shown by Chen (see [4]) that we have an isomorphism

F kH 0(B � (M )) �= HomR (R � 1(M; x 0)=I k+1 ; R ):

Geometry & TopologyM onographs, Volume 4 (2002)



150 Toshitake Kohno

4 Finite type invariants for braids

The notion of �nite type invariants for braids can be formula ted by means of
the group ring in the following way. We denote by Pn the pure braid group with
n strands. As in the previous section we donote byI the augmentation ideal
of the group ring ZPn . An invariant v : Pn ! Z is said to be of orderk if the
induced map v : ZPn ! Z factors through I k+1 . The set of order k invariants
for Pn with values in Z has a structure of a Z -module and is identi�ed with

HomZ (ZPn =I k+1 ; Z)

and we denote it by Vk(Pn ). We have a natural inclusion Vk (Pn ) � Vk+1 (Pn )
and we set V (Pn ) =

S 1
k=0 Vk(Pn ). We call V (Pn ) the space of �nite type

invariants for Pn with values in Z . The above notion of �nite type invariants
for Pn is naturally generalized for Bn , where Bn stands for the braid group
with n strands. We consider the idealJ in the group ring ZBn generated by
� i � � � 1

i , for a standard system of generators� i , 1 � i � n � 1, for the braid
group. Now an invariant v : Bn ! Z is de�ned to be of order k if v vanishies
on J k+1 . We denote by Vk (Bn ) the set of order k invariants for Bn with values
in Z and we set V (Bn ) =

S 1
k=0 Vk (Bn ).

Considering Pn as the fundamental group of the con�guration space Confn (C)
we readily obtain the isomorphism

F kH 0(B � ) �= Vk (Pn ) 
 R

using Chen's theorem for fundamental groups (see [10]). Theabove isomor-
phism provides the expression of �nite type invariants for braids in terms of
iterated integrals of logarithmic forms. This is a prototyp e of the Kontsevich
integral in [12].

Figure 1: A chord diagrams and a horizontal chord diagram

Let us discuss a relation to the algebra of horizontal chord diagrams. First, we
recall that a chord diagram is a collection of �nitely many or iented circles with
�nitely many chords attached on them, regarded up to orientation preserving
di�eomorphisms of the circles (see Figure 1). Here we assumethat the endpoints
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of the chords are distinct and lie on the circles. LetI 1 t � � � t I n be the disjoint
union of n unit intervals. We �x a parameter by a map

pj : [0; 1] ! I j

for each I j , 1 � j � n . A horizontal chord diagram on n strands with k chords
is a trivalent graph constructed in the following way. We �x t1; � � � ; tk 2 [0; 1]
such that 0 < t 1 < � � � < t k < 1. Let

(i1; j i ); (i2; j 2); � � � ; (i k ; j k )

be pairs of distinct integers such that 1� ip � n , 1 � j p � n , p = 1 ; 2; � � � ; n .
We take k copies of unit intervals C1; C2; � � � ; Ck and attach eachC� to I 1t� � �t
I n in such a way that it starts at pi � (t � ) and ends at pj � (t � ) for 1 � � � k . In
this way we obtain a graph with n strands I 1 t � � � t I n and chords C1; � � � ; Ck

attached to them. Such a graph is called a horizontal chord diagram on n
strands with k chords. We consider chord diagrams up to orientation preserving
homeomorphism. Let D k

n denote the free Z -module spanned by horizontal
chord diagrams on n strands with k chords. We de�ne � ij as the horizontal
chord diagram on n strands with one chord Cij de�ned by the pair ( i; j ),
1 � i < j � n . Then

Dn =
M

k� 0

D k
n

has a structure of an algebra generated by �ij , where the product is de�ned by
the concatenation of horizontal chord diagrams.

As is the case of the chord diagrams for knots, we have a natural Z module
homomorpshim

w : Vk(Pn ) ! HomZ (D k
n ; Z)

where w(v) is called the weight system for v 2 Vk (Pn ). It can be shown that
w(v) vanishes on the idealT in Dn generated by

[� ij ; � ik + � jk ]; [� ij + � ik ; � jk ] i < j < k;

[� ij ; � kl ]; i; j; k; l distinct :

We set An = Dn=T and Ak
n = D k

n=Dk
n \ T . We can show that w induces an

isomorphism of Z modules

Vk (Pn )=Vk� 1(Pn ) �= HomZ (Ak
n ; Z)

(see [10]).

The total homology H � (
Conf n (R m ); Z) is interpreted as the algebra of hori-
zontal chord diagrams onn strands modulo the 4-term relations in the graded
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sense. The homology groupHm(k� 2)(
Conf n (R m ); Z) corresponds to the sub-
space consisting ofk horizontal chords. The cohomology

H m(k� 2)(
Conf n (R m ); Z)

is identi�ed with the space of weight systems on such horizontal chord diagrams
with values in Z . We obtain the following theorem (see also [6]).

Theorem 4.1 For m � 3 we have an isomorphism ofZ -modules

H k(m� 2)(
Conf n (R m ); Z) �= Vk(Pn )=Vk� 1(Pn ):

Let us suppose thatm is even. Then we have an isomorphism of Hopf algebras

H � (
Conf n (R m ); Z) �= V (Pn ):

The above theorem is generalized to �nite type invariants for the full braid
group in the following way. The symmetric group Sn acts naturally on the
cohomology ring

H � (
Conf n (R m ); Z)

where the action is induced by the permutations of the n components of
Confn (R m ). Then we have an isomorphism

H � (
Conf n (R m ); Z) � Z[Sn ] �= V (Bn )

where the left hand side stands for the semidirect product with respect to the
above action (see [11]).

Let A be the vector space overR spanned by chord diagrams on a circle modulo
the 4-term relations. The dual space

A � = Hom R (A ; R )

is the space of weight systems for Vassiliev invariants of knots. We have a
surjective map

c :
M

n� 2

An ! A

obtained by taking the closure of a horizontal chord diagramas in Figure 2. By
means of this construction we have the following theorem.

Theorem 4.2 We have an injective homomorphism of vector spaces

A � !
M

n� 2

H � (
Conf n (R m ); R ):

for m � 3.

Certain cohomology classes in
L

n� 2 H � (
Conf n (R m ); R ) play a role of weight
systems for Vassiliev invariants. It would be an interesting problem to charac-
terize geometrically such cohomology classes.
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Figure 2: Closing a horizontal chord diagram

5 Integral representations

To explain the idea we interpret the Gauss linking number formula in terms of
an integral on the loop space 
Conf2(R 3). Let

� : I � 
Conf 2(R 3) ! Conf2(R 3)

be the evaluation map de�ned by � (t; 
 ) = 
 (t). We pull back ! 12 and integrate
along the �bre of the projection map p : I � 
Conf 2(R 3) ! 
Conf 2(R 3) to
obtain the 1-form Z

I
� � ! 12

de�ned on the loop space 
Conf 2(R 3). This di�erential form on the loop space
is denoted by

R
! 12.

A two-component link L = K 1 [ K 2 is given by a map

f : S1 � S1 ! Conf2(R 3):

Let us consider the induced map


 f : 
( S1 � S1) ! 
Conf 2(R 3):

A fundamental homology class ofS1 � S1 de�ned by a chain � : I � I ! S1 � S1

gives in a natural way a 1-chain b� : I ! 
( S1 � S1) (see [4]). We setbcf =

 f � (b� ) which is a 1-cycle of the loop space 
Conf2(R 3). Now we can express
the linking number as

lk (K 1; K 2) =
Z

bcf

Z
! 12:

Our next object is to describe the de Rham cohomology of the loop space

H �
DR (
Conf n(R m )) :
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We see that the con�guration space Confn (R m ) is simply connected whenm �
3. Thus we can apply Chen's theorem to compute the de Rham cohomology of

Conf n (R m ). Let us recall that the de Rham cohomologyH �

DR (
Conf n (R m ))
is generated by the Green forms! ij , 1 � i < j � n . We have the following
theorem.

Theorem 5.1 If m � 3, then the de Rham cohomology

H k(m� 2)
DR (
Conf n (R m ))

is represented by iterated integrals of the form
X

ai 1 j 1 ��� i k j k

Z
! i 1 j 1 � � � ! i k j k + ( iterated integrals of length < k )

where the coe�cients ai 1 j 1 ��� i k j k 2 Z satisfy the 4-term relations.

Here we say that ai 1 j 1 ��� i k j k satisfy the 4-term relation if X i 1 j 1 ��� i k j k 7! ai 1 j 1 ��� i k j k

gives a well-de�ned Z -module homomorphism UG(m) ! Z . In particular, in
the casen = 2, the de Rham cohomology H �

DR (
Conf 2(R m )) is spanned by
the iterated integrals

1;
Z

! 12;
Z

! 12! 12; � � � ;
Z

! 12 � � � ! 12; � � �

As an application of the above description of the de Rham cohomology we give
an integral representation of an order 2 invariant. Let L be a 3-component
link, which is represented by f : S1 � S1 � S1 ! Conf3(R 3). As in the case of
the Gauss formula for the linking number we can construct a 2-cycle bcf of the
loop space 
Conf 3(R 3) associated with f in the following way. We start from
a cubic 3-chain

� : I 3 ! S1 � S1 � S1

corresponding to the fundamental homology class of the torus S1 � S1 � S1 .
Then � gives a 2-chain

b� : I 2 ! 
( S1 � S1 � S1):

Composing with


 f : 
( S1 � S1 � S1) ! 
Conf 3(R 3)

we obtain a 2-cyclebcf of the loops space 
Conf3(R 3).

There is a 3-form � 123 on Conf3(R 3) such that the relation

! 12 ^ ! 23 + ! 23 ^ ! 13 + ! 13 ^ ! 12 = d� 123
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is satis�ed. Now the iterated integral
Z

(! 12! 23 + ! 23! 13 + ! 13! 12) +
Z

� 123

is a closed 2-form on the loop space 
Conf3(R 3). The integral
Z

bcf

� Z
(! 12! 23 + ! 23! 13 + ! 13! 12) +

Z
� 123

�

of the above 2-form on the loop space over the 2-cyclebcf de�ned above is an
invariant of L . A relation of this invariant to known invariants will be dis cussed
elsewhere. We see that the �rst term

I 1 =
Z

bcf

� Z
(! 12! 23 + ! 23! 13 + ! 13! 12)

�

is expressed by chord diagrams with 2 chords on 3 circles. It is important
to notice that I 1 is not a link invariant. A prescription suggested by Chern-
Simons perturbation theory is to compensate this integral by adding an integral
de�ned by graphs with trivalent vertices (see [8] and [3]). From our point of
view, instead of an integral associated with trivalent graphs, we add

I 2 =
Z

bcf

Z
� 123

to obtain an integration of a closed 2-form on the loop space over a 2-cycle.
By suspension we obtain an (m � 1)-cycle of 
Conf 3(R m ) associated with
f : S1 � S1 � S1 ! Conf3(R m ) for m > 3 and we have an integral analogous
to the above I 1 + I 2 in the case m > 3 as well.

Let bc1 and bc2 be p-chain and q-chain of the loop space 
M . Then by the
composition of loops we can de�ne a (p + q)-chain denoted by bc1 � bc2 (see [4]).
With this notation the above construction is generalized in the following way.
Let L be an n-component link in R 3 . We consider ann-dimensional torus

Tn = S1 � � � � � S1
| {z }

n

:

Then the link L gives a mapf : Tn ! Conf3(R 3): For a q-dimensional subtorus
Tq � Tn we have a q-cycle � : I q ! Tn corresponding to the fundamental
homology class ofTq, which gives a (q � 1)-chain

b� : I q� 1 ! 
 Tn :

Composing with

 f : 
 Tn ! 
Conf n (R 3)
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we obtain a (q � 1)-cycle 
 f � (b� ) of the loop space 
Conf n (R 3). Let bcf be a
k-cycle of 
Conf n (R 3) represented as the product of cycles of the above type
for any subtorus of Tn . Then we have the following.

Theorem 5.2 Let ! be a closedk-form on 
Conf n (R 3) given by iterated
integrals as in Theorem 5.1. Then the integral

Z

bcf

!

over a cyclebcf de�ned as above is a link invariant.

6 Orbit con�guration spaces

The aim of this section is to give a brief review of the article[7] where we describe
the relation between the homology of the loop spaces of the orbit con�guration
associated the action of Fuchsian groups acting on the upperhalf plane and
�nite type invariants for braids on surfaces. Let us consider the situation where
a group � acts freely on a spaceX . We de�ne the orbit con�guration space by

Conf�n (X ) = f (x1; � � � ; xn ) 2 X n ; � x i \ � x j = ; if i 6= j g

where � x stands for the orbit of x 2 X with respect to the action of �.

Let � be a Fuchsian group acting freely on the upper half plane H . The quotient
space H =� is an oriented surface denoted by �. For d � 1 we consider the
action of � on H � Cd where � acts trivially on Cd . We will describe the
homology of the loop space of the orbit con�guration space

H � (
Conf �
n (H � Cd); Z):

The factor Cd appears for the degree shifting. The reason why we consider the
orbit con�guration space rather than the con�guration spac e itself is that the
homology of the loop space of the former one has a more sensible structure in
relation with �nite type invariants for braids on surfaces.

We introduce the notion of horizontal chord diagrams on �. Fi rst, we recall
chord diagrams on surfaces following [1]. Here we assume that the endpoints of
the chords are distinct and lie on the circles. Let D be a chord diagram. We
consider a continuous map
 : D ! � and we denote by [ 
 ] its free homotopy
class. We call such pair (D; [
 ]) a chord diagram on �. We denote by D� the
vector space overR spanned by all chord diagrams on � and Dk

� its subspace
spanned by chord diagrams withk chords. We de�ne A(�) to be the quotient
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space ofD� modulo the 4-term relations. We refer the reader to [1] for a precise
de�nition of the 4-term relations in this situation. The cho rd diagrams on a
surface � are related to Vassiliev invariants for links in � � I in the following
way. Let v be an order k invariant for links in � � I . Then the associated
weight system w(v) de�nes a linear form w(v) : Dk

� ! R satisfying the 4-term
relations. As in shown in [1], A (�) has a structure of a Poisson algebra.

We �x a base point x = ( x1; � � � ; xn ) 2 Confn (�). The fundamental group
� 1(Confn (�) ; x) is the pure braid group of � with n strands and is denoted by
Pn (�). We have a natural homomorphism

p : Pn (�) !
nM

j =1

� 1(� ; x j )

and Ker p is denoted by Pn (�) 0 . Notice that the direct sum
L n

j =1 � 1(� ; x j )
acts freely on the orbit con�guration space Conf�n (H ) and the quotient space
is the con�guration space Confn (�).

We denote by Ck
n the set of horizontal chord diagrams on n strands with k

chords. For � 2 Ck
n consider a continuous map

f : � ! �

such that
f (pi (0)) = f (pi (1)) = x i ; 1 � i � n

and denote by [f ] its homotopy class. Here we consider a homotopy preserving
the base point. We shall say that such horizontal chord diagram on � is based
at x = ( x1; � � � ; xn ) We denote by D k

n (�) the free Z module spanned by pairs
(� ; [f ]) for � 2 Ck

n and f : � ! � ; based atx . The subspace ofD k
n (�) spanned

by f : � ! � ; such that each curve f (pi (t)) ; 0 � t � 1, is homotopic to the
point f x i g is denoted by D k

n (�) 0 .

We �x a base point x0 2 � and consider the fundamental group � 1(� ; x0). Let
us �x a path in � connecting x0 to x j and we identify the set of homotopy
classes of paths fromx i to x j with � 1(� ; x0). For 
 2 � 1(� ; x0) we consider
(� ij ; [f ]) 2 D k

n (�) 0 such that f (Cij ) corresponds to
 2 � 1(� ; x0) by the above
identi�cation. We denote this (� ij ; [f ]) by X ij;
 . We see that the direct sum

Dn (�) 0 =
M

k� 0

D k
n (�) 0

has a structure of an algebra overZ where the product is de�ned by the
composition of chord diagrams. As an algebraD k

n (�) 0 is generated by X ij;
 ,
1 � i 6= j � n , 
 2 � 1(� ; x0). We have the following lemma.
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Lemma 6.1 The relation X ij;
 = X j i;
 � 1 holds for any 
 2 � 1(� ; x0) .

The direct sum
Dn (�) =

M

k� 0

D k
n (�)

has a structure of an algebra as well. For the subspaceD 0
n (�) spanned by the

chord diagrams with empty chord, we have a natural injection

� j : � 1(� ; x j ) ! D 0
n (�) ; 1 � j � n

and we have an isomorphism ofZ algebras
nM

j =1

Z� 1(� ; x j ) �= D 0
n (�) :

We write � j for � j (� ) where � is an element of � 1(� ; x j ).

The direct sum

� n =
nM

j =1

Z� 1(� ; x j )

acts on Dn (�) 0 by the conjugation

� 7! � j � � � 1
j ; � 2 Dn (�) 0; � 2 � 1(� ; x j ):

We have the following.

Lemma 6.2 With respect to the above action we have

� l X ij;
 � � 1
l = X ij;
 for l 6= i; j; � i X ij;
 � � 1

i = X ij;�
 :

Let I be the ideal of Dn (�) 0 generated by

[X ij;e ; X kl;e ]; i; j; k; l distinct

[X ij;e ; X jk;e + X ik;e ] i; j; k distinct

as a � n module. We set

A n(�) 0 = Dn (�) 0=I ; A n (�) = Dn (�) =I :

We have an action of � n on A n(�) 0 by conjugation and the semidirect product
A n(�) 0 � � n with respect to this action is isomorphic to A n (�).

Lemma 6.3 We have the following relations in A n (�) 0 .

[X ij;
 ; X kl;� ] = 0 ; i; j; k; l distinct

[X ij;
 ; X jk;� + X ik;
� ] = 0 i; j; k distinct
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The above 4-term relations appear naturally when we consider �nite type invari-
ants for Pn (�). We denote by Vk (Pn (�)) the Z module of order k invariants
of Pn (�) with values in Z . For v 2 Vk (Pn (�)) the associated weight system
w(v) de�nes a Z -module homomorphism

w(v) : D k
n (�) ! Z

satisfying the 4-term relations in Lemma 6.3. We have an injective homomor-
phism of Z -modules

Vk (Pn (�)) =Vk� 1(Pn (�)) ! Hom(A k
n (�) ; Z)

where A k
n(�) denotes the submodule of A n(�) spanned by chord diagrams with

k chords.

The algebra A n(�) 0 and A n (�) were introduced in [9] by the above generators
and relations. In this article, they constructed an injective homomorphism

ZPn (�) ! \A n(�) =
Y

k� 0

A k
n(�)

as Z modules.

The homology of the loop space of our orbit con�guration space is related to
the algebra of horizontal chord diagrams on � = H =� in the following way.

Theorem 6.4 [7] We have an isomorphism of Hopf algebras

H � (
Conf �
n (H � Cd); Z) �= A n(�) 0

for any d � 1.
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