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We develop a quantum duality principle for coisotropic subg roups of a (formal)
Poisson group and its dual: namely, starting from a quantum ¢  oisotropic subgroup
(for a quantization of a given Poisson group) we provide func torial recipes to pro-
duce quantizations of the dual coisotropic subgroup (in the  dual formal Poisson
group). By the natural link between subgroups and homogeneo us spaces, we argue
a quantum duality principle for Poisson homogeneous spaces which are Poisson
quotients, i.e. have at least one zero-dimensional symplec tic leaf.

Only bare results are presented, while detailed proofs can b e found in [3].

1. Introduction

In the study of quantum groups, the natural semiclassical canterpart is
the theory of deformation (or quantization) of Poisson groyps: actually,
Drinfeld himself introduced Poisson groups as the semiclascal limits of
guantum groups. Therefore, it should be not surprising that the geometry
of quantum groups turns more clear and comprehensible wherts connec-
tion with Poisson geometry is more transparent. The same sitation occurs
when dealing with Poisson homogeneous spaces of Poisson gps.

In particular, in the study of Poisson homogeneous spaces gscial role is
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played by Poisson quotients By this we mean Poisson homogeneous spaces
whose symplectic foliation has at least one zero-dimensi@hleaf: therefore,
they can be seen as pointed Poisson homogeneous spaces, Jik& Poisson
groups themselves are pointed by the identity element.

Poisson quotients form a natural subclass of Poisson homogeousG{spaces
(G a Poisson group) which is best adapted to the standard relatin be-
tween homogeneousG{spaces and subgroups ofG: to a given Poisson
guotient, one associates the stabilizer subgroup of its dishguished point
(the xed zero-dimensional symplectic leaf). What characterizes such sub-
groups is coisotropy, with respect to the Poisson structure onG (see the
de nition in Section 2 later on). On the other hand, if a (closed) sub-
group K of G is coisotropic, then the homogeneousG{space G K is a
Poisson quotient. So the two notions of Poisson quotient anctoisotropic
subgroup must be handled in couple. In particular, the quanization
process for a Poissorz{quotient corresponds to a similar procedure for
the attached coisotropic subgroup ofG.

If one looks at quantizations of a Poisson homogeneous spadieir exis-
tence is guaranteed only if the space is a quotient [8]; thushe notion of
Poisson quotient shows up naturally as a necessary conditio On the other
hand, let K be a subgroup ofG, and assume thatG has a quantization,
inducing on it a Poisson group structure. IfK itself also admits a quantiza-
tion, which is \consistent" (in a natural sense) with the one of G, then K
is automatically coisotropic in G. So also the related notion of coisotropic
subgroup shows to be a necessary condition for the existened quantiza-
tions. Of course an analogous description can be entirely ¢ded out at an
in nitesimal level, with conditions at the level of Lie bial gebras.

When dealing with quantizations of Poisson groups (or Lie balgebras), a
precious tool is the quantum duality principle (QDP). Roughly speaking,
it claims that any quantized enveloping algebra can be turnel | via a
functorial recipe | into a quantum function algebra for the d ual Pois-
son group; conversely, any quantum function algebra can beurned into a
guantization of the enveloping algebra of the dual Lie bialgbra. To be pre-
cise, let QUEA and QFSHA respectively be the category of all quantized
universal enveloping algebras (QUEA) and the category of dlquantized
formal series Hopf algebras (QFSHA), in Drinfeld's sense. fien the QDP
establishes [6, 11] a category equivalence betwe€hU EA and QFSHA via
two functors, ()% QUEA ! QFSHA and ()-: QFSHA I QUEA
Moreover, starting from a QUEA over a Lie bialgebra (resp. fom a QFSHA
over a Poisson group) the functor ( P (resp. ()-) gives a QFSHA (resp. a
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QUEA) over the dual Poisson group (resp. the dual Lie bialgelpa). In short,
U_(g)oz F-[[G 1] and F-[[G]]-= U-(g ) for any Lie bialgebra g and Poisson
group G with Lie(G) = g. So from a quantization of any Poisson group
this principle gets out a quantization of the dual Poisson gioup too.

In this paper we establish a similar quantum duality principle for (closed)
coisotropic subgroups of a Poisson groups, or equivalently for Poisson
G{quotients, sticking to the formal approach (hence dealingwith quantum
groups a la Drinfeld). The starting point is that any formal coisotropic
subgroup K of a Poisson groupG has two possible algebraic descriptions
via objects related to U(g) or F[[G]], and similarly for the formal Poisson
qguotient G K ; thus the datum of K or equivalently of G K is described
algebraically in four possible ways. Byquantization of such a datum we
mean a quantization of any one of these four objects, which &ato be
\consistent” | in a natural sense | with given quantizations U-(g) and
F-[[G]] of G. Our \QDP" now is a bunch of functorial recipes to produce,
out of a quantization of K or G K as before, a similar quantization of the
so-calledcomplementary dual of K , that is the coisotropic subgroup K ?
of G whose tangent Lie bialgebra is justk’ inside g , or of the associated
PoissonG {quotient, namely G K ? . The basic idea is quite simple. The
guantizations of coisotropic subgroups | or Poisson quotients | are sub-
objects of quantizations of Poisson groups, and the recipesf the original
QDP (for Poisson groups) apply to the latter objects. Then we simply
\restrict", somehow, such recipes to the previously menticmed sub-objects.
In recent times, the general problem of quantizing coisotrpic manifolds
of a given Poisson manifold, in the context of deformation gantization,
has raised quite some interest [1, 2]. It is then important to point out
that ours is by no means an existence result: instead, it can & thought
of as aduplication result, because it yields a new quantization | for a
complementary dual object | out of one given from scratch (mu ch like
the QDP for quantum groups). On the other hand, we would better stress
that our result is really e ective, and calling for applications. A sample of
application is presented in the extended version of this wdk [3]; see also
Subsection 5.6.

2. The classical setting

2.1. Formal Poisson groups

We shall work in the setup of formal geometry. Recall that a fomal variety
is uniquely characterized by a tangent or cotangent space (aits unique
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point), and it is described by its \algebra of regular functions" | such
as F[[G]] below. This is a complete, topological local ring which ca be
realized as a| {algebra of formal power series. Hereaftef is a eld of zero
characteristic.
Let gbe a nite dimensional Lie algebra over| , and let U(g) be its universal
enveloping algebra (with the natural Hopf algebra structure). We denote by
F[[G]] the algebra of functions on the formal algebraic groupG associated
to g (which depends only ong itself); this is a complete, topological Hopf
algebra. Furthermore F[[G]] = U(g) , so that there is a natural pairing of
(topological) Hopf algebras | see below | between U(g) and F[[G]].
In general, if H, K are Hopf algebras (even topological) over a ringR,
apairing h; i:H K ! R iscalled aHopf pairing if X;y1 y2 =
(X)y1 Y2 5 XaXgy = X1 X3 (y) , hli= (x), hLyi = (y),
S(X);y = Xx;S(y) forall x;x1;%x22 H, y;y1;¥2 2 K. The pairing is
called perfect if it is non-degenerate.
AssumeG is a formal Poisson(algebraic) group. Theng is a Lie bialgebra,
U(g) is a co-Poisson Hopf algebraF [[G]] is a topological Poisson Hopf al-
gebra, and the Hopf pairing above respects these additionalo-Poisson and
Poisson structures. Furthermore, the linear dualg of g is a Lie bialgebra
as well, so a dual formal Poisson groufs exists.

Notation: hereafter, the symbol E. stands for \coideal", * for \unital
subalgebra”, _ for \subcoalgebra", . for \Poisson subalgebra”, E, for
\Poisson coideal", ,, for\Hopfsubalgebra", E, for\Hopfideal", and the
subscript * stands for \left" (everything in topological sense if necesary).

2.2. Subgroups and homogeneous G{spaces

A homogeneous leftG{space M corresponds to a conjugacy class of closed
subgroups K = Ky , which we assume connected, o6, such that M =

G K . In formal geometry K may be replaced byk:= Lie(K). The whole
geometric setting given by the pair K;G=K then is encoded by any one
of the following data:

(@ thesetl =1(K) | (K of (formal) functions vanishing on K ,
thatistosay | = ' 2F[[G]] ' (K)=0 ; notethat |I E, F[[G]];

(b) the set of left K{invariant functions, namely C= CK) C (K =
FIIG]" ; notethat C E. F[[G];

(c) the setl = I(K) I (K of left-invariant di erential operators
on F[[G]] which vanish on F[[G]]K , thatis | = U(g) k (via standard
identi cation of the set of left-invariant di erential ope rators with U(g));
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note that | (k=1 E-EU(Q);
(d) the universal enveloping algebra ofk, denotedC= C(K) C(K :=
U(K ; notethat C(k=C , U(g).

In this way any formal subgroup K of G, or the associated homogeneous
G{space G K, is characterized by any of the following objects:

(@ I E4F[Gll (b) C *E-F[G] (c) | E- EU(g) (d) C «U(g)

These four data are all equivalent to each other, as we now exain.

For any Hopf algebraH , with counit , and every submoduleM H, we
sett M* ;=M\ Ker()and H®M .= y2H (y) v 12H M
(the set of M {coinvariants of H ). Letting A be the set of all subalgebras
left coideals ofH and K be the set of all coideals left ideals oH , we have
well-denedmaps A! K, A7'H A* ,and K! A, K 71 H®K (see
for instance Masuoka's work [15]). Then the above equivalete stems from

| (1) orthogonality relations | w.r.t. the natural pairing between
F[[G]landU(g) [namely | =C*,C=17, and C=17,1 =C;

| 2) subgroup-space correspondenc@amely | = F[[G]] C", C=
FIIG]®' , and | = U(g)C", C= U(g)® . Moreover, the mapsA | K
and K ! A above are inverse to each other in the formal setting.

2.3. Coisotropic subgroups and Poisson quotients

Assume now that G is a formal Poisson group. A closed formal subgroup
K of G with Lie algebra k is called coisotropic if its de ning ideal | (K) is a
topological Poisson subalgebra oF [[G]]. The following are equivalent [13,
14]:

(C-i) K is a coisotropic formal subgroup ofG;

(C-ii) (KW k~ g,thatis kis a Lie coideal ofg;

(C-iiiy K is a Lie subalgebra ofg
Clearly, conditions (C-i,ii,iii) characterize coisotropic subgroups.
As to homogeneous spaces, a formal Poisson manifoldA(! \ ) is a Poisson
homogeneouss{space if it carries a homogeneous action : G M ! M
which is a smooth Poisson map. In addition, M;! y) is said to be of
group type (after Drinfeld [7]), or simply a Poisson quotient, if there is a
coisotropic closed Lie subgrougKyy of G suchthat G Ky ' M and the
natural projectionmap : G! G Ky ' M is a Poisson map.
The following is a characterization of Poisson quotients [Z]:

(PQ-i) there exists xo 2 M whose stabilizer Gy, is coisotropicin G;
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(PQ-ii) thereexistsxop2 M suchthat ,: G! M, g7 (g;Xo),
is a Poisson map, that isM is a Poisson quotient;
(PQ-iii)  there exists xo 2 M such that !\ (X¢) =0.

It is important to remark that in Poisson geometry, the usual relationship
between closed subgroups o6& and G{homogeneous spaces does not hold
anymore: in fact, in the same conjugacy class one can have Poisson sub-
groups, coisotropic subgroupsand even non-coisotropic subgroups. Now,
the above characterization means exactly that the Poisson gotients are just
those Poisson homogeneous spaces in which (at least) one betstabilizers
is coisotropic. Moreover, in general the correspondence beeen homo-
geneous spaces and subgroups is somewhat ambiguous, beeaiispasses
through the choice of a distinguished point of the space (whse stabilizer
is the subgroup). In the case of Poisson quotients this ambigjty is cleared
0, as we do x as distinguished point on the space the zero-dinensional
symplectic leaf that it has for sure | although it is non-uniq ue, a priori.

In addition, passing through coisotropic subgroups allowsus to introduce
a good notion of (Poisson)duality for our objects, namely

De nition 2.1. (notation of Subsection 2.1)
(@) If K is a formal coisotropic subgroup of G, we call complementary
dual of K the formal subgroupK ? of G whose tangent Lie algebra isk’ .
(b) If M = G Ky is a formal PoissonG{quotient, with K coiso-
tropic, we call M? := G K,/ the complementary dual of M .

Here the key point is that | by (C-iii) in Subsection 2.3 | a subset k of
g is a Lie coideal if and only if K is a Lie subalgebra ofg . Even more,
by (C-i,ii,iii) , the complementary dual subgroup to a coisotropic subgroup
is coisotropic too, and taking twice the complementary dual gives back
the initial subgroup. Similarly, the Poisson homogeneous gace which is
complementary dual to a Poisson homogeneous space of grouppe is in
turn of group type too, and taking twice the complementary dual gives
back the initial manifold. At the level of Poisson homogeneais spaces,
one should think of K;G=K ? and G=K;K ?) as mutually dual pairs; if
K = feg, one recovers the usual couple of Poisson grougs, G . When
using these pairs a price is paid: one object (the subgroup}inot a Poisson
manifold and the other (the homogeneous spaces) is not a grpuanymore.

2.4. Remarks

(&) The notion of Poisson homogeneou$s{spaces of group type was in-
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troduced by Drinfeld [7], who also explained the relation béween such
G{spaces and Lagrangian subalgebras of Drinfeld's doubl®(g)= g g .

This was further developed by Evens and Lu [10], who gave a Psgon
structure on the algebraic variety of Lagrangian subalgeba. It is an open

problem to quantize this sort of universal moduli spaceof Poisson homoge-
neousG{spaces.

(b) As a matter of notation, we denote by coS(G) the set of all formal
coisotropic subgroups ofG, which is as well described by the set of all Lie
subalgebras, Lie coideals of). Since it is ordered by inclusion, this set will
be also considered as a category.

2.5. Algebraic characterization of coisotropy

Let K be a formal coisotropic subgroup ofG. In terms of Subsection 2.2,
coisotropy corresponds to

(@ 1 »FlGll () C »F[G]l (c) I E-U(9 (d) CE: U(g)
Thus a formal coisotropic subgroup ofG is identi ed by any one of

(@ | E. »FICI (b) C ‘B - FIG]
() | E-EE, U(9) d C “E. U(9

3. The quantum setting

3.1. Topological | [[~]]{modules and tensor structures

Let | [[~]] be the topological ring of formal power series in the inde¢rminate
~. If X is any | [[<]{module, we set Xo := X ~X =| |-y X, the spe-
cialization of X at ~=0, or semiclassical limitof X . We are interested in
certain families of | [[~]]{modules, complete with respect to suitable topolo-
gies, and for which a good notion of tensor product be availale. The exact
notion of topology or of tensor product to choose depends on kether one
looks for quantizations of universal enveloping algebras roof formal series
Hopf algebras: this leads to two di erent setups, as follows

First, let T, be the category whose objects are all topologicdl[[~][{modu-
les which are topologically free and whose morphisms are the[[~]|{linear
maps (which are automatically continuous). It is a tensor caegory for the
tensor product T; P T, de ned as the separated~{adic completion of the
algebraic tensor product Ty |- T2 (for all Ty, T2 2Ty ). We denote by
HA  the subcategory of T, whose objects are all the Hopf algebras in
T, and whose morphisms are all the Hopf algebra morphisms iy, .
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Second, letP ¢ be the category whose objects are all topological [[~]{

modules isomorphic to modules of the type| [[~]]E (with the product

topology) for some setE , and whose morphisms are thg [[~]|{linear con-
tinuous maps. Again, this is a tensor category w.r.t. the tersor prod-
uct P; € P, dened as the completion of the algebraic tensor product
P1 |-y P2 w.r.t. the weak topology: thus P; = |[[~]]Ei (i =1, 2) yields
P.eP, = |[[H]F* B2 (for Py, P, 2P ). We call HA  the subcategory
of P with objects the Hopf algebras in P , and with morphisms the
Hopf algebra morphisms inP .

A quantum group for us will be a Hopf algebra, in either ofHA , or HA  ,
having a special semiclassical limit. The exact de nition is the following:

De nition 3.1.  (cf. [7], x 7)

(&) We call QUEA any H 2 HA  such that Hp := H ~H is a co-
Poisson Hopf algebra isomorphic toU(g) for some nite dimensional Lie
bialgebrag (over | ); then we write H = U-(g), and sayH is aquantization
of U(g). We call QUEA the full tensor subcategory of HA , whose objects
are QUEA, relative to all possibleg.

(b) We call QFSHA any K 2 HA o such that Ky := K ~K is a
topological Poisson Hopf algebra isomorphic toF [[G]] for some nite di-
mensional formal Poisson groupG (over | ); then we write H = F_[[G]],
and say K is a quantization of F[[G]]. We call QFSHA the full tensor
subcategory of HA . whose objects are QFSHA, relative to all possiblés .

3.2. Remarks

If H 2 HA  is such that its semiclassical limit Hp ;= H ~H as a Hopf
algebra is isomorphic toU(g) for some Lie algebrag, then Ho = U(g)
is also aco-PoissonHopf algebra w.r.t. the Poisson cobracket de ned
as follows: if x 2 Ho and x°2 H gives x = x%+ ~H, then (x) :=
~1 (x9 °°(x% + ~H bH. Thus, in particular | by Theorem

2 in x3 of Drinfeld's paper [6] | the restriction of makesg into a Lie
bialgebra. In De nition 3.1 (a), the co-Poisson structure considered o is
nothing but the one arising in this way. Similarly, if K 2 HA . is such that
its semiclassical limit Ky := K ~K is a topological Poisson Hopf algebra
isomorphic to F[[G]] for some formal groupG then Ko = F[[G]] is also a
topological PoissonHopf algebra w.r.t. the Poisson bracketf ; g de ned as
follows: if x,y 2 Ko and x° y°2 K give x = x°+ ~K and y = y%+ ~K,
then fx;yg := ~ Y(x%° y°%% + ~K . Then, in particular, G is a
Poissonformal group. And again, in De nition 3.1 (b), the Poisson structure
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considered onK g is exactly the one that arises from this construction.

3.3. Drinfeld's functors

Let H be a (topological) Hopf algebra over| [[~]]. Letting J, = Ker ( )

and I, == Y ~|[[~]] =3 +~H, we set
n_ S n_P

H = o~ "l"= | o~ = 0~1|H = Lo "
which is a subspace of| ((~)) |-y H . Then we de ne

H- := ~{adic completion of the | [[~]]{module H
On the other hand, for eachn 2 N, ,dene ":H ! H " by !:=
id, and " := id, " 2 nlifn 2,andset o:= .,and
ni=(idy, )" ", forall n2 N, . Then we de ne

H%= a2H ,(@2h"H " 8n2N H

Note that the de nition of H- is pretty direct. In particular, we specify how
it can be generated (topologically), namely it is the (compkte topological)
unital | [[~]{subalgebra of | (~)) |g-;yH generated by~ *J,, or ~ I, .
In contrast, the de nition of His quite implicit: roughly speaking, it is
the set of solution of a system with countably many equations(speci ed
in terms of ~{adic valuation). Nevertheless, the two de nitions are strictly
related, in a sense made explicit by Proposition 2.6 below.

Now we state the Quantum Duality Principle (=QDP) for quantu m groups:

Theorem 3.1. (see [6], and [11] for a proof)The assignmentsH 7! H-
and H 7! HO, respectively, de ne tensor functors QFSHA ! QUEA

and QUEA ' QFSHA , which are inverse to each other. Indeed, for all
U-(g) 2 QUEA and all F-[[G]] 2 QFSHA one has

U-(9)° ~U-(9)°= FIIG ]] F_[G]- ~F-[[G]l- = U(g)

that is, if U-(g) is a quantization of U(g) then U~(g)° is one of F[[G ]],
and if F-[[G]] is a quantization of F[[G]] then F,[[G ]]- is one of U(g ).

In addition, Drinfeld's functors respect Hopf duality, in t he following sense:

Proposition 3.1. (see [11], Proposition 2.2)Let U. 2 QUEA, F. 2
QFSHA andlet : U. F-! |[[[~]] be a perfect Hopf pairing whose
specialization at ~ = 0 is perfect as well. Then induces | by re-
striction on |.h.s. and scalar extension on r.h.s. | a perfec t Hopf pairing
U-° F-1 |[[~] whose specialization at~ =0 is again perfect.
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In other words, the above result ensures that, if one startsfom a pair made
by a QUEA and a QFSHA which are dual to each other, and then appiles
Drinfeld's functors to both terms of the pair, then one obtains another pair
| now with QFSHA rst and QUEA second | with the same property.

In this sense, the two Drinfeld's functors are \dual to each dgher".

3.4. Quantum subgroups and quantum homogeneous spaces

From now on, let G be a formal Poisson group,g := Lie(G) its tangent
Lie bialgebra. We assume a quantization ofG is given, in the sense that a
QFSHA F_[[G]] quantizing F[[G]] and a QUEA U-(g) quantizing U(g) are
given such that, in addition, F-[[G]] = U-(g) := Hom, - U-(9);| [[~]]
as topological Hopf algebras; the latter requirement is egivalent to xing

a perfect Hopf algebra pairing betweerF_[[G]] and U-(g) whose specializa-

tion at ~ =0 be perfect too. This assumption is not restrictive, becatse
[8] such aU-(g) always exists, and then one can takeF-[[G]] := U-(g) .
We denote by (_: F-[[G]] FI[G]] and y_: U-(9g) U(g) the

specialization maps, and we set~- := F_[[G]], U- := U-(g).

Let K be a formal subgroup ofG, and k:= Lie(K). As quantization of K
and/or of G K , we mean a quantization of any one of the four algebraic
objects|, C, | and C associated to them in Subsection 2.2, that is either of

(a) aleft ideal, coideal |- E- E F_[[G]] such that
- ~l-= g (I-)=1

(b) a subalgebra, left coideal C. ' E: F-[[G]] such that
C ~C = g(C)=2cC

(c) aleftideal, coideal | - E- E U-(g) such that (3:1)
- ~1-= y (1)=1
(d) a subalgebra, left coideal C. ! E:- U-(g) such that
C. ~C= y((C)=2=cC
In (3.1) above, the constraint | - ~1- = ¢ (I1-) = | means the follow-
ing. By construction |-.! F_[[G]] " F~[[G]]' ~F-[[G]] = F[[G]], and
the composed mapl - ! F[[G]] factors through | - ~I_-; then we ask
that the induced map I - ~1- !  F[[G]] be a bijection onto ¢_(I-), and

that the latter do coincide with | ; of course this bijection will also respects
all Hopf operations, because ¢_ does. Similarly for the other conditions.
Moreover, let X 2 fl ;C1;Cg, S- 2 F-[[G]];U-(g) . Since s (X-) =
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X_' X-\ ~S. | the property X! ~X-.= g (X:)= X is equivalent to

X-\ ~S. = ~X_. So our quantum objects can also be characterized by
(8 I-E EF[QG] -\ ~F_[[G]] = ~I- [~ ~1- =1

(p C EFJG]] C\~F][G]=-~C C ~C=¢C 3-1)0
(0 I-E E U-(0) -\ ~U-(g) = ~I- [~ ~1-=1 (3:1)

(d C 'E-U(g C\-U(g=-C C ~C.=C

instead of (3.1). Note that | = I (K) and C= C(K) provide an \alge-
braization" (in global and local terms respectively) of the subgroup K,
more than of the homogeneous spac& K ; conversely, C = C(K) =
F G=K and | = | (K) provide an \algebraization" (of global and local
type respectively) of G K, more than of K . For this reason, in the sequel
we shall loosely refer tol - and C. as to \quantum (formal) subgroups" ,
and to C. and | - instead as to\quantum (formal) homogeneous spaces:'

One could ask whether quantum subgroups and quantum homogeus
spaces do exist. Actually, from the very de nitions one immediately nds a
squarenecessary condition In fact, next Lemma proves that the (formal)
subgroup of G obtained as specialization of a quantum (formal) subgroups$
coisotropic, and a (formal) homogeneouss{space obtained as specialization
of a quantum (formal) homogeneous space is ®oisson quotient This is
quite a direct generalization of the situation for quantum groups, where one
has that specializing a quantum group always gives &oissongroup.

Lemma 3.1. Let K be a formal subgroup of5, and assume a quantization
., C,l-or C.of I, C | or Crespectively be given as above. Then the
subgroupK is coisotropic, and the G{space G K is a Poisson quotient.

Note that, at the quantum level, one looses either commutatvity or co-
commutativity; then, one-sided ideals (or coideals) are nbt automatically
two-sided! This enters in the de nitions above, in that we require some ob-
jects to be one-sided ideals (coideals) | taking left rather than right ones
is just a matter of choice. If one takestwo-sided ones instead, the like of
Lemma 3.1 is that K be aPoisson subgroup(for | (K) is a Poisson ideal).

3.5. The existence problem

The existence of any of the four possible objects providing a quantization
of a coisotropic subgroup (or of the associated Poisson quient) is an open
problem. Etingof and Kahzdan [9] gave a positive answer fortie subclass of
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those K which are alsoPoisson subgroupgwhich amounts to k:= Lie(K)
being a Lie subbialgebra). Many other examples of quantizabns exist too.
Yet, the four existence problems are equivalent: i.e., as ansolves any one
of them, a solution follows for the remaining ones. Indeed, e has:

|[@ 0 (d) and (b) 0 (c): ifl- existsasin(a), then C. =
| .7 (hereafter orthogonality is meant w.r.t. the xed Hopf pair ing between
F-[[G]] and U-(g)) enjoys the properties in (d); conversely, if C. exists
as in (d), then 1. := C? enjoys the properties in (a). Similarly, the
equivalence (b) ) (c) follows from a like orthogonality argument.

|[@ § () and (c) 0 (d): if |- exists asin(a), then C. :=
| '~ is an object like in (b); on the other hand, if C. as in (b) is given,
then |- := F-[[G]] C enjoys all properties in(a) (notation of Subsection
2.2). The equivalence (c) ) (d) stems from a like argument.

3.6. Basic assumptions

Hereafter we assume that quantizationsl -, C., I -, | - asin (3.1) are given
and that they be linked by relations like (1){(2) in Subsection 2.2, i.e.

i 1-=¢’; c=1.7 @iy 1-=c’; c=17 (3:2)
iy 1-.=F. C"; C=F®- (v) l.=U. C'; cC=Uu>- 7

In fact, one of the objects is enough to have all others, in suta way that
the previous assumption holds. Indeed, ifcoS is the set of coisotropic
subgroup ofG, let Y- coS = Y-(K ,, ¢ foral Y2 1;CI;C . The
four equivalences(a) () (d), (b) 0 (), @ 0 (b) and (c) (

(d) above are given by bijections| - coS ! C. coS , C coS !

- coS ,1-coS I!C - coS and |- coS ! C. coS which form
a commutative square. In fact, each of these maps, or their inverse, is of
type X- 7! X2, A 7' H-A* or K. 7! H®X- (see Subsection 2.2): since

X. X2 7 and A.  HEPH-AD

identities at ~=0, one gets X- = X7 ? and A_ = H_
Note that | - coS ,C. coS ,C. coS andl . coS are again lattices with
respect to inclusion, hence they will be thought of as categues too.

in general, and these inclusions are
co(H-AY)

3.7. Remark

If aquadruple I-; C.;1_-; C. is given which enjoys all properties in the
rst and the second column of (3:1)° along with relations (3.2), then one
easily checks that the four specialized objectd = 1. __ , C:=C __ ,
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I ==1.__, and C:= C. __; verify relations (1) and (2) in Subsection
2.2. Therefore, these four objects de ne justone single pair (coisotropic
subgroup, Poisson quotient) and the quadruple 1-; C.;1-; C. vyields a
guantization of the latter in the sense of Subsection 3.4.

3.8. General program

From the setup of Subsection 2.2, we follow this scheme:

@ Frep 1 P P 9P Ug
® Fep c:'¢ 1@ o.@ p Ug
© U9 I D R DU R U 1 e |

@ ue c!? c G FIG ]
Its meaning is the following. Starting from the rst column ( in left-hand
side) we move a rst step | arrows (1) | which is some quantizat ion pro-
cess. Instead, the last step | arrows (3) | is a specializatio n (at ~=0)
process. In between, the middle step | arrows (2) | demands so me new
idea: here we shall apply some suitable \adaptations" of Drifeld's func-
tors to the quantizations (of a coisotropic subgroup or a Pogson quotient)
obtained from step (1). Roughly, the idea is to take the suiteble Drinfeld's
functor on the quantum group | F-[[G]] or U-(g) | and to \restrict it"
to the quantum sub-object given by step (1). The points to shav then are

First: each one of the four objects in the third column above | that is ,
provided by arrows (2) | is one of the four algebraic objects w hich describe
a quantum (closed formal) coisotropic subgroup or Poissonaptient of G .
Namely, the correspondence of \types" is

@=) ©; ®=) @; @©=) @; @d=) b

where notation (X) =) (y) means that an object of \type (x) " | referring
to the classi cation of (3.1) or of (3:1)°] yields an object of \type (y)".

Second the four formal subgroups or homogeneous spaces & ob-
tained above provide only one single pair (subgroup, homogeneous space)

Third: if we start from a coisotropic subgroupK , and/or a Poisson
quotient G K, of G, then the Poisson quotient and/or the subgroup of
G obtained above areG K ? and/or K? (cf. De nition 2.1) respectively.
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4. Drinfeld-like functors on quantum subgroups and
guantum Poisson quotients

4.1. Restricting Drinfeld's functors

The main idea in the program sketched in Subsection 3.8 is thintermediate
step | provided by arrows (2) | namely that of \restricting" D rinfeld's
functors, originally de ned for quantum groups, to the quantum sub-objects
we are interested in. To this end, the \right" de nition is th e following:

De nition 4.1.  Let J := Ker (¢_gey), | =3+ ~F-[[G]] .
P P
(@ 19 = ~ngn gyl = ~nogn gl
n=1 n=1
(0] P n n P n n
(b) C° = C + ~ CANIL U= -] 1+ ~ c\J
n=1 n=1
! nIa b(s 1) b s)
(€ 1= x21. ,(x)2~ U- bi_bu. ;8N 2N
n s=1 0
d C = x2C ,(x)2-"U."™ Dbc;8n2N,

Indeed, directly by de nitions one has that
19 1

; c® c- ; (SR U cC. C
But even more, a careful (yet easy) analysis of de nitions aul of the rela-
tionship between each quantum groups and its relevant sub4ojects shows
that, in force of (3:1)°| in particular, the mid column there | one has
l-=183\VF; C=C\F; I1/=1.\U0°% c=c\U°
This proves that, in very precise sense, De nition 4.1 realy provides a
\restriction" of Drinfeld's functors from quantum groups t o our quantum
subgroups | in cases (a) and (d) | or quantum Poisson quotients | in
caseg(b) and (c). This also motivates the notation: indeed, the symbols®
and © are (or should be) remindful of-, while ' and are remindful of °,

We can now state the QDP for coisotropic subgroups and Poissoquotients:

Theorem 4.1. (\QDP for Coisotropic Subgroups and Poisson Quotients")
(@) De nition 4.1 provides category equivalences

()%:1-coS(G) I~ 1-coS(G) ; ()°: C coS(G) I~ C. coS(G)
() :1-coS(G) IT - coS(G); () :C. coS(G) !T - coS(G)

along with the similar ones withG and G interchanged, such that( )! and
()¢ are inverse to each other, and() and ( )o are inverse to each other.
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(b) (the QDP) For any K 2 coS(G) and k:= Lie(K), we have
1 (K)Y mod~F[[GF = | K ; CK)° mod~F.[[G]- = CK
1(K! mod~U-(g)°=1K? ; C(K. mod ~U_(g)° = CK?
Thatis, 1(K)?; CK)®;1(K.'; CK. isa quantization of the quadruple

I K ;CK ;1 K? ;CK? w.rt the quantization F-[[G]]-;U-(g)°
of U(g);F[[G]] , which again satis es relations like in (3:2).

Sketch proof. Let us draw a quick sketch of the proof of Theorem 4.1,
as it is given in the extended version [3]. The main idea is to educe
everything to the study of | (K)¢ and C(K)P, and to get the rest via
an indirect approach. Indeed, this amounts to show that the quadruple

I (K)9 ; C(K)O;1(K!; K. satis es relations similar to (3.2), namely
19=¢c "; cc=19"7; 1!l=c°?; c°= 1"

col .9 o col !

o~ o . o . (4:2)
| 8=F-C®° :C”’= F- ;yl-=uU-C ;C= Ul

The relations in the top line of (4.1) follow from the similar relations for
the elements of the initial quadruple | the top line relation s in (3.2) |
passing through the duality-preserving property of Drinfeld's functors given
by Proposition 3.1. In fact, these orthogonality relations are proved much
like Proposition 3.1 itself. Similarly, the bottom line rel ations in (4.1) follow
from the bottom line relations in (3.2) and the very de nitio ns.

In force of (4.1), it is enough to prove that just one of the four objects
involved | those on left-hand side of the identities in botto m line of (4.1)
| has the required properties, in particular, it is a quantum subgroup for
K ? or a quantum Poisson quotient for G K ? . In fact, the similar results
for the other three objects will then follow as a consequengedue to (4.1).

Next step is to prove that our quantum sub-objects have the \right" Hopf
algebraic properties, i.e. those occurring in rst column d (3:1)%, namely
@ 18 EF- (b)) C° F- (@ I'E-U° (@) c u.°
e) 1SEF- (f) C°E-F- (g I'EU% (h) C E US°

This is an easy task, with some shortcuts available thanks tq4.1) again.
As a third step, we must prove that our quantum sub-objects have \the
good property" with respect to specialization | see (3 :1)° | namely
T T
@ 19 ~F-= ~109 (b) C% ~F- = -C°
1}/ ~ul= ~1 d Cc -~ul=-~c
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Proving this requires a di erent analysis according to whether one deals
with cases(a) and (b) or casegq(c) and (d). Indeed, the latter identities are

proved easily, just looking at de nitions of | -9 and C° and reminding that

| - and C. do satisfy the \good property" for specialization, by assunption.

Instead, casega) and (b) require a careful description ofl -9 and C°.

Let | := I, andJ:= J._ beasinSubsection3.3,andl- := ~ 1J F-.

Then J mod~F- = J, := Ker : F[[G]]! | , and Js J.2=g .

back to a subsetfji;:::;jng of J. Then ~I &j€ mod~F- e2 N"

with je:= <" j&V) is a|{basis of F- and, if j+ := ~ %js for all
s, theset jr;::5;js isa]l{basisof t:= J- mod~F_-. Moreover,
schej ] jj 2~J3 (for ; 2f1;:::;ng) we have j j jjo=
~ 1 Gis+ P 1+~ forsomge 2 [[[M], 12J and 22 J?
whence j-;j- =j-j- j-ij- o, CGjs mod ~F-,thus t:= J-
mod ~F_ is a Lie subalgebra of~¢- : indeed, Fg- = U(t) as Hopf algebras.
Even more, this description also shows that the linear mapt! g given

by ys 7' js mod~F- , s=1;:::;n, is a Lie bialgebra isomorphism.
Let us now Xx the set fyj;:::;yng as follows. If k := dim(K), we can
choose a system of parameters fo6, say ji1;:::;jkijk+1;:::;jn Such

whose coe cients belong to the ideal of | jr;:::;j5 generated by
;::5js . Then (3:1)° implies that C(K)°\ ~F_[G]- ~CK)PO,
while the converse is obvious. This provegb), and case(a) is similar.
At this point, one has proved that each element of the quadrupe
I (K)9; OK)O;1(K! ;CK. is a quantum subgroup | the second
and third element | or a quantum Poisson quotient | the rstan  d fourth
element | of the dual Poisson group G , with respect to the xed quan-
tization  F-[[G]]-; U_(g)0 of U(g); FIIG1 . Inaddition, relations
(4.1) induce similar relations when specializing at~ = 0, so these quantum
subgroups and quantum Poisson quotients all provide a quarization of one
single pair T; G T , for some coisotropic (formal) subgroupT of G .
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The fourth step concerns last part of claim(a): it amounts to prove that

0 =c; 1!°=1.,; c’=c

Now, the very de nitions imply at once one-way inclusions

1 g o

_; c° C. ; 1. . ; C C.

For the converse inclusions, in the rst or the second case tay follow again
from the description of 1 9 or CO°, respectively. Then one uses the identities
just proved, along with the orthogonality-preserving properties of Drinfeld-
like functors | the top line in (4.1) | applied twice, to obtai  n the full
identities in the other cases too. Note that (again) one coudl simply prove
only one of the identities involved, and then get the others va (4.1).

The last step is to show that the coisotropic (formal) subgraup T of G
found above isK 7 , i.e. Lie (T) = K’ . This means that one has to specialize
our quantum subobjects at ~= 0. By the third step, it is enough to do it
for any one of them. The best choice is agairC® or | 9, whose (almost)
explicit description yields an explicit description of its specialization too.

4.2. Remark

We point out that quantum coisotropic subgroups such asl (K)- and
C(K)- provide quantum Poisson quotients | (K)9 =1 K¥ _ and CK_ =
C K? _ respectively, while the quantum Poisson quotients C(K )~ and
I (K- yield quantum coisotropic subgroups C(K)° = CK _ and
1(K!=1 K? _ respectively. Thus, Drinfeld-like functors map quantum

coisotropic subgroups to quantum Poisson quotients, and deversa.

5. Generalizations and e ectiveness

5.1. QDP with half quantizations

In this work we start from a pair of mutually dual quantum grou ps,
i.e. F-[[G]]; U-(g) . This is used in the proofs to apply orthogonality
arguments. However, this is only a matter of choice. Indeedour QDP
deals with quantum subgroups or quantum homogeneous spacegich are
contained either in F_[[G]] or in U-(g). In fact we might prove every step
in our discussion using only the single quantum group whichs concerned
and only one quantum subgroup (such ad -, or C, etc.) at the time, by a
direct method with no orthogonality arguments.
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5.2. QDP with global quantizations

In this paper we use quantum groups in the sense of De nition 3L; these
are sometimes calledocal quantizations. Instead, one can consideglobal
guantizations: quantum groups like Jimbo's, Lusztig's, etc. The latter
di er from the former in that

{1) they are standard (rather than topological) Hopf algebras;

{2) they may be de ned over any ring R, the réle of ~ being played by a
suitable element of that ring (for example, R=1] g;q! and ~=q 1).

Now, our analysis may be done also in terms ofjlobal quantum groups
and their specializations. First, one starts with algebraic (instead of for-

mal) Poisson groups and Poisson homogeneous spaces. Thereate nes
Drinfeld-like functors in a similar manner; the key fact is that the QDP for

guantum groups has aglobal version [12] and the recipes of Section 4 to
de ne Drinfeld-like functors still do make sense. Moreover one can extend
our QDP for coisotropic subgroups (and Poisson quotients) ¢ all closed
subgroups and homogeneous spaces: all this will be treate@parately.

5.3.  {structures and QDP in the real case

If one looks for quantizations ofreal subgroups and homogeneous spaces,
then one must consider {structures on the quantum group Hopf algebras.
Then one can perform all our construction in this setting, ard state and
prove a version of the QDP forreal quantum subgroups and quantum ho-
mogeneous spaces too, both in the formal and in the global sttg.

5.4. QDP for pointed Poisson varieties

Let pointed Poisson variety (=p.P.v.) be any pair (M; m) where M is a
Poisson variety and m 2 M is such that f mg is a symplectic leaf ofM . A
morphism of p.P.v.'s (M; m), (N; n) is any Poisson map' : M ! N such
that ' (m) = n. This de nes a subcategory of the category of all Poisson
varieties, whose morphisms are those which map distinguisdd points into
distinguished points. In terms of a ne algebraic geometry, a p.P.v. (M; m)
is given by the pair F[M];my, whereF[M]is the function algebra of M
and mp, is the de ning ideal of m2 M in F[M].

By assumptions, the Poisson bracket of [M ] restricts to a Lie bracket onto
My : then [16] Ly = my m2 (the cotangent space toM at m) inherits a
Lie algebra structure too, the so-called \linear approximaion of M at m".
Poisson quotients are natural examples of p.P.v.'s. Other kamples are
Poisson monoids (= unital Poisson semigroups), each one b pointed by
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its unit element. If (M; m) = ( ;e ) is a Poisson monoid, thenF[ ]is a
bialgebra (and conversely), andL.  has a natural structure of Lie bialgebra,
henceU(L ) is a co-Poisson Hopf algebra. The Lie cobracket is induced
by the coproduct of F[ ], hence (dually) by the multiplication in . In
particular, when the monoid is a Poisson groupG we have =g .

We call quantization of a p.P.v. (M; m) any unital algebra A in T, or P
(see Subsection 3.1) along with a morphism of topological utal algebras

A | [[-]], such that A __, = F[M] as Poisson|{algebras and

-1 —a’ with A A A =0 — F[M ]' -1 - I [[~]] | [[~]] the
specialisation maps (~ 7! 0); in this case we write A = F_[M]. For any
such object we setJ_.y = Ker ) and Iy = J-m + ~F_[M]. A
morphism of quantizations of p.P.v.'sis any morphism : F_-[M]! F_[N]
in A* such that = . Quantizations of p.P.v.'s and their

—F_[N] —F_[M]

morphisms form a subcategory ofT , , or P ¢ , respectively. Also, we might
repeat the same construction in the setting of formal geomety, or we might
use global quantizations, as in Subsection 5.2.

Now de ne F-[M]- like in Subsection 3.3, replacingH with A = F_[M]
and J,, with J_,, . Then the same analysis made to prove the parts of
Theorem 4.1 concerningF-[[G]]- proves also the following:

Theorem 5.1. Let F.[M] 2 A* be a quantization of a pointed Poisson
manifold (M; m) as above. ThenF-[M |- is a quantization of U(Ly ), i.e.

F-MF = F-MF ~F[M] = U(w)

If in addition M is a Poisson monoid andF-[M ] is a quantization of F[M ]
as a bialgebra then the last identi cation above is one of Hopf algebras.
Moreover, the construction F-[M]7! F-[M]- is functorial.

5.5. Computations

In the extended version [3] of this work a nontrivial example is treated
in detail. Here instead, let us consider the 1{parameter fanly of quan-
tum spheressg;C described by Dijkhuizen and Koornwinder [4]. These are
gquantum homogeneous spaces for the standar8Uy(2), described by ob-
jects of type (c). Such objects, corresponding to 1{dimensional subgroups
conjugated to the diagonally embeddedS!, are right ideals and two sided
coideals inUg su(2) generated by a single twisted primitive elementX ,
le. X = @+1 PLE+ @+l TRL Awa T o1
using notations of the work of Gavarini [12]. Applying the suitable du-
ality functor, these elements correspond to generators of whl right ideals
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and two sided coideals inFq SU(2) ,say = x+Yy z z?' (n
Gavarini's [12] notation again). Modding out these element provides the
corresponding quantum coisotropic subgroups. Here much ahe Poisson
aspects of the theory trivializes. It would be interesting to carry out simi-
lar computations for the 1{parameter families of quantum projective spaces
described by Dijkhuizen and Noumi [5].
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