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Abstract  The total homology of the loop space of the con guration spae
of ordered distinct n pointsin R™ has a structure of a Hopf algebra de ned
by the 4-term relations if m 3. We describe a relation of between the
cohomology of this loop space and the set of nite type invarants for the
pure braid group with n strands. Based on this we give expressions of
certain link invariants as integrals over cycles of the aboe loop space.
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1 Introduction

The purpose of this article is to present a new approach for nte type invari-
ants of braids based on the loop spaces of con guration spase For a smooth
manifold M with a base point xo we denote by M the loop space consisting
of the piecewise smooth loops : 1! M with (0) = (1) = Xg. The main
object is the loop space Conf,(R™) where Conf,(R™) stands for the con-
guration space of ordered distinct n points in R™. It follows from the work
of Cohen and Gitler [€] that, in the casem 3, the total homology of the
loop space Conf,(R™) has a structure of the universal enveloping algebra of
a Lie algebra de ned by 4-term relations in the graded sense.Based on this
one can show that the space of nite type invariants for pure kraids is natu-
rally isomorphic to the total cohomology of Conf,(R™) if m 3. The total
homology of the loop space Conf,(R™) has a uniform structure for m 3
except a shift of grading. In this article, we mainly deal with the casem = 3.
From our point of view the space of weight systems for Vassiév invariants for
knots in the sense of[[13] lies in the direct sum [ ,H (Conf n(R™)). The
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144 Toshitake Kohno

de Rham cohomology of Conf,(R™) is described by Chen's iterated integrals
of Green forms. We show that a certain link invariant can be eyressed as an
integral of a di erential form on Conf ,(R™) over a cycle de ned associated
with a link. It is still work in progress to obtain a general formula for any nite
type invariant. Let us recall that based on the work of Guadagnini, Martellini
and Mintchev [8] for Chern-Simons perturbative theory, Bott and Taubes de-
veloped a method to express a knot invariant by means of itereed integrals of
Green forms associated with Feynman diagrams. In this apprach one needs
to add integrals associated with graphs with trivalent vertices to obtain a knot
invariant. Our method does not use trivalent vertices, but we add integrals of
some non closed di erential forms on the loop spaces of congration spaces to
obtain topological invariants.

The paper is organized in the following way. In Section 2, we ige a description
of the homology of the loop space Conf,(R™) by means of the graded 4-term
relations. In Section 3, we brie y review Chen's iterated integrals describing
the de Rham cohomology of loop spaces. In Section 4, we disaua relation
between the above homology and nite type invariants for braids. In Section 5,
we express certain link invariants in terms of an integral ofa di erential form
on the loop space of the con guration spaces. Section 6 is deted to a brief
overview of a work in progress inl[i7] on the homology of the lop space of orbit
con guration spaces associated to Fuchsian groups. A more atailed account
of this subject will appear elsewhere.

2 Homology of the loop spaces

We denote by Conf,(X) the con guration space of ordered distinct n points
in a spaceX . Namely, we set

Confr(X)=f(x1; ;xn)2X";x6xifi6jg

Let  be the diagonal set ofX" de ned by x; = x;. We will deal with the
loop space Conf,(X) of the con guration space Conf,(X) with a xed base
point Xq.

For the rest of this section we consider the caseX = R™ with m 3. The
boundary of a tubular neighbourhood of the diagonal set j is identi ed with
the tangent sphere bundle ofX and we have a map

i »S™ 11 Confo(R™); 1 i<j m
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Loop spaces of con guration spaces 145

so that  (S™ 1 has the linking number 1 with the diagonal set j - Since
S™ 1 s considered to be the suspension of its equat®®™ 2, we have a natural
map

j :S™ 21 Conf ,(R™); 1 i<j m

induced from j; .

First we describe the cohomology ring of the con guration smce Conf,(R™).
Let ! be a homogeneousni 1)-form on R™ nf0Og de ning a standard volume
form of the unit sphere S™ ; Namely, ! satis es

I =1;
sm o1
L x)=(sgn )™ (x)
for x 2 R™MnfOgand 2 Rnf0Og. Here sgn stands for =j j. We de ne the
Green form ! ; by
Li (X1 5xn)=1(X Xi); X1 sxn 2 R™;

which is an (m 1)-form on Conf,(R™) for i 6 j. The de Rham cohomol-
ogy class [ j] de nes an integral cohomology class and is dual to the homel

ogy class [j]. We put j = [!j]. Itis known that the cohomology ring
H (Conf,(R™);Z) is generated by , 1 6 j n, with relations

£=0

i = )M

ikt ok kT ki =0;i<j<Kk
where deg! j = m 1 (seell5]).

In general, the total homology
H(M;Z)= ! Hj( M;Z)
j o
of the loop space ofM is equipped with a product
Hi( M;Z) Hj( M;Z)! Hi+j( M;Z)
induced from the composition of loops. We also have a coprodu
He( M;Z) ! hj=kHi( M;Z) Hj( M;Z)

induced from the cup product homomorphism on cochains. Let 8 now investi-
gate the total homology of the loop space Conf,(R™) in the casem 3 as
a Hopf algebra with the above product and coproduct.
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146 Toshitake Kohno

Let us rst consider the simplest example Conf 5(R™). Here the con guration
space Conj(R™) is homotopy equivalent to S™ 1. The structure of the total
homology of the loop space of a sphere was determined by Bottnad Samelson
[2] (see also[14]). We have isomorphisms of Hopf algebras

H (Conf o(R™);Z)=H ( S™ 2Z) = Z[X17]

where Z[X 1,] stands for the polynomial algebra with one indeterminate wth
degX12 = m 2 and X 12 corresponds to the homology class represented by
12 de ned above.

In general we have relations among the homology classesj =[ ;] analogous
to the 4-term relations. We set Xj; = ( 1)™ 2Xj fori>j .

Proposition 2.1 In H (Conf ,(R™);Z), the homology classesXj; satisfy
the relation
[Xij; Xik + Xi] =0

for i<j<k . HeredegXj = m 2 and we consider the Lie bracket in the
graded sense.
Proof We x i;j andk with 1 i<j<k n and de ne

.Mt ogm 1l conf,(R™)

in the following way. We take u 2 R™ with kuk =1 and x r; and r, such

that 0 <r;<ro< 1. For x1;%x22S™ 2and1 | n we set
glu; | 6 j;k
niXXg) = Jiutraxg 1=
" iU+ roxo; =k
and' isdenedtobe’' (x1;X2) =(" 1(X1;%X2); ;' n(X1;X2)). We denote by

2 Hm 1(S™ 1;Z) the fundamental homology class. Let us notice that de-
termines a generatorb of the total homology of the loop spaceH ( S™ ;7).
We consider the induced homomorphism

" iHm (8™ Y S™ LZ)1 Hp 1(Confo(R™M); Z):
Then we have
hi;" (0 Di=1;hg;" (1 1i=0;hy;" ( 1i=0
and
hi;" (L )i=0;hy;” (@ )i=1;hp: (@ )i=1;
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Loop spaces of con guration spaces 147

which implies
SO D= gy @ )E ikt ke
The map ' gives
to(s™tos™ Yy conf (RM):
Let us consider the induced homomorphism
CCH((S™t s™ 1:2z)1 H (Conf h(R™);Z):

The homology classes 1land 1 determine the homology classes, say
by and by, in Hy o(( S™ 1 S™ 1)). The total homology H (( S™ 1

S™ 1)) is isomorphic to the graded commutative polynomial ring Z[x1;X>]
with degx; = degx, = m 2. Here x; and x, correspond to b; and b,
respectively. We have ki;x2] = 0 where the bracket is de ned by [X1;X2] =
X1X2  ( 1)™x2x1. This implies the relation [Xj ; Xy + Xjx]=0. ]

The structure of H (Conf ,(R™);Z) as a Hopf algebra form 3 was de-
termined by Cohen and Gitler [§]. We denote by L,(m) the graded free Lie
algebra overZ generated by X, 1 i 6 j n, where the degree forXj is
m 2. Let T denote the ideal ofL,(m) generated by X;; ( 1)™Xj; together
with

[Xij; Xk + Xjk ], i1<j<Kk;

[Xi ; Xwl B ki1 distinct

We de ne the Lie algebra G,(m) by

Ga(m) = Ln(m)=T

and denote its universal enveloping algebra byJ G,(m). The following theorem
is shown inductively by means of the bration

Conf hx1(R™) ! Conf (R™):

Theorem 2.2 [g] If m 3, then we have an isomorphism of graded Hopf
algebras

H (Conf (R™M);Z) = UG, (m):
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3 Chen's iterated integrals

Our next object is to describe the de Rham cohomology of the lop space
Conf (R™). For this purpose we brie y review Chen's work on the de Rham

cohomology of the loop space. Let 1; ;! be dierential forms on a smooth
manifold M . Let 4 be the g-simplex de ned by
qg=f(ts;  tg); 0 tg tqg 19

We have an evaluation map

q M! Mm@
de ned by

(ti;  tgr )=( (ta);  (tg)):
Chen's iterated integral of the di erential forms ! 1; ;!4 along the path is
by de nition 7
('1 ')
q

Following Chen, we denote the above integral by

z
ket p be the sum of the degrees of ; for 1 j g. The iterated integral

'1 14 is considered to be a dierential form of degreep g on the loop
space M. Let B” %M) be the vector space overR spanned by the iterated

integrals of the form !, !4 where the sum of the degrees of;, 1 | g,
is equal to p. As a di erential form on the loop space M
Z

is expressed up to sign the sum of
z
d(! 1 lg)

and Z

(‘1 lg):
@ q

Thus we obtain the two di erentials

di:BP 9M)! BP 9M); dp:BP M) ! BP9 (M):

Geometry & Topology M onographs Volume 4 (2002)



Loop spaces of con guration spaces 149

The direct sum
BP: Q(M )
p;d
has a structure of a double complex by the di erentials d; and d,. The asso-
ciated total complex B (M) is a subcomplex of the de Rham complex of the
loop space M.

A basic result due to Chen [4] is formulated as follows. Let usuppose that the
manifold M is simply connected. Then one has an isomorphism

HI( M;R)=HI(B (M))
forany j.

In the case whenM is not simply connected, the fundamental group of M
is related to the 0-dimensional cohomology of the bar comple B (M) in the
following way. Each element of HO(B (M)) is represented by a linear com-
bination of iterated integrals of 1-forms which is a function on the loop space
M depending only on the homotopy class of a loop. Thus we have aatural
evaluation map
1(M;x0) H%B (M))! R;

which induces a bilinear pairing
R 1(M;xg) HOB (M))! R:

Here R 1(M; X ) stands for the group ring of 1(M;Xxg) over R. Consider the
increasing ltration

R=F° (M) F B (M) F B (M) F 1B (M)

de ned by M
FKB (M) = BP 9(M):
q k

This induces the increasing Itration

FKHO(B (M) F ¥**HO(B (M)

on HO(B (M)). We denote by | the augmentation ideal of R 1(M;xg). It
can be shown that for! 2 FXHO(B (M)) the associated evaluation map

R 1(M;xp)! R
factors through | K*1 and we obtain a bilinear map
R 1(M;xo)=l ¥ F kB (M)! R:
It was shown by Chen (see[l4]) that we have an isomorphism
FXHO(B (M)) = Homr (R 1(M;x0)=l “"*;R):
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4  Finite type invariants for braids

The notion of nite type invariants for braids can be formula ted by means of
the group ring in the following way. We denote by P, the pure braid group with
n strands. As in the previous section we donote byl the augmentation ideal
of the group ring ZP,. An invariant v:P, ! Z is said to be of orderk if the
induced mapv : ZP, ! Z factors through | ¥*1 . The set of order k invariants
for P, with values in Z has a structure of aZ-module and is identi ed with

Homyz (ZP,=l ¥*1:2)

and we denote it by V@Pn). We have a natural inclusion V(Pn)  Vik+1 (Pn)
and we setV(P,) = &:0 Vk(Pn). We call V(P,) the space of nite type
invariants for P, with values in Z. The above notion of nite type invariants
for P, is naturally generalized for B,, where B, stands for the braid group
with n strands. We consider the idealJ in the group ring ZB,, generated by

i i 1 for a standard system of generators ;, 1 i n 1, for the braid
group. Now an invariant v: B, ! Z is de ned to be of order k if v vanishies
on J k*1 . We denote bkaéBn) the set of order k invariants for B, with values
in Z and we setV(Bn) =  +_o Vk(Bn).

Considering P,, as the fundamental group of the con guration space Conf(C)
we readily obtain the isomorphism

FKHOB )= W(P,) R

using Chen's theorem for fundamental groups (se€[10]). Thebove isomor-
phism provides the expression of nite type invariants for braids in terms of
iterated integrals of logarithmic forms. This is a prototyp e of the Kontsevich
integral in [L2].

Figure 1: A chord diagrams and a horizontal chord diagram

Let us discuss a relation to the algebra of horizontal chord chgrams. First, we
recall that a chord diagram is a collection of nitely many oriented circles with
nitely many chords attached on them, regarded up to orientation preserving
di eomorphisms of the circles (see Figurdll). Here we assunthat the endpoints
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of the chords are distinct and lie on the circles. Letl;t t I, be the disjoint
union of n unit intervals. We x a parameter by a map

pi [0 1] I
foreachlj, 1 j n. Ahorizontal chord diagram on n strands with k chords
is a trivalent graph constructed in the following way. We x t;; ;tx 2 [0;1]

suchthat 0<tq < <ty <1 Let

(i5gi)sCizsg2)s s (iksi)

be pairs of distinct integers suchthat 1 i, n,1 j, n,p=1,;2 n.
We take k copies of unit intervals Cq; Co; ;Cx and attach eachC to It t

I'n in such a way that it starts at p; (t ) and ends atp; (t ) for 1 k. In
this way we obtain a graph with n strands 11t t I, and chordsC;; ;Cy

attached to them. Such a graph is called a horizontal chord dagram on n
strands with k chords. We consider chord diagrams up to orientation preseting
homeomorphism. Let DX denote the free Z-module spanned by horizontal
chord diagrams onn strands with k chords. We dene j as the horizontal
chord diagram on n strands with one chord Cj de ned by the pair (i;j),
1 i<j n. Then M
D,= DK
k 0

has a structure of an algebra generated by j; , where the product is de ned by
the concatenation of horizontal chord diagrams.

As is the case of the chord diagrams for knots, we have a natufaZ module
homomorpshim
W : Vk(Ph) ! Homz(DK;Z)

where w(V) is called the weight system forv 2 Vi (P,). It can be shown that
w(v) vanishes on the idealT in D,, generated by

[ w+ wl [+ w okl i<ji<k
[ wl ikl distinct:
We set A, = D,=T and Ak = DK=DK\T . We can show that w induces an
isomorphism of Z modules
Vi(Pn)=M 1(Pn) = Homz (Af;Z)
(see [10]).

The total homology H ( Conf ,(R™); Z) is interpreted as the algebra of hori-
zontal chord diagrams onn strands modulo the 4-term relations in the graded
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sense. The homology groufH i« 2)( Conf n(R™); Z) corresponds to the sub-
space consisting ofk horizontal chords. The cohomology
H™& 2(Conf H(R™); Z)

is identi ed with the space of weight systems on such horizotal chord diagrams
with values in Z. We obtain the following theorem (see alsol]6]).

Theorem 4.1 For m 3 we have an isomorphism ofZ -modules
H M 2(Conf 1(R™); Z) = Vi(Pn)=\ 1(Pn):
Let us suppose thatm is even. Then we have an isomorphism of Hopf algebras
H (Conf ,(R™);Z) = V(Py):

The above theorem is generalized to nite type invariants fa the full braid
group in the following way. The symmetric group S, acts naturally on the
cohomology ring
H (Conf ,(R™M);Z)
where the action is induced by the permutations of the n components of
Conf,(R™). Then we have an isomorphism
H (Conf n(R™);Z) Z[Sa]= V(Bn)
where the left hand side stands for the semidirect product wh respect to the
above action (seel[11]).
Let A be the vector space oveR spanned by chord diagrams on a circle modulo
the 4-term relations. The dual space
A =Homg(A;R)
is the space of weight systems for Vassiliev invariants of kots. We have a
surjective map M
c: A TA
n 2

obtained by taking the closure of a horizontal chord diagramas in Figure2. By
means of this construction we have the following theorem.

Theorem 4.2 We have an irl\lA'ective homomorphism of vector spaces

Al H (Conf ,(R™);R):
n 2
form 3.

L
Certain cohomology classesin , ,H (Conf ,(R™); R) play a role of weight
systems for Vassiliev invariants. It would be an interesting problem to charac-
terize geometrically such cohomology classes.
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Figure 2: Closing a horizontal chord diagram

5 Integral representations

To explain the idea we interpret the Gauss linking number fomula in terms of
an integral on the loop space Confy(R3). Let

11 Conf 2(R3) ! Confy(R?)

be the evaluation mapde ned by (t; )= (t). We pull back ! 1o and integrate
along the bre of the projection map p: | Conf »(R%) ! Conf »(R3) to
obtain the 1-form Z

12

de ned on the II_-gop space Conf,(R?). This di erential form on the loop space
is denoted by ! 15.

A two-component link L = K1 [ K» is given by a map
f:st Sl Confy(R3):
Let us consider the induced map
f: (St sYHt conf 5(R3:

A fundamental homology class ofS' S!denedbyachain :I |! st st
gives in a natural way a 1-chainb: 1 ! ( St S1) (see[d]). We seth =

f (b) which is a 1-cycle of the loop space Conk(R?3). Now we can express
the linking number as 7z Z

k(K1;K2) = P
by

Our next object is to describe the de Rham cohomology of the lop space

Hpgr (Conf ,(R™M)):
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We see that the con guration space Conf,(R™) is simply connected whenm

3. Thus we can apply Chen's theorem to compute the de Rham cohlmology of
Conf ,(R™). Let us recall that the de Rham cohomologyH y ( Conf (R™))
is generated by the Green forms! j , 1 i< n. We have the following
theorem.

Theorem 5.1 If m 3, then the de Rham cohomology
He' 2(Conf (R™))

is represented by itezrated integrals of the form

X
Qj1 i Vig: o 'k T (iterated integrals of length < k)

where the coe cients a;,j, i,j, 2 Z satisfy the 4-term relations.

Here we say thata;,j, i,j, satisfy the 4-term relation if X j, i.j. 7' @j1 iy,
gives a well-de ned Z-module homomorphismUG(m) ! Z. In particular, in
the casen = 2, the de Rham cohomology Hy, ( Conf 2(R™)) is spanned by
the iterated integrals
z z
1 taa Paglag vt g

As an application of the above description of the de Rham cohmology we give
an integral representation of an order 2 invariant. Let L be a 3-component
link, which is represented byf : S S! S!1 Conf3(R3). As in the case of
the Gauss formula for the linking number we can construct a 2eycle by of the
loop space Conf3(R3) associated with f in the following way. We start from
a cubic 3-chain

131 st st gt

corresponding to the fundamental homology class of the tora S* S! S1.
Then (gives a 2-chain

b:1?21 (st st shy:
Composing with
f: (St st sYt conf3R?3
we obtain a 2-cyclebtx of the loops space Conf3(R?3).

There is a 3-form 123 on Confz(R23) such that the relation

PN log+ ToaM g+ 13 p=d 123
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is satis ed. Now the iterated integral
z z

(12! o3+ o3l 13+ 113l 1) + 123

is a closed 2-form on the loop space Con§(R3). The integral
z Z Z

(" 12! 23+ T ogl 13+ 113! 10) + 123

of the above 2-form on the loop space over the 2-cycles de ned above is an
invariant of L. A relation of this invariant to known invariants will be dis cussed
elsewhere. We see thatZ the ert term

I ("12! 23+ ! 23! 13+ 113! 12)

is expressed by chord diagrams with 2 chords on 3 circles. Itsiimportant
to notice that 1, is not a link invariant. A prescription suggested by Chern-
Simons perturbation theory is to compensate this integral ty adding an integral
de ned by graphs with trivalent vertices (see [8] and [3]). From our point of
view, instead of an integral associated \évith trivalent graphs, we add

Iz = 123
by
to obtain an integration of a closed 2-form on the loop space wer a 2-cycle.
By suspension we obtain an 1 1)-cycle of Conf 3(R™) associated with
f:st st sli conf3(R™) for m> 3 and we have an integral analogous
to the above 11 + I, in the casem > 3 as well.

Let &4 and & be p-chain and g-chain of the loop space M. Then by the
composition of loops we can de ne a o+ g)-chain denoted by &3 ¢ (see [4]).
With this notation the above construction is generalized in the following way.
Let L be an n-component link in R3. We consider ann-dimensional torus

=g st

Thenthe link L givesamapf : T" ! Conf3(R?): For a g-dimensional subtorus

T9 T" we have ag-cycle : 19! T" corresponding to the fundamental
homology class ofT9, which gives a § 1)-chain
b:191r TN

Composing with
f: T"1 Conf ,(R®
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we obtain a (q 1)-cycle f (b) of the loop space Conf,(R?3). Let bx be a
k-cycle of Conf ,(R?3) represented as the product of cycles of the above type
for any subtorus of T". Then we have the following.

Theorem 5.2 Let ! be a closedk-form on Conf ,(R®) given by iterated
integrals as in Theorem[®1. Then thze integral

!
br
over a cyclebr de ned as above is a link invariant.

6 Orbit con guration spaces

The aim of this section is to give a brief review of the article[7] where we describe
the relation between the homology of the loop spaces of the bit con guration
associated the action of Fuchsian groups acting on the uppehalf plane and
nite type invariants for braids on surfaces. Let us conside the situation where
a group acts freely on a spaceX . We de ne the orbit con guration space by

Conf,(X)=f(x1; ;xn)2X"; x\ xj=;ifi6jg
where x stands for the orbit of x 2 X with respect to the action of .

Let be a Fuchsian group acting freely on the upper half plane H . The quotient
spaceH= is an oriented surface denoted by . For d 1 we consider the
action of on H CHY where acts trivially on CY. We will describe the
homology of the loop space of the orbit con guration space

H (Conf ,(H C9;2):

The factor CY appears for the degree shifting. The reason why we considehé
orbit con guration space rather than the con guration spac e itself is that the
homology of the loop space of the former one has a more senshdtructure in
relation with nite type invariants for braids on surfaces.

We introduce the notion of horizontal chord diagrams on . Fi rst, we recall
chord diagrams on surfaces followingJ1]. Here we assume ththe endpoints of
the chords are distinct and lie on the circles. LetD be a chord diagram. We
consider a continuous map :D ! and we denote by [ ] its free homotopy
class. We call such pair D; [ ]) a chord diagram on . We denote by D the
vector space overR spanned by all chord diagrams on and DK its subspace
spanned by chord diagrams withk chords. We de ne A() to be the quotient
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space ofD modulo the 4-term relations. We refer the reader to[[1] for a pecise
de nition of the 4-term relations in this situation. The cho rd diagrams on a
surface are related to Vassiliev invariants for links in | in the following
way. Let v be an order k invariant for links in | . Then the associated
weight system w(v) de nes a linear form w(v) : DX I R satisfying the 4-term
relations. As in shown in [1], A() has a structure of a Poisson algebra.

We x a base point x = (X1; ;Xp) 2 Confy(). The fundamental group
1(Confy() ;x) is the pure braid group of with n strands and is denoted by
Pn(). We have a natural homomaorphism

M
p:Pn() ! 1 3%j)
j=1
L
and Ker p is denoted by P,() °. Notice that the direct sum jnzl 1( 3x%p)
acts freely on the orbit con guration space Conf,(H) and the quotient space
is the con guration space Conf,().

We denote by C,'§ the set of horizontal chord diagrams onn strands with k
chords. For 2 CK consider a continuous map

fo
such that
f(P©0)=f(E@)=x;1 i n

and denote by [ ] its homotopy class. Here we consider a homotopy preserving
the base point. We shall say that such horizontal chord diagam on is based

at x = (X1, ;Xn) We denote by DK() the free Z module spanned by pairs
( ;f)for 2Ckandf: ! ; based atx. The subspace oDk () spanned
by f : | ; such that each curvef (pi(t));0 t 1, is homotopic to the

point fx;g is denoted by DX() ©°.

We x a base point Xg 2 and consider the fundamental group 1( ;Xp). Let

us x a path in connecting Xo to x; and we identify the set of homotopy

classes of paths fromx; to x; with 1( ;Xp). For 2 1( ;Xo) we consider

(50D 2 D,'ﬁ() 0 such that f (Cjj ) correspondsto 2 1( ;Xo) by the above

identi cation. We denote this ( j;[f]) by Xj; . We see that the direct sum
M

Dn() °=  Df() °
k 0

has a structure of an algebra overZ where the product is de ned by the
composition of chord diagrams. As an algebraDX() © is generated by Xij;
1 i6j n, 2 1( ;Xp). We have the following lemma.
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Lemma 6.1 The relation Xj; = Xj. 1 holdsforany 2 1( ;Xo).

The direct sum M
Dn()=  Dr0)
k 0

has a structure of an algebra as well. For the subspacB®?() spanned by the
chord diagrams with empty chord, we have a natural injection

jioa(x)! DRO 1 j N
and we have an isomorphism ofZ algebras

M 0
Z 1( ;%) = Dp() :
j=1
We write  for ;( ) where is an element of 1( ;Xj).

The direct sum

acts on D,() © by the conjugation
7N 2060 % 2 1 )
We have the following.

Lemma 6.2 With respect to the above action we have
Xy t= X forl 60 Xy t= X
Let | be the ideal of Dn() © generated by
[Xije s Xwiels 1) k; | distinct
as a , module. We set
An() °=Dn() %= An()= Dn() =I:
We have an action of , on A,() © by conjugation and the semidirect product
An() © , with respect to this action is isomorphic to An().
Lemma 6.3 We have the following relations in An() ©.
[Xi; Xk 1=0; i;j;k; | distinct
[Xij; ;Xjk; + Xik; ]1=0 i;j;k distinct
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The above 4-term relations appear naturally when we conside nite type invari-
ants for P,(). We denote by Vi(Pn()) the Z module of order k invariants
of Pn() with values in Z. For v 2 Vi(P,()) the associated weight system
w(v) de nes a Z-module homomorphism

w(v): DK() ' z

satisfying the 4-term relations in Lemmal&3. We have an injetive homomor-
phism of Z-modules

Vi(Pa()) =% 1(Pa()) ! Hom(AK() ;2)
whereAﬁ() denotes the submodule of A,() spanned by chord diagrams with
k chords.

The algebraAn() © and A, () were introduced in [S]lby the above generators
and relations. In this article, they constructed an injective homomorphism

Y
ZP,() ' A()= AR
k O
as Z modules.

The homology of the loop space of our orbit con guration spae is related to
the algebra of horizontal chord diagrams on = H= in the following way.

Theorem 6.4 [[1] We have an isomorphism of Hopf algebras
H (Conf ,(H CY%2Z)=An()°
forany d 1.
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