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Polynomial invariants and Vassiliev invariants
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Abstract We give a criterion to detect whether the derivatives of the
HOMFLY polynomial at a point is a Vassiliev invariant or not. In partic-
ular, for a complex number b we show that the derivative P{™" (b;0) =
@%%PK (& X)j(ax)=( b0y of the HOMFLY polynomial of a knot K at
(b;0) is a Vassiliev invariant if and only if b= 1. Also we analyze the
spaceV, of Vassiliev invariants of degree n for n =1;2;3;4;5 by using
the {operation and the {operation in [5]. These two operations are uni-
ed to the ~{operation. For each Vassiliev invariant v of degree n, ¢ is
a Vassiliev invariant of degree  n and the value WK ) of a knot K is a
polynomial with multi{variables of degree  n and we give some questions
on polynomial invariants and the Vassiliev invariants.

AMS Classi cation 57M25

Keywords Knots, Vassiliev invariants, double dating tangles, knot poly-
nomials

1 Introduction

In 1990, V. A. Vassiliev introduced the concept of a nite typ e invariant of knots,

called Vassiliev invariants [13]. There are some analogiebetween Vassiliev
invariants and polynomials. For example, in 1996 D. Bar{Natan showed that
when a Vassiliev invariant of degreem is evaluated on a knot diagram having
n crossings, the result is approximately bounded by a constartimes of n™ [2]
and S. Willerton [I5] showed that for any Vassiliev invariart v of degreen, the
function py(i;j ): = v(Tj;) is a polynomial of degree n for each variable i

and j. Recently, we [4] de ned a sequence of knots or links induceffom a
double dating tangle and showed that any Vassiliev invariart has a polynomial
growth on this sequence.

J. S. Birman and X.{S. Lin [8] showed that each coe cient in th e Maclau-
rin series of the Jones, Kau man, and HOMFLY polynomial, after a suitable
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change of variables, is a Vassiliev invariant, and T. Kanenbu [7,[8] showed that
some derivatives of the HOMFLY and the Kau man polynomial ar e Vassiliev
invariants. For the question whether the n{th derivatives of knot polynomials
are Vassiliev invariants or not, we [%] gave complete solutins for the Jones,
Alexander, Conway polynomial and a partial solution for the Q{polynomial.
Also we introduced the {operation and the {operation to obtain polynomial
invariants from a Vassiliev invariant of degree n. From each of these new poly-
nomial invariants, we may get at most (n + 1) linearly independent numerical
Vassiliev invariants.

In this paper, we nd a line and two points in the complex plane where the
derivatives of the HOMFLY polynomial can possibly be Vassiiev invariants and
analyze the spaceV,, of Vassiliev invariants for n 5 by using the {operation
and the {operation.

Throughout this paper all knots or links are assumed to be orented unless
otherwise stated. For a knot K and i 2 N, K denotes thei{times self{
connected sum ofK and N; Z; Q; R; C denote the sets of nonnegative integers,
integers, rational numbers, real numbers and complex numbrs, respectively.

A knot or link invariant v taking values in an abelian group can be extended to
a singular knot or link invariant by taking the di erence bet ween the positive
and negative resolutions of the singularity. A knot or link invariant v is called a
Vassiliev invariant of degreen if n is the smallest nonnegative integer such that
v vanishes on singular knots or links with more thann double points. A knot
or link invariant v is called aVassiliev invariant if v is a Vassiliev invariant of
degreen for some nonnegative integem.

De nition 1.1 [4] LetJ be a closed interval f;l and k a positive integer.

Fix k points in the upper planeJ? f bg of the cubeJ? and their corresponding
k points in the lower planeJ? f ag of the cubeJ3. A (k;k){tangleis obtained

by attaching, within J2, to these X points k curves, none of which should
intersect each other. A (K; k){tangle is said to be oriented if each of its k curves
is oriented. Given two (k;k){tangles S and T, roughly the tangle product ST

is de ned to be the tangle obtained by gluing the lower plane ¢ the cube
containing S to the upper plane of the cube containingT. The closure T of a
tangle T is the unoriented knot or link obtained by attaching k parallel strands

connecting the k points and their corresponding k points in the exterior of the

cube containing T. When the tanglesS and T are oriented, the oriented tangle
ST is de ned only when it respects the orientations of S and T and the closure
S has the orientation inherited from that of S and ST is the oriented knot or

link obtained by closing the (k;k){tangle ST.
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Polynomial invariants and Vassiliev invariants 91

De nition 1.2 [4] An oriented (k;k){tangle T is called adouble dating tan-
gle (DD{tangle for short) if there exist some ordered pairs of crossings ofhie
form ( ) in Figure @ so that T becomes the ftrivial (k;k){tangle when we
change all the crossings in the ordered pairs, whereand j in Figure [, denote
components of the tangle. Note that a DD{tangle is always an eiented tangle.

X

Figure 1: ()

Since every (3 1){tangle is a double dating tangle, every knot is a closure
a double dating (1;1){tangle. But there is a link which is not the closure of
any DD{tangle since the linking number of two components of the closure of a
DD{tangle must be 0:

De nition 1.3 [4] Given an oriented (;k){tangle S and a double dating
(k;k){tangle T such that the product ST is well{de ned, we have a sequence
of links fLi(S;T)gL, obtained by setting L;(S;T) = ST whereTi =TT T
is the i{times self{product of T and T? is the trivial ( k;k){tangle. We call
fLi(S;T)gL, (fLigk, for short) the sequence induced from thelk; k){tangle
S and the double dating(k; k){tangle T or simply a sequence induced from the
double dating tangle T

In particular, if S is a knot for a (k;k){tangle S, then L;i(S;T) = ST' is a
knot for each i 2 N since T' can be trivialized by changing some crossings.

Theorem 1.4 [5] Let fLigl, be a sequence of knots induced from a DD{
tangle. Then any Vassiliev knot invariant v of degreen has a polynomial
growth on fLigL, of degree n:

Corollary 1.5 [§] Let L and K be two knots. For eachi 2 N, let K; =
KIL] JL be the connected sum ofK to the i{times self{connected sum of
L. If v is a Vassiliev invariant of degreen, then vijigil:0 is a polynomial
function in i of degree n.

The converse of CorollaryIb is not true. In fact, the maximd degreeu(K ) of
the Conway polynomial r ¢ (z) for a knot K is a counterexample.
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2 The derivatives of the HOMFLY polynomial and
Vassiliev invariants.

From now on, the notations 3;, 41, 51 and 6; will mean the knots in the Rolf-
sen's knot table [I1]. For the de nitions of the HOMFLY polyn omial Py (a;z)
and the Kau man polynomial F_(a;x) of a knot or link L, see[ID].

Note that the Jones polynomial J. (t), the Conway polynomial r | (z), and
the Alexander polynomial  (t) of a knot or link L can be de ned from the
HOMFLY polynomial P_(a;z) 2 Z[a;a 1;z;z ] via the equations J. (t) =

Po(;t¥™ t ¥2), r 1(2) = PL(1;2) and | (t) = P (1;t¥? t ¥?) respec-
tively and that the Q{polynomial Q. (x) can be de ned from the Kau man

polynomial Fi (a;x) via the equation Qp(x) = F_(1;x).

By using the skein relations, we can see thatP_(a;z) and F_(a;x) are mul-
tiplicative under the connected sum.i.e. P, ,(a;2) = P.,(a;2)P.,(a;2) and
FLi.(a;x) = Fr (a;x)FL,(a;x) for all knots or links L; and L,. So the
Jones, Conway, Alexander andQ{polynomials are also multiplicative under
the connected sum.

It is well known that Pk (a;z) 2 Z[a%;a 2;z°] and Fk (a;x) 2 Z[a;a *;x] for
a knot K. For eachi 2 N and each knot K, we denote by F;(K;a) and
P,i (K ; @) the coe cient of x' in Fx (a;x) and the coe cient of zZ in Pk (a;2);
respectively, which are polynomials ina.

Throughout this section, knot polynomials are always assured to be multi-
plicative under the connected sum.

We consider 1{variable knot polynomials rst and then 2{var iable knot poly-
nomials.

Lemma 2.1 [5] Let fgx(x) be a knot polynomial of a knot K such that
fk (X) is in nitely dierentiable in a neighborhood of a point a and assume

that f}(<1) (a) 8 0. Then there exists a unique polynomialp(x) of degreem such
that f {7 (a) = (f« (a))'p(i) for i>m .
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Theorem 2.2 [5] For eachn 2 N, we have

@) JI"(a) is a Vassiliev invariant if and only if a=1.
) r (K”)(a) is a Vassiliev invariant if and only if a=0.
) &”)(a) is a Vassiliev invariant if and only if a=1.

@) QY(a) is not a Vassiliev invariant if ag 2;1.

Theorem 2.3 Let g: R! R be innitely dierentiable function at x = a
with g® (a) 6 0. Assume that f¢ (x) is a knot polynomial which is in nitely

di erentiable in a neighborhood of g(a) for all knots K and that there exists
a knot L such that f| (g(a)) 6 0;1 and f ' (g(a)) 6 0. Then each coe cient
of (x a)" in the Taylor expansion of fx g(x) at x = a; is not a Vassiliev
invariant.

Proof Consider a sequencd L‘gil=0 of knots. By Lemmal[Z], we see that
(fFLi(9(X)) Mjx=a = (fL(9(a))) ' p(i); where p(i) is a polynomial in i of degree
n; and hence the coe cient &(f« (9(x))) Mjx=a of (x @" does not have a
polynomial growth on fLigi1:0 .

It follows from Corollary LX5lthat the coecient of ( x @)" in the Taylor
expansion offx  g(x) is not a Vassiliev invariant. O

J. S. Birman and X.{S. Lin [8] showed that each coe cient in th e Maclaurin
series of Jk (€*) is a Vassiliev invariant. As a generalization of Birman and
Lin's type of changing variables, we have

Theorem 2.4 Let g: R! R be anin nitely di erentiable functionat x = a:
Assume that g (a) 6 0. Then

(1) each coe cient of (x a)" in the Taylor expansion of Jx  g(x) at x = a;
is a Vassiliev invariant if and only if g(a) =1;

(2) each coecient of (x a)" in the Taylor expansion of r k g(x) at x = a;
is a Vassiliev invariant if and only if g(a) =0;

(3) each coecient of (x a)" inthe Taylor expansion of k g(x) at x = a;
is not a Vassiliev invariant if and only if g(a) =1 and

(4) if g(a) 8 2;1 then each coecient of (x a)" in the Taylor expansion
of Qk g(x) at x = a; is not a Vassiliev invariant.
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Progf (1) Let Ak = ftj Jk (1) :O;lgsftj 3 (t) = g for a knot K . Then
Az, Ay = flg. Thusif g(a) 6 1, then g(a) 2 Rn(A3, Ay ). Take L =31 in
Theorem[Z3 ifg(a) 2 RnAg, and L =44 in Theorem[Z3 if g(a) 2 RnAy4,: Then
JL(g(a)) 60;1 and Jfl)(g(a)) 6 0. So by Theorem[Z3, each coe cient of (x

a)" in the Taylor expansion of Jx  g(x) is not a Vassiliev invariant. Conversely,
assume thatg(a) = 1 and that n 2 N. Since the coecient of (x a)" in the

Taylor expansion of Jk (g(x)) is a linear combination of 1;J}(<1) D); ;J,({')(l),
by Theorem[Z3, it is a Vassiliev invariant. The proofs of (2), (3) and (4) are
similar. ]

Example 2.5 Take f (x) = sin(x) for x 2 R: Then f (0) 6 1 and f ¥ (0) 6 0.
Thus each coe cient in the Maclaurin series of Jk (sin(x)) = Jk (f (x)) is not a
Vassiliev invariant. But each coe cient in the Maclaurin se ries of r ¢ (sin(x)) =
r  (f (x)) is a Vassiliev invariant, since it is a nite linear combin ation of the
coe cients of the Conway polynomial r g (z) of a knot K .

Now we will deal with 2{variable knot polynomials such as the HOMFLY
polynomial Pk (a;z) 2 Z[a;a !;z] and the Kau man polynomial Fg (a;x) 2
Z[a;a 1;x]. For a 2{variable Laurent polynomial g(x;y) which is in nitely dif-

ferentiable on a neighborhood of &;b), we denote %%g(x;y)j(x;y)z( ab) by
g™n)(a; b) for each pair (m;n) 2 NZ2.

Theorem 2.6 [5] Let gk (X;y) be a 2{variable knot polynomial which is in-
nitely di erentiable on a neighborhood of (a;b) for all knots K. If there

exists a knot L such that g_(a;b) 6 0;1, g"*(a;b) 6 0 and g”"(a;b) 6 0

then g{™"(a;b) is not a Vassiliev invariant for all m;n 2 N.

Lemma 2.7 Let gk (x;y) be a 2{variable knot polynomial which is in nitely

di erentiable on a neighborhood of (a;b) 2 C? for all knots K and let m;n 2 N.
If there exists a knot L such that g, (a;b) 6 0;1, gl(_l;o)(a; b6o0, gl(_o;l)(a; b=0
and gl(_o;z)(a; b 6 0 then there exists a polynomial p(i) of degreem + n such

that g'7"*" (a;b) = (gL (a;B)'p(i) for i>m +2n.
Proof It is similar to that of Theorem 2.12 in [5]. O

Lemma 2.8 Let gk (X;y) be a 2{variable knot polynomial which is in nitely
di erentiable on a neighborhood of (a;b) 2 C? for all knots K . If there ex-

ists a knot L such that g_(a;b) 6 0;1, g"*(a;b) 6 0, g°(a; = 0 and
6°?(a;b) 6 0 then g{™*" (a; by is not a Vassiliev invariant for all m;n 2 N.
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Proof It follows from Lemma EZ4 and Corollary [LH. O

Theorem 29 Letn2 Nanda2 C. Pz(i”)(K ;a) is a Vassiliev invariant if
andonly if a= 1.

Proof Note that P (K ;a) = (2i)!P{"?)(a;0): SincePx (a;2) 2 Z[a%a 2;7?]
for all knots K, Pé”;l)(a; 0)=0 for all a2 C and all knots K . For each knot
K, let AL = fa2 CjPg(a0)=0orlg, A} = fa 2C | %21?0)(61;0) =
0g, A2 = fa2 CjPP?a0) = 0g and Ak = AL ~ AZ ~ A3: Since
Ps(2,2)=( a a “+2a 2)+ a 2z2 and Py, (a; 7= (a 2 1+pa2) z?, we have
A31T: f -2 1g Ag = f ( 3+ I 32 1y 1; " T1g and hence
Az, Ay =f 1g Thusif a 6 1 then, by Lemmal[Z3, Pz(”)(K a) is not
a Vassiliev invariant. Conversely, T. Kanenobu [8] showed hat PZ”)(K l)isa

Vassiliev invariant. Since P{"V(K; 1)=( 1)"P{"(K;1), PV (K; 1) is also
a Vassiliev invariant. O

By Theorem[Z3, for b2 C, P{™")(b;0) is a Vassiliev invariant if and only if n
is odd orb=1: For (b;y) 2 C? with y 6 0, we have the following

Theorem 2.10 Let m:n be nonnegative integers. If(b;y) 2 C? with y 6 0

su that P{™")(b;y) is a Yassiliev invariant, then (b;y) = (b; (b b 1));
Eh 1,86 3)or(¥3 1 X 3):

Proof By direct calculations, Pz (a;2) =( a *+2a 2)+ a 222, Py, (a;2) =
(@? 1+a? z?and Pg(a;z)=(a?* a?+a)+z% a? 1) Let
Ak = f(biy) | Pe(biy) = 0 or 1g, A = féby)jP(lo)(b y) = 0g, A? =
f(b;y) | Péo Y(b:y)=0g and A, = AL A2 A2 for each knot K . Then

Az \ Ay = (AL N AL (ALY AT [ (A3 VA
= f( L2 1;(_ 1 2 1y
O p_g):_( &p_l) ( 1 POy
(52 1 UBy (% 1 DBy
[f (b;y)jy= (b bhHa
So we get

Az \ Ay \ Ag,
(A \ Ag)\ AR ((As ) Ap41)\ IC/)Aél)[ ((Apsl\ A“b)\ AR)
f(h;y)jy= (b bYHg[f( L 3;( L  3Ig
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If (b;y) 2 C2n (A3, \ Ag \ Ag,), then, by Theorem [Z8, P{™")(b;y) is not a
Vassiliev invariant. ]

Whether a nite product of the derivatives of knot polynomia Is at some points
is a Vassiliev invariant or not can be detected by using LemmdZl, Theorem
28, LemmalZT and Corollary[Ib. For example if there is a knbL such that
3 (2) 60;Q () 6 0; P (c:y) 6 0;P Y (c;y) 6.0 and I (2)QL(BPL(c:Y)
6 0;1; then the product J{(a)QY ()P™™ (c;y) is not a Vassiliev invariant
for any k;I;m;n 2 N.

Since Q&l)( 2) = J,(f) (1) (T. Kanenobu [g]), Q&l)( 2) is a Vassiliev invariant
of degree 2. Note that Qf?) (1) = 1 for any knot K and hence Qf?) Q) is

a Vassiliev invariant of degree 0, but Q(Kl) (1) and Q(KZ) (1) are not Vassiliev

invariants [B].

Open Problem (A. Stoimenow [1Z]) Is Q&”)( 2) a Vassiliev invariant for
n 2°7?

Question 2.11 Is Q(K”)(l) a Vassiliev invariant for n 3 ?

The above two problems are the only remaining unsolved proldms in one vari-
able knot polynomials [5].

Question 2.12 Find all the points at which the derivatives of the Kau man
polynomial are Vassiliev invariants.

Question 2.13 Find all linear combinations of any nite products of deriva -
tives of knot polynomials, which are Vassiliev invariants.

3 New polynomial invariants from Vassiliev invari-
ants

In this section, a Vassiliev invariant v always means a Vassiliev invariant taking
values in a numerical number eld F = Q; R; or C. We begin with introducing
the constructions of new polynomial invariants from a givenVassiliev invariant
(see [4]) and then we will de ne a new polynomial invariant unifying the poly-
nomial invariants obtained from the constructions in [4]. The new polynomial
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invariant is also a Vassiliev invariant and so we get variousnumerical Vassiliev
invariants from the coe cients of the new polynomial invari ant.

Let K and L be two knots and let fLigl., be a sequence of knots induced from
a DD{tangle. Since any (1;1){tangle is a DD{tangle, we get two sequences
fLIK 'gl, and fK]L igl, of knots induced from DD{tangles.

Let v be a Vassiliev invariant of degreen and x a knot L. Then by Corollary
[H, for each knotK there exist unique polynomials px (x) and gk (x) in F[x]
with degrees n such that v(LJK ') = pk (i) and v(K]L i) = ok (i). We
de ne two polynomial invariants v and v as follows: v: fknotsg ! F[x] by
V(K) = pk(x) and v : fknotsg! F[x] by v (K)= ok (X). Then v(K)jx=j =
P (j) = v(LIK ') and v (K )jx=j = gk (j) = V(K]L j) forall j 2 N.

Then we have the following

Theorem 3.1 [5] Let v be a Vassiliev invariant of degreen taking values in
a numerical eld F.

(1) Fora xedknot L, v is a Vassiliev invariant of degree n and the degree
of x in v(K) is n. In particular if L is the unknot, v is a Vassiliev invariant
of degreen and v(K)jx=1 = v(K).

(2) For a xed sequenceflLiglt, of knots induced from a DD{tangle, v is
a Vassiliev invariant of degree n and the degree ofx in v (K) is n. In
particular if L; is the unknot for somej 2 N, then v is a Vassiliev invariant
of degreen and v (K)jx=; = V(K).

Given a Vassiliev invariant v of degreen, we may get at most (0 + 1) lin-

early independent numerical Vassiliev invariants which ae the coe cients of
the polynomial invariants v and v respectively and then apply {operation

and {operation repeatedly on these new Vassiliev invariants toget another new
Vassiliev invariants. Inductively we may obtain various Vassiliev invariants.

We note that for a Vassiliev invariant v of degreen, sincev(K) and v (K) are
polynomials of degrees n for any knot K, the polynomial invariants v and
v are completely determined byfv(K)jx=; jO i ngandfv (K)jx=;] O

i ng respectively.

Let V, be the space of Vassiliev invariants of degrees n and let A, V.
For each nonnegative integerj , de ne A} as follows. SetA% = A, and de ne
inductively Al to be the set of all Vassiliev invariants obtained from the ccef-

cients of the new polynomial invariants v and v ranging over all v 2 A} o
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all knots L and all sequencesL;gl, induced from all DD{tangles in Theorem
3.

Dene A, =[ j1=0 Ajn. We ask ourselves the following:

Question [5] Find a minimal nite subset A, of V, such that span(A,)
= Vy.

Let V, be the space of Vassiliev invariants of degree n. Then the dimension

Proposition 3.2  [4,[8] For each nonnegative integerk and I,

1) PY)(K;1) is a Vassiliev invariant of degree 2k + .

(2) (p _1)k+'Fk(')(K ;p 1) is a Vassiliev invariant of degree  k + |.

If v, and vy, are Vassiliev invariants of degreesn and m respectively, then the

product vV, is a Vassiliev invariant of degree n + m [, [14].

We get a base for eachv,, (n 5) from the results of J. S. Birman and X.{S.

Lin (citeBL, D. Bar{Natan [1[[Jand T. Kanenobu [9]

Theorem 3.3 [9,[3,1] Let V, be the space of Vassiliev invariants of degree
n. Then

(1) f1lgis a basis forVy = V1, where 1 is the constant map with image f 1g.

(2) fax(K)g is a basis forV,=V;:

3) fJ}(f’) (1)g is a basis forVz=\%:

(@) f(ax(K))? as(K );J}(f) (1)g is a basis forV,=Vs:

) fay(K)PP (K;1);P® (K1) PP (K ;1); P PP (K P —1)q is a basis for

V5=V;:

We can easily see that the Vassiliev invariantsay(K ), P _1F£1)(K ;IO - 1) and

38 (1) are additive. If v is an additive Vassiliev invariant, then, from the coe -
cients of the polynomial invariants v and v , we cannot get Vassiliev invariants
other than linear combinations of v and the constant Vassiliev invariants.

Let v be a Vassiliev invariant of degreen and L a knot. De ne vl to be
the Vassiliev invariant de ned by v| (K) = v(L]JK ') and de ne v, to be the
Vassiliev invariant de ned by v, (K) = v(L]JK ) [§]. Then we can see that the
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Vassiliev invariants obt_ained from the coe cients of Vv and v are contained in
the spans of the setsfv| jL is aknot,i =0;1;2 ;ngandfv, jL is a knotg
respectively.

Take the trivial knot, 31, 4, and 5 for L and (3;)', (41)' and (5;)' for L;
in Theorem[3. Then all linearly independent Vassiliev inariants obtained by
applying the {operations and the {operations for the non{additive Vassiliev
invariants of degree 5 in Theorem[33 can be found as follows.

(a2(K)? ! f ax(K)g

as(K) ' ap(K); (a2(K))%g

IP@W 1 ap(K); (a(K))3g

a(K)PP (K1) 1f ax(K); 3@ Mg a(K)PP (K1) 1 a(K)IQ (1)g
a(K)IP @) 1 a(K); 30 (1)g

POK; )T a(K)PP (K 1)g PO (K1) 1 ap(K); 99 (1)g
PO a(K)PP(K;1)g PRK DI ap(K); 99 (1)g
a(K)PS (K 1) 1f ax(K);3& (1)g

For simplicity, for each Vassiliev invariant v; we unlist the Vassiliev invariants
obtained from v if they can be obtained from v and we also exclude the
constant map 1 whose image i$ 1g and v itself in the list of Vassiliev invariants
obtained from v and v .

Thus we get the following

Theorem 3.4 Let A, be a subset of the space/, of the Vassiliev invariants
of degree n such that span(A,) = V,. Then A,, can be chosen as follows.

(1) Ao = A; = flg; where 1 denotes the constant map with imagef 1g.

(2) Az=fax(K)a:

(3 As=fa(K); 30 (Vg

@ As= 130 a(K): 3P Vg

5) As= PO (K; 1P (K1) PP (K TDiank ) 9P g

Let v be a Vassiliev invariant of degreen: In [5], the authors generalized the

one{variable knot polynomial invariants v and v to two{variable knot poly-
nomial invariants v and v , respectively with the same notation.
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Now we want to generalize the two{variable knot polynomial invariants v and
v in Theorem[3 simultaneously to a multi{variable knot poly nomial invariant

¢ by unifying both v and v to a multi-variable polynomial invariant v whose
proof is analogous to that of Theorem[Z3L. Sed]5].

Given sequenced Li(l) g ;fLi(k)gil=0 of knots induced from DD{tangles,
for each knot K , there exists a unique polynomial

Pk (Xo;X1;  5Xk) 2 F[Xo; X1, 5 Xk]
such that for all (ig;is; ;ik) 2 N2 v(KoIL D] L) = p(iosin; ;i)
Now we de ne a new polynomial invariant ¢: fknotsg ! F[Xo; ;Xk] by

HK) = px (Xo;  Xk).

Then by applying the similar argument to the case ofv and v [5], we can see
that 4 is a Vassiliev invariant of degree n and the degree of each variable;
in ¥(K) is n. Thus we get the following

Theorem 3.5 Let v be a Vassiliev invariant of degreen taking values in a
numerical eld F andletfL®P gl ; ;fL® gL, be sequences of knots induced
from DD{tangles. Then ¢: fknotsg! F[xg; ;Xx] is a Vassiliev invariant of
degree n and the degree of each variablex; in ¥(K) is n.

For a Vassiliev invariant v, let C,: = fthe coe cients of the polynomial
¥(K)g. Then, in Theorem [Z3, ¥ is completely determined by C,: Since the
degree of each variable irvis n, we see that

span(Cy) = span(f¥(K)jxo,: x)=(io: i) J O Toi ik NQ):

Question 3.6 Let v be a Vassiliev invariant of degreen. Find sequences
fLi(l) go; ; fLi(k)gilz0 of knots induced from DD{tangles such that span(C,)
= span(fvg ) where C, is the set of coe cients of the polynomial invariant v
induced from v and fL® gt ;  fLMgL, .
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